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The purpose of the course

Quillen metrics

X compact complex Hermitian manifold.

E holomorphic Hermitian vector bundle on X.

H* (X, E) cohomology of (QO" (X, F) ,5X>.

A =det H* (X, E) complex line.

Metrics g7, g¥ determine canonical Quillen metric

|||, on A via the (-function regularized determinant of
the Hodge Laplacian.
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The purpose of the course

o R-R-Hirzebruch: x (E) = [, Td(TX)ch (E).
character?s,tic classes

o We will view || ||, as a refined Euler characteristic.

e We will explain the curvature theorem for Quillen
metrics.

o We will establish some functorial properties of the
Quillen metrics
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Applications of Quillen metrics

o Number theory and Arakelov geometry.
@ Moduli spaces.

e Mathematical physics: Mirror symmetry, GW
invariants, BCOV torsion...
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Vector spaces, determinants

e L category of complex lines.
o IC category of complex f.d. vector spaces.

@ Determinant functor det : K — L:
Eek —wdetlE = A"XE ¢ L.
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Vector spaces, determinants

e L category of complex lines.
o IC category of complex f.d. vector spaces.

@ Determinant functor det : K — L:
FekK —=detE=A">Ec L.

o det (F @ F) = det E ® det F' (signs are ignored).
e det0 =C.

@ The above objects are defined up to canonical
isomorphism.
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Hermitian vector spaces and their determinant

o L category of Hermitian complex lines.
o K category of Hermitian f.d. vector spaces.
o det : K — L determinant functor.
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E:0—=E"—%F'. . 2= FE™ 0
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@ There is a canonical nonzero section 7 (v) € det E, so
that det &/ ~ C.
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Exact sequences

E:0—=E"—%F'. . 2= FE™ 0

exact sequence of vector spaces.
o det E = ® (det B) Y, A1 = £,

@ There is a canonical nonzero section 7 (v) € det E, so
that det &/ ~ C.

o lfm=1,7(v)=0y® (voy) .
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o ¢¥ =@, 9" Hermitian metric.
© || |l4et g induced metric on det E.

o |7 (V)llies 5 = exp (7).
e = [v,v*] is invertible.
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Exact sequence of Hermitian vector spaces

g =@, ¢* Hermitian metric.

|| | et z induced metric on det E.
2

17 () lger & = exp (T).

O = [v,v*] is invertible.

exp (TF) = I~ det D|§5_,-1)ii (T* analytic torsion).
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Exact sequence of Hermitian vector spaces

gF = D, g¥" Hermitian metric.

|| | et z induced metric on det E.

I ()13 2 = exp (T7).

O = [v,v*] is invertible.

exp (TF) = I~ det D|§;1)ii (TE analytic torsion).
Note that [}, det O 0ty

B
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The case where F is non-exact

H cohomology of (E,v).

Canonical isomorphism det £ ~ det H.
‘H = ker [J harmonic objects in E.

By Hodge theory, H ~ H.

| | qor r metric induced by g*.

TF defined as before, by excluding the zero eigenvalue.

2 2
H ||detE = | |detHeXp (TE)

Jean-Michel Bismut Quillen metrics: a summary 9/44



The purpose of the course

The curvature theorem for the Quillen metric
Principle if the proof of curvature theorem
Functorial properties of the Quillen metric
Applications of Quillen metrics

References

The case of holomorphic complexes



The purpose of the course

The curvature theorem for the Quillen metric
Principle if the proof of curvature theorem
Functorial properties of the Quillen metric
Applications of Quillen metrics

References

The case of holomorphic

e X complex manifold.

Jean-Michel Bismut

complexes

Quillen metrics: a summary

10 /44



The purpose of the course

'he curvature theorem for the Quillen metric
Principle if the proof of curvature theorem
Functorial properties of the Quillen metric
Applications of Quillen metrics

References
The case of holomorphic complexes

e X complex manifold.
e (E,v) holomorphic complex of vector bundles, g%
Hermitian metric on F.

Jean-Michel Bismut Quillen metrics: a summary 10 /44



The purpose of the course

The case of holomorphic complexes

e X complex manifold.

e (E,v) holomorphic complex of vector bundles, g%
Hermitian metric on F.

o (det E, || ||4o; z) Hermitian line bundle.

Jean-Michel Bismut Quillen metrics: a summary 10 /44



The purpose of the course

The case of holomorphic complexes

e X complex manifold.

e (E,v) holomorphic complex of vector bundles, g%
Hermitian metric on F.

o (det E, || ||4o; z) Hermitian line bundle.

e In general H is not a vector bundle (it is a coherent
sheaf).

Jean-Michel Bismut Quillen metrics: a summary 10 /44



The purpose of the course

The case of holomorphic complexes

e X complex manifold.

e (E,v) holomorphic complex of vector bundles, g%
Hermitian metric on F.

o (det E, || ||4o; z) Hermitian line bundle.

e In general H is not a vector bundle (it is a coherent
sheaf).

e However, the fiberwise isomorphism det £ ~ det H
says that det H has a holomorphic ‘extension’.

Jean-Michel Bismut Quillen metrics: a summary 10 /44



The purpose of the course

The case of holomorphic complexes

e X complex manifold.

e (E,v) holomorphic complex of vector bundles, g%
Hermitian metric on F.

o (det E, || ||4o; z) Hermitian line bundle.

e In general H is not a vector bundle (it is a coherent
sheaf).

e However, the fiberwise isomorphism det £ ~ det H
says that det H has a holomorphic ‘extension’.

o | ||?1etE = | |(21etH exp (T'7) is still true pointwise.

Jean-Michel Bismut Quillen metrics: a summary 10 /44



The purpose of the course

The case of holomorphic complexes

e X complex manifold.

e (E,v) holomorphic complex of vector bundles, g%
Hermitian metric on F.

o (det E, || ||4o; z) Hermitian line bundle.

e In general H is not a vector bundle (it is a coherent
sheaf).

e However, the fiberwise isomorphism det £ ~ det H
says that det H has a holomorphic ‘extension’.

o | ||?1etE = | |(21etH exp (T'7) is still true pointwise.

@ One may decide that det H is Hermitian line bundle
(det B, || || 4ot ) (consistent with theory of
Knudsen-Mumford).
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The holomorphic section 7 (v)

e If (E,v) is pointwise exact, 7 (v) nonzero holomorphic
section of det E.

2
o —f210gIr (1)l 5 = c1 (det B, |||l ) curvature

equation.
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The holomorphic section 7 (v)

e If (E,v) is pointwise exact, 7 (v) nonzero holomorphic
section of det E.

- 2

o —221og |7 (v)||3s s = €1 (det B, || || 4oy ) curvature
equation.

° _%TE =ci (det B, || || gey 2)-
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The purpose of the course

The holomorphic section 7 (v)

e If (E,v) is pointwise exact, 7 (v) nonzero holomorphic
section of det E.

2
o —5210g |7 (v)llger p = 1 (det B, || [lg¢; ) curvature
equation.

o —NTE _ c1 (det B || || gt )

T %nm

e If H (holomorphic) vector bundle,
Q18 _ (det H, g% H) — ¢ (det B, || || goy )-

2
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The construction of T'F via superconnections

o V& = V¥ 4 V¥ Chern connection.
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The purpose of the course

The construction of T via superconnections

o V& = V¥ 4 V¥ Chern connection.

o A" = v 4 V" antih. superconnection, A”? = 0.

e For T >0, g¥ = TVg¥ N number operator.

o Al =V 4+ Tv* adjoint sc., 22 A} = —L [N, A%).

o Ap = A"+ Al

o ch (E, g¥) = ¢Trs[exp (—A%)] Quillen Chern character
forms, sum of (p, p) forms (p 2im normalization).
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The transgression formula

ar = ¢Tr [exp (—A7)], vr = ¢Trs [N exp (—47)].
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The transgression formula

ar = T [exp (—A%)], yr = ¢Trs [N exp (—A7)].
Theorem (B-Gillet-Soulé 1988)
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ar = T [exp (—A%)], yr = ¢Trs [N exp (—A7)].
Theorem (B-Gillet-Soulé 1988)

D e — 9901 ¢ an’
Qo or = —5 7 heat equation’.
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Jean-Michel Bismut Quillen metrics: a summary 13 /44
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The transgression formula

ar = ¢Tr [exp (—A7)], vr = ¢Trs [N exp (—47)].

Theorem (B-Gillet-Soulé 1988)

b, Ddar ¢
Q@ sar = —5-7F ‘heat equation’.

© If H vector bundle, o, = ch (H, gH).

@ By zeta function reg., form T such that

30 E _
2T = e — qp.
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The zeta function regularization

e In principle, T¥ = — f0+°° L T , but integral does not
converge.

e Replace vr by 77 — Vo
e For s € C,0 < Res < 1/2,

R(s) = _ﬁ f0+oo T (YT — Yoo) dTT hol. in s.
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The zeta function regularization

e In principle, T¥ = — f0+°° L T , but integral does not
converge.
e Replace vr by 77 — Vo

For s € C,0 < Res < 1/2,

R(S) = _[‘(1) 0+OO T ('7T - %o) dTT hol. in s.

R (s) extends holomorphically at s = 0.
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The purpose of the course

The zeta function regularization

e In principle, T¥ = — f0+°° L T , but integral does not
converge.

e Replace vr by 77 — Vo

e For s € C,0 < Res < 1/2,

R(S) = _[‘(1) 0+OO T ('7T - %o) dTT hol. in s.

e R(s) extends holomorphically at s = 0.
o TP = %R(s) |s=0

Remark

In degree 0, T is just analytic torsion.
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The curvature theorem for the Quillen metric

The determinant of the cohomology

e X compact manifold dim. n, E holomorphic v.b..
e H* (X, E) cohomology of Dolbeault complex
(QO" (X, E) ,EX).
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The curvature theorem for the Quillen metric

The determinant of the cohomology

e X compact manifold dim. n, E holomorphic v.b..
e H* (X, E) cohomology of Dolbeault complex
(QO" (X, E) ,EX).

o \=® (det H' (X, E))(_l)i determinant of cohomology
(complex line).
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normalized).

Jean-Michel Bismut Quillen metrics: a summary 16 /44



The curvature theorem for the Quillen metric

Hodge theory

o g'X ¢¥ Hermitian, metrics on TX, E, give L,
Hermitian product on Q%°® (X, E) (suitably
normalized).

0 7" formal adjoint of .

Jean-Michel Bismut Quillen metrics: a summary 16 /44



The curvature theorem for the Quillen metric

Hodge theory

o g'X ¢¥ Hermitian, metrics on TX, E, give L,
Hermitian product on Q%°® (X, E) (suitably
normalized).

0 7" formal adjoint of .

o X = [5)(,5)(*} Hodge Laplacian.

Jean-Michel Bismut Quillen metrics: a summary 16 /44



The curvature theorem for the Quillen metric

Hodge theory

o g'X ¢¥ Hermitian, metrics on TX, E, give L,
Hermitian product on Q%°® (X, E) (suitably
normalized).

0 7" formal adjoint of .
o X = [5)(,5)(*} Hodge Laplacian.
e H* = ker (¥ harmonic forms ~ H* (X, E).

Jean-Michel Bismut Quillen metrics: a summary 16 /44



The curvature theorem for the Quillen metric

Hodge theory

o g'X ¢¥ Hermitian, metrics on TX, E, give L,
Hermitian product on Q%°® (X, E) (suitably
normalized).

0 7" formal adjoint of .

o X = [5)(,5)(*} Hodge Laplacian.

e H* = ker (¥ harmonic forms ~ H* (X, E).
e H*~ H* (X, E) inherits Lo metric.
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The curvature theorem for the Quillen metric

Quillen metrics

o ||, Ly metric on A =det H* (X, E).
e (i(s)=Tr [D_S\Qo,i(xﬂ)} holomorphic at s = 0.

° 0(s) =1, (=) (s).
e T =6 (0) Ray-Singer torsion.

@ Quillen metric

I3 = 1 exp (7).
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The curvature theorem for the Quillen metric

Quillen metrics

o ||, Ly metric on A =det H* (X, E).
e (i(s)=Tr [D_S\Qo,i(xﬂ)} holomorphic at s = 0.

° 0(s) =1, (=) (s).
e T =6 (0) Ray-Singer torsion.

@ Quillen metric
113 =13 exp (T).

@ The situation is formally similar to the
finite-dimensional case, with E* = Q% (X, F).
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The curvature theorem for the Quillen metric

Direct images

e m: M — S proper holomorphic submersion, fiber X.
@ FE holomorphic vector bundle on M.

e Rm,FE direct image of E.
°

In general, R, F € K. (9), i.e. coherent sheaf
(Grauert).

Special case: H® (X, F) has constant dimension,
holomorphic vector bundle on S.

In this case, Rm,E =Y (-1)' H (X, E).
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The curvature theorem for the Quillen metric

Direct images

e m: M — S proper holomorphic submersion, fiber X.

@ FE holomorphic vector bundle on M.

e Rm,FE direct image of E.

e In general, Rm.F € K. (9), i.e. coherent sheaf
(Grauert).

e Special case: H*® (X, F) has constant dimension,
holomorphic vector bundle on S.

e In this case, Rm,E =Y (—1)' H (X, E).

o In general, A = det R, F is a canonical holomorphic
line bundle on S (Knudsen-Mumford),
As ~ det H* (X5, E|x,).
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g™%, g% metrics on TX =TM/S, E.
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Jean-Michel Bismut Quillen metrics: a summary 19 /44



The curvature theorem for the Quillen metric

The curvature theorem

g™%, g% metrics on TX =TM/S, E.
Theorem (B-Gillet-Soulé, 1988)

Q@ Quillen metric on A = det R, F is smooth.
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The curvature theorem for the Quillen metric

The curvature theorem

g™%, g% metrics on TX =TM/S, E.

Theorem (B-Gillet-Soulé, 1988)

Q@ Quillen metric on A = det R, F is smooth.

Q If 7 : M — S is locally Kahler, if g% (fiberwise)
Kahler, we have the compatibility to RRG,

C1 O‘?H H)\) [Td (TX gTX) ch (E g )}(2)
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The curvature theorem for the Quillen metric

The curvature theorem

g™%, g% metrics on TX =TM/S, E.
Theorem (B-Gillet-Soulé, 1988)

Q@ Quillen metric on A = det R, F is smooth.

Q If 7 : M — S is locally Kahler, if g% (fiberwise)
Kahler, we have the compatibility to RRG,

et (Al = 7 [Td (TX, g7%) e (B, )]

Locally Kéhler: if U C S small open set, 71U Kaihler.
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The curvature theorem for the Quillen metric

Bott-Chern classes

e E v.b. with connections V¥, V# Chern-Simons
P (VE,VE) (defined modulo exact forms) such that

dP = P (V") — P (V).
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Bott-Chern classes

e E v.b. with connections V¥, V# Chern-Simons
P (VE,VE) (defined modulo exact forms) such that

dP = P (V") — P (V).

o If g2, g” metrics on E, Bott-Chern class P (9%, 9")
(defined uniquely modulo da 4 9f3) such that

%ﬁ P(g) - P (¢").
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The curvature theorem for the Quillen metric

Bott-Chern classes

e E v.b. with connections V¥, V# Chern-Simons
P (VE,VE) (defined modulo exact forms) such that

dP = P (V") — P (V).

o If g2, g” metrics on E, Bott-Chern class P (9%, 9")
(defined uniquely modulo da 4 9f3) such that
00 ~

5P = P(g")—P(4").

@ Quillen met. vary by Bott-Chern (ext. of Polyakov
anomaly formulas): key ing. in proof of curvature t.
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Proof via superconnections

e Q% (M,E) is a Q% (S, C)-module.

=M . . )
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superconnection.
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Proof via superconnections

e Q% (M,E) is a Q% (S, C)-module.

o 9" can be viewed as a flat antiholomorphic
superconnection.

e wM (1,1)-form positive along X induces metric g7,
wH horizontal part of w™.
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Proof via superconnections

e Q% (M,E) is a Q% (S, C)-module.
o 9" can be viewed as a flat antiholomorphic
superconnection.

e wM (1,1)-form positive along X induces metric g7,
wH horizontal part of w™.

e Induces a splitting TM = THM & TX.
e QU (M, E)=Q% (5,0% (X, E|x)).

o Write 9" using the above splitting:

9 =7 4 B
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Principle if the proof of curvature theorem

Proof via superconnections

e Q% (M,E) is a Q% (S, C)-module.
o 9" can be viewed as a flat antiholomorphic
superconnection.

e wM (1,1)-form positive along X induces metric g7,
wH horizontal part of w™.

e Induces a splitting TM = THM & TX.
e QU (M, E)=Q% (5,0% (X, E|x)).

o Write 9" using the above splitting:
7 — 7 v B

o ...=0if wM closed.
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The idea of adiabatic limit

o . TS
o ¢"¥ Hermitian metric on S, gI™ = g™ + 4—
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The idea of adiabatic limit

o ¢7¥ Hermitian metric on S, /™ = ¢g™™ + #,
=M =M ‘ .
o DM =3 + 9. Dirac operator associated with g7

e Making ¢ — 0 adiabatic limit.
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The idea of adiabatic limit

o . TS
o ¢"¥ Hermitian metric on S, gI™ = g™ + 4—

o DM = o+ 5?4* Dirac operator associated with g7*.
e Making ¢ — 0 adiabatic limit.

e In the proper sense, DM converges to superconnection

Aon Q% (X, Elx).
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Principle if the proof of curvature theorem

The idea of adiabatic limit

o . TS
o ¢"¥ Hermitian metric on S, gI™ = g™ + 4—

=M =Mk : .
o DM =3 + 9. Dirac operator associated with g7

e Making ¢ — 0 adiabatic limit.

e In the proper sense, DM converges to superconnection
Aon Q% (X, Elx).

e This also explains why 99 is the ‘adiabatic limit’ of
Laplacian on S.
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The proof of the curvature theorem

e Principle: adapt the finite dimensional superconnection
formalism in this infinite dimensional setting.
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The proof of the curvature theorem

e Principle: adapt the finite dimensional superconnection
formalism in this infinite dimensional setting.

@ Proof combines results of B-Freed in the smooth case
and the anomaly formulas described before.
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Principle if the proof of curvature theorem

The proof of the curvature theorem

e Principle: adapt the finite dimensional superconnection
formalism in this infinite dimensional setting.

@ Proof combines results of B-Freed in the smooth case
and the anomaly formulas described before.

Remark

This result is often misquoted. The results of B-Freed,
valid only in the smooth category, are mentioned instead.
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The question of functoriality

o It often happens that two determinant lines A\ and u
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@ General principle: the ratio of two such Quillen
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compatible with the curvature theorem.
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Functorial properties of the Quillen metric

The question of functoriality

o It often happens that two determinant lines A\ and u
are canonically isomorphic: A >~ pu.

o It |y, ], Quillen metrics, how to compare these
metrics.

@ General principle: the ratio of two such Quillen
metrics is given by an explicit local formula,
compatible with the curvature theorem.

e Simplest example: the anomaly formulas for Quillen
metrics.
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The case of embeddings

e i: Y — X embedding of compact complex manifolds.
e F holomorphic vector bundle on Y.

e (E,,v) complex of holomorphic vector bundles on X
that provides a ‘resolution’ of i, Oy (F).
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The case of embeddings

e i: Y — X embedding of compact complex manifolds.
e F holomorphic vector bundle on Y.

e (E,,v) complex of holomorphic vector bundles on X
that provides a ‘resolution’ of i, Oy (F).

@ We have the exact sequence of Ox-sheaves,

0— OxEm—v>OxEm_1 R v—>(9xE0—r>Z*OyF —0
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Functorial properties of the Quillen metric

The case of embeddings

1 :Y — X embedding of compact complex manifolds.

F holomorphic vector bundle on Y.

(E,,v) complex of holomorphic vector bundles on X,
that provides a ‘resolution’ of i, Oy (F).

We have the exact sequence of O x-sheaves,

0— OxEm—v>OxEm_1 R v—>0)(E0—r>Z*OyF —0

Such resolutions always exist if X is projective.
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Functorial properties of the Quillen metric

The case of embeddings

1 :Y — X embedding of compact complex manifolds.

F holomorphic vector bundle on Y.

(E,,v) complex of holomorphic vector bundles on X,
that provides a ‘resolution’ of i, Oy (F).

We have the exact sequence of Ox-sheaves,

0— OxEm — O)(Em_l A OxEO —r>-2*0yF —0

Such resolutions always exist if X is projective.

D divisor in X, i : D — 3, ¢ canonical section of D,
E =[-D] @ C, r restriction to D.
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The embedding formula

There is a canonical isomorphism of determinant lines

A(E) ~ ) (F).
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Functorial properties of the Quillen metric

The embedding formula

There is a canonical isomorphism of determinant lines

A(E) ~ ) (F).

Theorem (B-Lebeau, 1989)

If g%, ¢g™Y are Kihler metrics, there is a local formula,

e\
log [ @) ) _ / T
Hlaey x
where T is an explicit ‘local” Bott-Chern current on X.
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Structure of T

e T such that
%T =Td(TY,g"") ch (F,g") oy

—Td(TX,g"™) ch (E,¢").
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Functorial properties of the Quillen metric

Structure of T

e 7' such that
99 Td (TY,g") ch (F,g") ¢
% - g 9 Y
—Td(TX,g"™) ch (E,¢").

e T compatible to the composition of embeddings.
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Functorial properties of the Quillen metric

Structure of T

e T such that
5_8 _ TY F
5 T =Td(TY,g"")ch (F,g¢")dy
i
—Td(TX,g"™) ch (E,¢").
e T compatible to the composition of embeddings.
@ Main tool to study Quillen metrics under degeneration.
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Functorial properties of the Quillen metric

Structure of T

@ 7 such that

D _1q (TY,g"™) ch (F,g") oy

2im
—Td(TX,g"™) ch (E,¢").
e T compatible to the composition of embeddings.

@ Main tool to study Quillen metrics under degeneration.
e Formula expresses functoriality with respect to

y L. x

N

point
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Composition of immersion and submersion

e Similar formulas for composition of immersions and
projections (Berthomieu-B 1994, B 1997)
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Functorial properties of the Quillen metric

Composition of immersion and submersion

e Similar formulas for composition of immersions and
projections (Berthomieu-B 1994, B 1997)

o In Arakelov geometry, Ray-Singer torsion viewed as
contribution at infinite places in a Riemann-Roch
formula of Gillet-Soulé, that expresses the arithmetic
degree of the determinant of the direct image in terms
of arithmetic characteristic classes.
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o In Arakelov geometry, Ray-Singer torsion viewed as
contribution at infinite places in a Riemann-Roch
formula of Gillet-Soulé, that expresses the arithmetic
degree of the determinant of the direct image in terms
of arithmetic characteristic classes.

@ Roughly speaking, we obtain this way an arithmetic
formula for Ray-Singer torsion.
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Functorial properties of the Quillen metric

Composition of immersion and submersion

e Similar formulas for composition of immersions and
projections (Berthomieu-B 1994, B 1997)

o In Arakelov geometry, Ray-Singer torsion viewed as
contribution at infinite places in a Riemann-Roch
formula of Gillet-Soulé, that expresses the arithmetic
degree of the determinant of the direct image in terms
of arithmetic characteristic classes.

@ Roughly speaking, we obtain this way an arithmetic
formula for Ray-Singer torsion.

@ There is an extension to higher Chern classes,
involving analytic torsion forms.
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Applications of Quillen metrics

The case of elliptic curves

e X (1) moduli space of elliptic curves (curves of genus
1).

e X (1)=SL(2,Z)\ H, H upper half-plane.

olfre H C, =C/R,, R, ={a+br,a,b € Z}.

@ dz holomorphic differential, R, period lattice.
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Applications of Quillen metrics

The case of elliptic curves

X (1) moduli space of elliptic curves (curves of genus
1).

X (1) =SL(2,Z) \ H, H upper half-plane.

IfreH, C,=C/R,, R, ={a+br,a,b € Z}.

dz holomorphic differential, R, period lattice.

C, carries a flat metric ¢g7“" with volume 1.
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Applications of Quillen metrics

The case of elliptic curves

X (1) moduli space of elliptic curves (curves of genus
1).

X (1) =SL(2,Z) \ H, H upper half-plane.

IfreH, C,=C/R,, R, ={a+br,a,b € Z}.

dz holomorphic differential, R, period lattice.

C, carries a flat metric ¢g7“" with volume 1.
|dz|> = 2Im (7).
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Applications of Quillen metrics

Quillen metrics on elliptic curves

e \ = det Rm.O¢, by Serre duality, A\, ~ H"?(C,).
e Curvature theorem: ¢; (A, |[||,) = 0.

e |||, flat metric on A over X (1) \ sing.
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Applications of Quillen metrics

Quillen metrics on elliptic curves

A = det Rm,Oc, by Serre duality, A, ~ H" (C).
Curvature theorem: ¢; (A, || ||,) = 0.

| 1], flat metric on A over X (1) \ sing.

e 6 o6 o

c1 (H'Y(Cy)) = grmda'dy’ = canonical volume form
on H.
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Analytic torsion as a Kahler potential

¢}

o ar (M) =

L (HY(CL)) — 227,
° —%Tan

—c1 (H™ (Cy)).
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Analytic torsion as a Kahler potential

o e (M I,) = e (HY(Cr)) — 9272,

o — 20T — —cy (H™ (C))).

o 7™ Kahler potential for minus the canonical volume
form on X (1).
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Analytic torsion and the Dedekind eta function
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form modular form of weight 1/2, A = (2r)" n*

discriminant, .

Jean-Michel Bismut Quillen metrics: a summary 32 /44



Applications of Quillen metrics

Analytic torsion and the Dedekind eta function

o Dedekind n-function n = ¢"/?* [ (1 — ¢") modular
form modular form of weight 1/2, A = (2r)" n*
discriminant, .

o ||dz|, = c¢|n|* (Ray-Singer, using Kronecker limit
formula).
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e Since (A, | ||,) is flat, there is a holomorphic Hermitian
trivialization A ~ C on X™ (1).
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A direct proof that uses the curvature theorem

e Since (A, | ||,) is flat, there is a holomorphic Hermitian
trivialization A ~ C on X™ (1).

@ There is a non-vanishing holomorphic function f (7)
such that dz ~ f (7).
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Applications of Quillen metrics

A direct proof that uses the curvature theorem

e Since (A, | ||,) is flat, there is a holomorphic Hermitian
trivialization A ~ C on X™ (1).

@ There is a non-vanishing holomorphic function f (7)
such that dz ~ f (7).

o [ldzll, = [f (7)]

e The identification of the section dz with cn? can be
obtained by showing || || extends to X (1) as generalized
metric using the embedding formula near the cusp.
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e K 3-surface simply connected with trivial canonical
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The case of K3 surfaces (Yoshikawa)

e K 3-surface simply connected with trivial canonical
bundle is Calabi-Yau.

@ When equipped with a Calabi-Yau metric,
A = det H%* (X, C) is trivial, and Quillen metric is also
trivial.
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The case of K3 surfaces (Yoshikawa)

e K 3-surface simply connected with trivial canonical
bundle is Calabi-Yau.

@ When equipped with a Calabi-Yau metric,
A = det H%* (X, C) is trivial, and Quillen metric is also
trivial.

e Yoshikawa: moduli sp. of K3 with an anti-symplectic
involution ¢, and replaces analytic torsion by
equivariant torsion.
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e Constructs holomorphic section of A\, in the open
regular set of the moduli space (Torelli theorem).
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Applications of Quillen metrics

The case of K3 surfaces (Yoshikawa)

e K 3-surface simply connected with trivial canonical
bundle is Calabi-Yau.

@ When equipped with a Calabi-Yau metric,

A = det H%* (X, C) is trivial, and Quillen metric is also
trivial.

e Yoshikawa: moduli sp. of K3 with an anti-symplectic
involution ¢, and replaces analytic torsion by
equivariant torsion.

e Constructs holomorphic section of A\, in the open
regular set of the moduli space (Torelli theorem).

e He identifies his invariant, up to a constant, with a
Borcherds modular form.
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BCOV analytic torsion

o X Calabi-Yau, E =Y (—1)"4A" (T*X) gives BCOV

torsion.

e BCOV torsion appears in the formulation of mirror
symmetry.
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Applications of Quillen metrics

BCOV analytic torsion

o X Calabi-Yau, E =Y (—1)"4A" (T*X) gives BCOV

torsion.

e BCOV torsion appears in the formulation of mirror
symmetry.

@ Questions of birational invariance of BCOV torsion.
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Applications of Quillen metrics

An important remark

Remark

In general, the metric defining analytic torsion should be
Kéhler. However special metrics (like Calabi-Yau) are not
needed, not even their existence. This simplifies the study
of degeneration (see Yoshikawa).
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