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* physical symmetries * volume-preserving diffeomorphisms
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* how many functions exist? (how to name them?)
 what (functional) relations do they satisfy?
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Important Open Questions (for math and physics)

* how many functions exist? (how to name them?)
 what (functional) relations do they satisfy?

* what are their (infinite-dimensional) symmetries?
— do these extend to entire amplitudes?
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Organization and Outline

@ Spiritus Movens: a moral parable

© The Physical Vernacular of the S-Matrix
@ Beyond (Mere) Scattering Amplitudes: On-Shell Functions
@ Physically Observable Data Describing Massless Particles in 4d
@ Basic Building Blocks: S-Matrices for Three Massless Particles

© On-Shell, All-Order Recursion Relations for Scattering Amplitudes
@ Deriving Diagrammatic Recursion Relations for Amplitudes
@ Exempli Gratia: On-Shell Representations of Tree Amplitudes
@ On-Shell Representations of Loop-Amplitude Integrands

@ Consequences of Quantum Mechanical Consistency Conditions
@ Factorization and Long-Range Physics: Weinberg’s Theorem
@ Uniqueness of Yang-Mills Theory and the Equivalence Principle
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Supercomputer Computations in Quantum Chromodynamics

A Simple, Practical Problem in Quantum Chromodynamics
The Shocking Simplicity of Scattering Amplitudes (a parable)

A

Consider the amplitude for two gluons to collide and produce four: gg — gggg.
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Supercollider physics
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Consider the amplitude for two gluons to collide and produce four: gg — gggg.
Before modern computers, this would have been computationally intractable

@ 220 Feynman diagrams, thousands of terms

The cross sections for the elementary
two—four processes have not been calculated, and their
complexity is such that they may not be evaluated. in the
foreseeable future. It is worthwhile to seek estimates of
the four-jet cross sections, even if these are only reliable in
restricted regions of phase space.
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In 1985, Parke and Taylor took up the challenge
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@ using every theoretical tool available
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Before modern computers, this would have been computationally intractable

@ 220 Feynman diagrams, thousands of terms
In 1985, Parke and Taylor took up the challenge
@ using every theoretical tool available

@ and the world’s best supercomputers

THE CROSS SECTION FOR FOUR-GLUON PRODUCTION
BY GLUON-GLUON FUSION

Stephen J. PARKE and T.R. TAYLOR
Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510 USA

Received 13 September 1985

The cross section for two-gl to four-gh ing 1s given in a form suitable for fast
numerical calculations.
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Here, we have used spinor variables to describe the external momenta:
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Notice that p*p,, = det(p®?)
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The (local) Lorentz group, SL(2),x SL(2)g, acts on \, and \,, respectively.
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The (local) Lorentz group, SL(2); X SL(2)g, acts on )\, and \,, respectively.
Thus, Lorentz invariants must be constructed out of determinants:
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The Grassmannian G(k, n): the linear span of k vectors in C".
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Momentum conservation becomes the
geometric statement:
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A

A scattering amplitude, .4,,, can be a generally complicated(?) function of all
the physically observable data describing each of the particles involved.
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A

We are interested in the class of functions involving only observable quantities
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i€l hiqi,
mjy---
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=11 Z/dd lLIPS HA
iel Wi,g{{Z
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iel Wi,g{{Z

Counting Constraints:

71\5 denv—(d—l)xnl—d
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A

We are interested in the class of functions involving only observable quantities

On-Shell Functions: networks of amplitudes, .4,, connected by any number
of internal particles, i €/, forming a graph I" called an “on-shell diagram”.

=11 Z/dd lLIPS HA
iel Wi,%‘Z

Counting Constraints:

ng =dxny—(d—1)xn;—d = number of excess d-functions
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We are interested in the class of functions involving only observable quantities

On-Shell Functions: networks of amplitudes, .4,, connected by any number
of internal particles, i €/, forming a graph I" called an “on-shell diagram”.

=11 Z/dd lLIPS HA

i€l hig;,
mjy---
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S

Floab,..) =54

«
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a=0

We can use Cauchy’s theorem to trade the residue about av=0 for (minus)
the sum of residues away from the origin:
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Diagrams are characterized by ‘7’—the number of “minus-helicity” gluons:

m = 2ng + nw — ny.

For the bridge terms, we have:

mp +mp =m+ 1.
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Exempli Gratia: On-Shell Representations of Amplitudes

A

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, AE,Z) !
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The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, AS,Z) !
The only (non-vanishing) contribution to ASLZ) is A,(lz_)l ®A§1):
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The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, AS,Z) !
And it generates very concise formulae for all other amplitudes
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Amplitudes 2022 PhD S School Prague, Czech Republic Part I: The Vernacular of the S-Matrix




The Physical Vernacular of the S-Matrix = Deriving Diagrammatic Recursion Relations for Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes  Exempli Gratia: On-Shell Representations of Tree Amplitudes
Consequences of Quantum Mechanical Consistency Conditions On-Shell Representations of Loop-Amplitude Integrands

Exempli Gratia: On-Shell Representations of Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, AS,Z) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):

Amplitudes 2022 PhD S School Prague, Czech Republic Part I: The Vernacular of the S-Matrix




The Physical Vernacular of the S-Matrix = Deriving Diagrammatic Recursion Relations for Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes  Exempli Gratia: On-Shell Representations of Tree Amplitudes
Consequences of Quantum Mechanical Consistency Conditions On-Shell Representations of Loop-Amplitude Integrands

Exempli Gratia: On-Shell Representations of Amplitudes

A

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, AS,Z) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):

iplitudes 2022 PhD S School Prague, Czech Republic Part I: The Vernacular of the S-Matrix



The Physical Vernacular of the S-Matrix
On-Shell, All-Order Recursion Relations for Scattering Amplitudes  Exempli Gratia: On-Shell Representations of Tree Amplitudes
Consequences of Quantum Mechanical Consistency Conditions On-Shell Representations of Loop-Amplitude Integrands

Exempli Gratia: On-Shell Representations of Amplitudes

Deriving Diagrammatic Recursion Relations for Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(f) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):

Amplitudes 2022 PhD S School

Prague, Czech Republic

Part I: The Vernacular of the S-Matrix



The Physical Vernacular of the S-Matrix
On-Shell, All-Order Recursion Relations for Scattering Amplitudes  Exempli Gratia: On-Shell Representations of Tree Amplitudes
Consequences of Quantum Mechanical Consistency Conditions On-Shell Representations of Loop-Amplitude Integrands

Exempli Gratia: On-Shell Representations of Amplitudes

Deriving Diagrammatic Recursion Relations for Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(f) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):

Amplitudes 2022 PhD S School

Prague, Czech Republic

Part I: The Vernacular of the S-Matrix



The Physical Vernacular of the S-Matrix
On-Shell, All-Order Recursion Relations for Scattering Amplitudes  Exempli Gratia: On-Shell Representations of Tree Amplitudes
Consequences of Quantum Mechanical Consistency Conditions On-Shell Representations of Loop-Amplitude Integrands

Exempli Gratia: On-Shell Representations of Amplitudes

Deriving Diagrammatic Recursion Relations for Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(f) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):

Amplitudes 2022 PhD S School

Prague, Czech Republic

Part I: The Vernacular of the S-Matrix



The Physical Vernacular of the S-Matrix
On-Shell, All-Order Recursion Relations for Scattering Amplitudes  Exempli Gratia: On-Shell Representations of Tree Amplitudes
Consequences of Quantum Mechanical Consistency Conditions On-Shell Representations of Loop-Amplitude Integrands

Exempli Gratia: On-Shell Representations of Amplitudes

Deriving Diagrammatic Recursion Relations for Amplitudes

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(f) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):
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And it generates very concise formulae for all other amplitudes—e. g. Ag):
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produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !

And it generates very concise formulae for all other amplitudes—e. g. Ag):
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Observations regarding recursed representations of scattering amplitudes:
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Observations regarding recursed representations of scattering amplitudes:

@ varying recursion ‘schema’ can generate many ‘BCFW formulae’
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The BCFW recursion relations realize an incredible fantasy: they directly
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Observations regarding recursed representations of scattering amplitudes:

@ varying recursion ‘schema’ can generate many ‘BCFW formulae’
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Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways
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And it generates very concise formulae for all other amplitudes—e. g. Ag):
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Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways
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The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !
And it generates very concise formulae for all other amplitudes—e. g. AS)
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Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’
@ on-shell diagrams can often be related in surprising ways

Is there any way to invariantly characterize the on-shell functions
associated with on-shell diagrams?
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associated with on-shell diagrams?

des 2022 PhD S School Prague, Czech Republic Part I: The Vernacular of the S-Matrix



The Physical Vernacular of the S-Matrix = Deriving Diagrammatic Recursion Relations for Amplitudes
On-Shell, All-Order Recursion Relations for Scattering Amplitudes ~ Exempli Gratia: On-Shell Representations of Tree Amplitudes
Consequences of Quantum Mechanical Consistency Conditions On-Shell Representations of Loop-Amplitude Integrands

On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
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On-Shell Recursion of Loop-Amplitude Integrands

Let’s look at an example of how loop amplitudes are represented by recursion.
For Aftz)’,l the only terms come from the ‘forward limit’ of the tree AS)’O:
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Let’s look at an example of how loop amplitudes are represented by recursion.

For Ag the only terms come from the ‘forward limit’ of the tree .A (3).0,
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Let’s look at an example of how loop amplitudes are represented by recursion.
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Let’s look at an example of how loop amplitudes are represented by recursion.

For Af)’,l the only terms come from the ‘forward limit’ of the tree AS)’O:
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For Ag the only terms come from the ‘forward limit” of the tree .A
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Channeling Some Consequences of Factorization

Factorization and Long-Range Physics: Weinberg’s Theorem
Uniqueness of Yang-Mills Theory and the Equivalence Principle

A

In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.
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In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:
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* Homework:
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In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:
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* Homework: use the result, together with the analogous u- and #-channels to
determine the form of Ay
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In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:
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* Homework: use the result, together with the analogous u- and #-channels to
determine the form of A4 and show that if o > 2 all factorizations vanish.
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In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:
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* Homework: use the result, together with the analogous u- and #-channels to
determine the form of A4 and show that if o > 2 all factorizations vanish.
This is Wienberg’s theorem
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In [arXiv:0705.4305], Benincasa and Cachazo described how elementary
considerations of locality and unitarity strongly restricts the choice of
coupling constants, and hence possible quantum field theories.

Consider the behavior of any local, unitarity theory in a factorization limit:
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* Homework: use the result, together with the analogous u- and #-channels to
determine the form of A4 and show that if o > 2 all factorizations vanish.
This is Wienberg’s theorem—proving that long-range physics requires o < 2.
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A

Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:
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@ o =1: the coupling constants satisfy a Jacobi identity!
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Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:

@ o =1: the coupling constants satisfy a Jacobi identity!

fQ1,q2,‘7*7q3,q4 + fq2#137‘7*7q17q4 + fq37Q17‘7‘7Q27Q4 =0.
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Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:

@ o =1: the coupling constants satisfy a Jacobi identity!

f‘hana‘?vCBaqzl + fq27q37‘7‘,q17q4 + fq3ﬂ17‘7‘7‘127‘l4 =0.

e whatever quantum numbers distinguish mutually interacting spin-1
particles, they form the adjoint representation of a Lie algebra!
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Using Cauchy’s theorem to relate the three factorization channels to each
other, Benincasa and Cachazo prove in [arXiv:0705.4305] following:

@ o =1: the coupling constants satisfy a Jacobi identity!

f‘ha‘ﬁa‘?v‘ﬂiaqzl + fq27q3717‘,q17q4 + fq37QI7‘7‘7QQ7Q4 = 0.

e whatever quantum numbers distinguish mutually interacting spin-1
particles, they form the adjoint representation of a Lie algebra!

@ o =2: multiple spin-2 particles can always be decomposed into
mutually non-interacting sectors
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Using Cauchy’s theorem to relate the three factorization channels to each
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@ o =1: the coupling constants satisfy a Jacobi identity!

f‘ha‘ﬁa‘?v‘ﬂiaqzl + fq27q3717‘,q17q4 + fq37QI7‘7‘7QQ7Q4 = 0.

e whatever quantum numbers distinguish mutually interacting spin-1
particles, they form the adjoint representation of a Lie algebra!

@ o =2: multiple spin-2 particles can always be decomposed into
mutually non-interacting sectors—there is at most one graviton!
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o the coupling strength of any spin-2 particle to itself must be the
same as its coupling to any other field
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