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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Organization and Outline

1 On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes

2 From On-Shell Physics to the (Positive) Grassmannian
From the Bottom-Up:

(Combinatorially) Constructing and Computing On-Shell Functions

Asymptotic Symmetries of the S-Matrix: the Yangian

From the Top-Down:
Grassmannian Geometry of (Generalized) Parke-Taylor ‘Amplitudes’

3 The Positroid Stratification of the Grassmannian
A Combinatorial Stratification of the Grassmannian
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Recall from Last Lecture: the BCFW Recursion Relations
Diagrams are characterized by ‘m’—the number of “minus-helicity” gluons:

m ≡ 2nB + nW − nI.

For the bridge terms, we have:

mL + mR = m + 1.
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Recall the Example Amplitude Discussed: A(3)
6

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A(2)

n !
And it generates very concise formulae for all other amplitudes—e.g. A(3)

6 :

A(3)
6 =

+ +

Observations regarding recursed representations of scattering amplitudes:

varying recursion ‘schema’ can generate many ‘BCFW formulae’

on-shell diagrams can often be related in surprising ways
Is there any way to invariantly characterize the on-shell functions

associated with on-shell diagrams?
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↓ ↓ ↓ ↓ ↓ ↓
3 5 6 1 2 4

)
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Combinatorial Characterization of On-Shell Diagrams
Notice that the merge and square moves leave the number of ‘faces’ of an

on-shell diagram invariant.

Diagrams with different numbers of faces
can be related by ‘reduction’

—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:

it leaves behind an overall factor of dα/α in the on-shell function
and it alters the corresponding left-right path permutation

Such factors of dα/α arising from bubble deletion encode loop integrands!
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Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
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Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Conveniently, adding a BCFW bridge acts very nicely on permutations:

it merely transposes the images of σ!

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Conveniently, adding a BCFW bridge acts very nicely on permutations:

it merely transposes the images of σ!

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Conveniently, adding a BCFW bridge acts very nicely on permutations:

it merely transposes the images of σ!

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Conveniently, adding a BCFW bridge acts very nicely on permutations:

it merely transposes the images of σ!

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Conveniently, adding a BCFW bridge acts very nicely on permutations:

it merely transposes the images of σ!

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Conveniently, adding a BCFW bridge acts very nicely on permutations:
it merely transposes the images of σ!

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Conveniently, adding a BCFW bridge acts very nicely on permutations:
it merely transposes the images of σ!

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.

Read the other way,

we can ‘peel-off’ bridges and thereby decompose
a permutation into transpositions according to σ = (a b) ◦ σ′
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Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions

—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

fσ
fσ
fσ
fσ
fσ
fσ
fσ
fσ
fσ

(1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{

3 5 6 7 8 10

}

{

5 3 6 7 8 10

}
{

5 6 3 7 8 10

}
{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

fσ

fσ
fσ
fσ
fσ
fσ
fσ
fσ
fσ

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}

{

5 3 6 7 8 10

}
{

5 6 3 7 8 10

}
{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)
τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)
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f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

fσ

f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}

{

5 3 6 7 8 10

}
{

5 6 3 7 8 10

}
{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)
τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0

f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}

{

5 3 6 7 8 10

}
{

5 6 3 7 8 10

}
{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0

f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}

{

5 3 6 7 8 10

}
{

5 6 3 7 8 10

}
{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)

(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1
f1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1

f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}

{

5 6 3 7 8 10

}
{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)

(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1
f1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1

f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}

{

5 6 3 7 8 10

}
{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)

(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2
f2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2

f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}

{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)

(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2
f2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2

f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}

{

6 5 3 7 8 10

}
{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)

(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3
f3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3

f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}

{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)

(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3
f3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3

f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}

{

6 7 3 5 8 10

}
{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)

(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4
f4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4

f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}

{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)

(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4
f4

dα5

α5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4

f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}

{

7 6 3 5 8 10

}
{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)

(4 5)
(2 4)
(4 6)

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5
f5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5

f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}

{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)

(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5
f5

dα6

α6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5

f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}

{

7 6 3 8 5 10

}
{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)

(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6
f6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6

f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}

{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)

(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6
f6

dα7

α7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6

f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}

{

7 8 3 6 5 10

}
{

7 8 3 10 5 6

}

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)

(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7
f7

dα8

α8

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7

f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}

{

7 8 3 10 5 6
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)
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{
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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=
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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· · ·
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=
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∏
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δ4(η̃a

)
δ2(λ̃a

)) ∏
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}

{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f8 =δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0



‘Bridge’ Decomposition

σ :
f0
f1
f2
f3
f4
f5
f6
f7

f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}

{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f7 =
dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 α8


(4 6) : c6 7→ c6 + α8 c4

‘Bridge’ Decomposition

σ :
f0
f1
f2
f3
f4
f5
f6

f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}

{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)

(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f6 =
dα7

α7

dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 0 0
0 0 0 1 0 α8


(2 4) : c4 7→ c4 + α7 c2

‘Bridge’ Decomposition

σ :
f0
f1
f2
f3
f4
f5

f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}

{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)

(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f5 =
dα6

α6

dα7

α7

dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :
f0
f1
f2
f3
f4

f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}

{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)

(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f4 =
dα5

α5
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :
f0
f1
f2
f3

f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}

{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)

(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f3 =
dα4

α4
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :
f0
f1
f2

f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}

{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)

(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f2 =
dα3

α3
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :
f0
f1

f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}
{5 3 6 7 8 10}

{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)

(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f1 =
dα2

α2
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition

σ :
f0

f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓

{3 5 6 7 8 10}

{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)

(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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

(1 2) : c2 7→ c2 + α1 c1
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The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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· · ·

dα8
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=
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
d3×6C

vol(GL(3))
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1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition

σ :

f0
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f4
f5
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f7
f8
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1
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1 (α3+α5) α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition

σ :

f0
f1
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f3
f4
f5
f6
f7
f8

(
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↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
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{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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

(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8
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↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
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· · ·

dα8

α8

=
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vol(GL(3))
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always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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=
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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0 0 0 1 α6 α8



(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(
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↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
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{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
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)

τ
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(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
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· · ·

dα8

α8

=
d3×6C

vol(GL(3))
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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1 α5 0 α4α5 0 0
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
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1
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always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition
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f1
f2
f3
f4
f5
f6
f7
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)
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1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8



(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :
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f1
f2
f3
f4
f5
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f7
f8
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1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)
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

(1 2) : c2 7→ c2 + α5 c1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
d3×6C

vol(GL(3))
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
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
d3×6C

vol(GL(3))
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· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)
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(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
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0 0 0 1 α6 α8


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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dα8

α8

=
d3×6C
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8



(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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
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

(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1
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C≡
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0 0 0 1 α6 α8



(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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· · · dα8
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δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8



(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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· · ·

dα8

α8

=
d3×6C

vol(GL(3))
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(123)(234)(345)(456)(561)(612)
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f0 =
dα1
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δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8



(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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dα4
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dα6
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α8
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α1
· · · dα8
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δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8



(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
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dα4
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dα6
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dα7
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f0 =
dα1

α1
· · · dα8
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C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8



(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition
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f0
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f4
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f7
f8

(
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↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8



(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition
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f0
f1
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f4
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f7
f8

(
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↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
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dα7
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α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8



(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1
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dα3
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dα7
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f0 =
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· · · dα8
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δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8



(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 0 0
0 0 0 1 0 α8



(2 4) : c4 7→ c4 + α7 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8
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=
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1 0 0 0 0 0
0 1 0 α7 0 0
0 0 0 1 0 α8



(2 4) : c4 7→ c4 + α7 c2

‘Bridge’ Decomposition
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
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(2 4)
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(4 5)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
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(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 0 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(4 5) : c5 7→ c5 + α6 c4

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
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{7 8 3 6 5 10}
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)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
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)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
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{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
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)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 0 0 0
0 1 0 α7 α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α5 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ
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(2 3)
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(2 4)
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(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
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vol(GL(3))
1
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1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :

f0
f1
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f3
f4
f5
f6
f7
f8

(
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↓ ↓ ↓ ↓ ↓ ↓
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)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)
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· · · dα8
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C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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· · ·
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=
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vol(GL(3))
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f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4
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δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition
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f0
f1
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f3
f4
f5
f6
f7
f8

(
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↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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dα7

α7

dα8

α8
f8
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C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition
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f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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dα1
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dα4

α4
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α5

dα6

α6

dα7
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α8
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· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
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)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
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)
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(2 3)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7
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α8
f8

f0 =
dα1
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· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 α5 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 4) : c4 7→ c4 + α4 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
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dα3

α3
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α4

dα5

α5

dα6

α6

dα7
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dα8

α8
f8

f0 =
dα1

α1
· · · dα8
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δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
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)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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C≡


1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
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· · ·

dα8

α8

=
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vol(GL(3))
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f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8
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1 2 3 4 5 6
1 (α3+α5) 0 α4α5 0 0
0 1 0 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α3 c1

‘Bridge’ Decomposition
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α3+α5) α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


(2 3) : c3 7→ c3 + α2 c2

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
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vol(GL(3))
1

(123)(234)(345)(456)(561)(612)
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f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8
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
(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition

σ :

f0
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f4
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f7
f8
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)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
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· · ·

dα8

α8

=
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1
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
(1 2) : c2 7→ c2 + α1 c1

‘Bridge’ Decomposition
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
0 0 0 1 α6 α8


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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· · ·
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
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8
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=
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0 0 0 1 α6 α8


(1 2) : c2 7→ c2 + α1 c1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0
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· · ·

dα8

α8

=
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0 1 α2 (α4 +α7)α6α7 0
α0α8 0 0 1 α6 α8


(6 1) : c1 7→ c1 + α0 c6

‘Bridge’ Decomposition
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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dα0
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· · ·

dα8
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α0α8 0 0 1 α6 α8


(6 1) : c1 7→ c1 + α0 c6
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,

L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):
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
(6 1) : c1 7→ c1 + α0 c6
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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L6,3 ≡
dα0

α0
· · ·

dα8

α8

=
d3×6C

vol(GL(3))
1

(123)(234)(345)(456)(561)(612)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
There are many ways to decompose a permutation into transpositions—e.g.,
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· · ·

dα8

α8

=
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e.g.,
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· · ·

dα8
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

(6 1) : c1 7→ c1 + α0 c6
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e.g.,

Ln,k ≡
dα1

α1
· · ·

dαk(n−k)

αk(n−k)
=

dk×nC
vol(GL(k))

1
(1· · · k) (2 · · · k+1) · · · (n · · · k 1)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
α0α8 0 0 1 α6 α8



(6 1) : c1 7→ c1 + α0 c6

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e.g.,

Ln,k ≡
dα1

α1
· · ·

dαk(n−k)

αk(n−k)
=

dk×nC
vol(GL(k))

1
(1· · · k) (2 · · · k+1) · · · (n · · · k 1)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
α0α8 0 0 1 α6 α8



(6 1) : c1 7→ c1 + α0 c6

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e.g.,

Ln,k ≡
dα1

α1
· · ·

dαk(n−k)

αk(n−k)
=

dk×nC
vol(GL(k))

1
(1· · · k) (2 · · · k+1) · · · (n · · · k 1)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
α0α8 0 0 1 α6 α8



(6 1) : c1 7→ c1 + α0 c6

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e.g.,

Ln,k ≡
dα1

α1
· · ·

dαk(n−k)

αk(n−k)
=

dk×nC
vol(GL(k))

1
(1· · · k) (2 · · · k+1) · · · (n · · · k 1)

always choose the first transposition τ≡(a b) such that σ(a)<σ(b):

f0 =
dα1

α1

dα2

α2

dα3

α3

dα4

α4

dα5

α5

dα6

α6

dα7

α7

dα8

α8
f8

f0 =
dα1

α1
· · · dα8

α8
δ3×4(C·η̃)δ3×2(C·λ̃)δ2×3(λ·C⊥)

C≡


1 2 3 4 5 6
1 (α1+α3 +α5)α2(α3+α5) α4α5 0 0
0 1 α2 (α4 +α7)α6α7 0
α0α8 0 0 1 α6 α8



(6 1) : c1 7→ c1 + α0 c6

‘Bridge’ Decomposition

σ :

f0
f1
f2
f3
f4
f5
f6
f7
f8

(

1 2 3 4 5 6
↓ ↓ ↓ ↓ ↓ ↓
{3 5 6 7 8 10}
{5 3 6 7 8 10}
{5 6 3 7 8 10}
{6 5 3 7 8 10}
{6 7 3 5 8 10}
{7 6 3 5 8 10}
{7 6 3 8 5 10}
{7 8 3 6 5 10}
{7 8 3 10 5 6 }

)

τ

(1 2)
(2 3)
(1 2)
(2 4)
(1 2)
(4 5)
(2 4)
(4 6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates and the Manifestation of the Yangian
All on-shell diagrams, in terms of canonical coordinates, take the form:

f =

∫
dα1

α1
∧· · ·∧dαd

αd
δk×4(C(~α)·η̃

)
δk×2(C(~α)·λ̃

)
δ2×(n−k)(λ·C(~α)⊥

)
Measure-preserving diffeomorphisms leave the function invariant

, but—
via the δ-functions—can be recast variations of the kinematical data.

The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates and the Manifestation of the Yangian
All on-shell diagrams, in terms of canonical coordinates, take the form:

f =
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∧· · ·∧dαd

αd
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)
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)

Measure-preserving diffeomorphisms leave the function invariant

, but—
via the δ-functions—can be recast variations of the kinematical data.

The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates and the Manifestation of the Yangian
All on-shell diagrams, in terms of canonical coordinates, take the form:

f =

∫
dα1

α1
∧· · ·∧dαd

αd
δk×4(C(~α)·η̃

)
δk×2(C(~α)·λ̃

)
δ2×(n−k)(λ·C(~α)⊥

)
Measure-preserving diffeomorphisms leave the function invariant

, but—
via the δ-functions—can be recast variations of the kinematical data.

The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates and the Manifestation of the Yangian
All on-shell diagrams, in terms of canonical coordinates, take the form:

f =

∫
dα1

α1
∧· · ·∧dαd

αd
δk×4(C(~α)·η̃

)
δk×2(C(~α)·λ̃

)
δ2×(n−k)(λ·C(~α)⊥

)
Measure-preserving diffeomorphisms leave the function invariant, but—

via the δ-functions—can be recast variations of the kinematical data.

The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates and the Manifestation of the Yangian
All on-shell diagrams, in terms of canonical coordinates, take the form:

f =

∫
dα1

α1
∧· · ·∧dαd

αd
δk×4(C(~α)·η̃

)
δk×2(C(~α)·λ̃

)
δ2×(n−k)(λ·C(~α)⊥

)
Measure-preserving diffeomorphisms leave the function invariant, but—

via the δ-functions—can be recast variations of the kinematical data.
The Yangian corresponds to those diffeomorphisms that simultaneously

preserve the measures of all on-shell diagrams.
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates and the Manifestation of the Yangian
All on-shell diagrams, in terms of canonical coordinates, take the form:

f =

∫
dα1

α1
∧· · ·∧dαd

αd
δk×4(C(~α)·η̃

)
δk×2(C(~α)·λ̃

)
δ2×(n−k)(λ·C(~α)⊥

)
Measure-preserving diffeomorphisms leave the function invariant, but—

via the δ-functions—can be recast variations of the kinematical data.
The Yangian corresponds to those diffeomorphisms that simultaneously

preserve the measures of all on-shell diagrams.
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1−, 2+, 3−, 4+) :

〈1 3〉4

〈1 2〉〈2 3〉〈3 4〉〈4 1〉

λ ∈ G(2, 4)

λa ∈ P1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉〈2 3〉〈3 4〉〈4 1〉

λ ∈ G(2, 4)

λa ∈ P1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉〈2 3〉〈3 4〉〈4 1〉

λ ∈ G(2, 4)

λa ∈ P1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉〈2 3〉〈3 4〉〈4 1〉

λ ∈ G(2, 4)

λa ∈ P1

(
λ1

1 λ1
2 λ1

3 λ1
4

λ2
1 λ2

2 λ2
3 λ2

4

)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉〈2 3〉〈3 4〉〈4 1〉

λ ∈ G(2, 4) λa ∈ P1(
λ1

1 λ1
2 λ1

3 λ1
4

λ2
1 λ2

2 λ2
3 λ2

4

)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉〈2 3〉〈3 4〉〈4 1〉

λ ∈ G(2, 4) λa ∈ P1(
λ1

1 λ1
2 λ1

3 λ1
4

λ2
1 λ2

2 λ2
3 λ2

4

)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉〈2 3〉α3 4 〈4 1〉

λ ∈ G(2, 4) λa ∈ P1(
λ1

1 λ1
2 λ1

3 λ1
4

λ2
1 λ2

2 0 0

)

λ3 −→ α3 4λ4
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

α1 2 〈2 3〉〈3 4〉〈4 1〉

λ ∈ G(2, 4) λa ∈ P1(
λ1

1 λ1
2 λ1

3 λ1
4

0 0 λ2
3 λ2

4

)

λ1 −→ α1 2λ2
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉α2 3 〈3 4〉〈4 1〉

λ ∈ G(2, 4) λa ∈ P1(
λ1

1 λ1
2 λ1

3 λ1
4

λ2
1 0 0 λ2

4

)

λ2 −→ α2 3λ3
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉〈2 3〉〈3 4〉α4 1

λ ∈ G(2, 4) λa ∈ P1(
λ1

1 λ1
2 λ1

3 λ1
4

0 λ2
2 λ2

3 0

)

λ4 −→ α4 1λ1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

α1 2 〈2 3〉α3 4

λ ∈ G(2, 4) λa ∈ P1(
0 0 λ1

3 λ1
4

λ2
1 λ2

2 0 0

)

λ1 −→ α1 2λ2
λ3 −→ α3 4λ4
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

α2 3 〈3 4〉α4 1

λ ∈ G(2, 4) λa ∈ P1(
λ1

1 0 0 λ1
4

0 λ2
2 λ2

3 0

)

λ2 −→ α2 3λ3
λ4 −→ α4 1λ1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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〈1 2〉α2 3 α3 4
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉〈2 3〉〈3 1〉
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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〈1 2〉α3 2

λ ∈ G(2, 4) λa ∈ P1(
λ1

1 λ1
2 λ1

3 0
λ2

1 0 0 0

)

λ4 −→ α4 1λ1
λ4 −→ α4 3λ3
λ3 −→ α3 2λ2

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)

〈1 2〉
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Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:

A(2)
4 (1, 2, 3, 4) :

δ2×4(λ.η̃)δ2×2(λ.λ̃)
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Grassmannian Geometry of Scattering Amplitudes
Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 2 negative-helicity gluons

A(2)
n =

δ2×4
(
λ.η̃
)
δ2×2

(
λ.λ̃
)

〈1 2〉〈2 3〉〈3 4〉 · · · 〈n 1〉

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 2 negative-helicity gluons

A(2)
n =

δ2×4
(
λ.η̃
)
δ2×2

(
λ.λ̃
)

〈1 2〉〈2 3〉〈3 4〉 · · · 〈n 1〉
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λ1

1 λ1
2 λ1

3 · · · λ1
n

λ2
1 λ2

2 λ2
3 · · · λ2

n
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Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 2 negative-helicity gluons
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Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 2 negative-helicity gluons

A(2)
n =
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(
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)
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(
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Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

A(m)
n

?
=

δm×4
(
C.η̃
)
δm×2

(
C.λ̃
)

〈1 · · · m〉〈2 · · · m+1〉 · · · 〈n · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n


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Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

A(m)
n

?
=

δm×4
(
C.η̃
)
δm×2

(
C.λ̃
)

〈1 · · · m〉〈2 · · · m+1〉 · · · 〈n · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n



In order for momentum conservation, δ2×2
(
λ·λ̃
)
, to be part of the

constraints, we must have that C⊃λ

, imposed via δ2×(n−m)
(
λ·C⊥

)
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Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

A(m)
n

?
=
δm×4

(
C.η̃
)
δm×2

(
C.λ̃
)
δ2×(n−m)

(
λ.C⊥

)
〈1 · · · m〉〈2 · · · m+1〉 · · · 〈n · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n



In order for momentum conservation, δ2×2
(
λ·λ̃
)
, to be part of the

constraints, we must have that C⊃λ, imposed via δ2×(n−m)
(
λ·C⊥

)
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

 c1
1 c1

2 c1
3 c1

4 c1
5 c1

6
c2

1 c2
2 c2

3 c2
4 c2

5 c2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

 c1
1 c1

2 c1
3 c1

4 c1
5 c1

6
c2

1 c2
2 c2

3 c2
4 c2

5 c2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6


dim(C) = 3× 6− 3× 3 = 9

= 8 + 1

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

 c1
1 c1

2 c1
3 c1

4 c1
5 c1

6
c2

1 c2
2 c2

3 c2
4 c2

5 c2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6


dim(C) = 3× 6− 3× 3 = 9 = 8 + 1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6

?
=

δ3×4
(
C.η̃
)
δ3×2

(
C.λ̃
)
δ2×3

(
λ.C⊥

)
〈1 2 3〉〈2 3 4〉〈3 4 5〉〈4 5 6〉〈5 6 1〉〈6 1 2〉

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6


dim(C) = 3× 6− 3× 3 = 9 = 8 + 1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮

〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6


dim(C) = 3× 6− 3× 3 = 9 = 8 + 1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 c3
4 c3

5 c3
6


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈234〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 0 0 0 c3

5 c3
6


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈345〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3

2 0 0 0 c3
6


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈456〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3

2 c3
3 0 0 0


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈561〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 c3
2 c3

3 c3
4 0 0


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈612〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 c3
3 c3

4 c3
5 0


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮

〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

c3
1 c3

2 c3
3 c3

4 c3
5 c3

6


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

C ≡

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 c3
4 c3

5 c3
6


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]



A(3)
6 (+,−,+,−,+,−) = (1 + r2 + r4)

1

〈2 3〉[5 6][6|(5 + 4)|3〉s4 5 6〈1|(6 + 5)|4][4 5]〈1 2〉
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]



A(3)
6 (+,−,+,−,+,−) = (1 + r2 + r4)

1
〈2 3〉[5 6]

[6|(5 + 4)|3〉s4 5 6〈1|(6 + 5)|4][4 5]〈1 2〉
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]



A(3)
6 (+,−,+,−,+,−) = (1 + r2 + r4)

1
〈2 3〉[5 6][6|(5 + 4)|3〉

s4 5 6〈1|(6 + 5)|4][4 5]〈1 2〉
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]



A(3)
6 (+,−,+,−,+,−) = (1 + r2 + r4)

1
〈2 3〉[5 6][6|(5 + 4)|3〉s4 5 6

〈1|(6 + 5)|4][4 5]〈1 2〉
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]



A(3)
6 (+,−,+,−,+,−) = (1 + r2 + r4)

1
〈2 3〉[5 6][6|(5 + 4)|3〉s4 5 6〈1|(6 + 5)|4]

[4 5]〈1 2〉
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The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ δ3×4
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C.η̃
)

δ2×2
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λ.λ̃
)
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
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1
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ
(
〈2 4 6〉4 η̃4

2 η̃
4
4 η̃

4
6 + . . .

)
δ2×2

(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)
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1 λ1

2 λ1
3 λ1

4 λ1
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6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]



A(3)
6 (+,−,+,−,+,−) = (1 + r2 + r4)

〈2|(4 + 6)|5]4

〈2 3〉[5 6][6|(5 + 4)|3〉s4 5 6〈1|(6 + 5)|4][4 5]〈1 2〉
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮
〈123〉=0

dτ
(
〈2 4 6〉4 η̃4

2 η̃
4
4 η̃

4
6 + . . .

)
δ2×2

(
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)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)
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1 λ1
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6
λ2
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2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]

⇔ f{3,5,6,7,8,10} (!)

A(3)
6 (+,−,+,−,+,−) = (1 + r2 + r4)

〈2|(4 + 6)|5]4

〈2 3〉[5 6][6|(5 + 4)|3〉s4 5 6〈1|(6 + 5)|4][4 5]〈1 2〉
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮

〈123〉=0
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(
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)

δ2×2
(
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〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
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2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]


A(3)

6 (+,−,+,−,+,−) = (1)+(3)+(5)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮

〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]


A(3)

6 (+,−,+,−,+,−) = (1)+(3)+(5)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with 3 negative-helicity gluons—e.g.,

A(3)
6 =

∮

〈123〉=0

dτ δ3×4
(
C.η̃
)

δ2×2
(
λ.λ̃
)

〈123〉(τ)·〈234〉(τ)·〈345〉(τ)·〈456〉(τ)·〈561〉(τ)·〈612〉(τ)

(1)⇔

λ1
1 λ1

2 λ1
3 λ1

4 λ1
5 λ1

6
λ2

1 λ2
2 λ2

3 λ2
4 λ2

5 λ2
6

0 0 0 [5 6] [6 4] [4 5]


A(3)

6 (+,−,+,−,+,−) = (1)+(3)+(5)

A(3)
6 (+,−,+,−,+,−)

= (2)+(4)+(6)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

A(m)
n =

∮
dm×nC

vol(GL(m))

δm×4
(
C.η̃
)
δm×2

(
C.λ̃
)
δ2×(n−m)

(
λ.C⊥

)
〈1 2 · · · m〉〈2 3 · · · m+1〉 · · · 〈n 1 · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

Ln,m =

∮
dm×nC

vol(GL(m))

δm×4
(
C.η̃
)
δm×2

(
C.λ̃
)
δ2×(n−m)

(
λ.C⊥

)
〈1 2 · · · m〉〈2 3 · · · m+1〉 · · · 〈n 1 · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n


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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:

Ln,m =

∮
dm×nC

vol(GL(m))

δm×4
(
C.η̃
)
δm×2

(
C.λ̃
)
δ2×(n−m)

(
λ.C⊥

)
〈1 2 · · · m〉〈2 3 · · · m+1〉 · · · 〈n 1 · · · m 1〉

C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n

 Grassmannian Correspondence:

The residues of Ln,m are in
one-to-one correspondence with
on-shell functions of N = 4
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:
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∮
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 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n


what are the possible contours of integration for Ln,m?

how are they classified?

how are they identified as on-shell diagrams?

what relations do they satisfy?

Grassmannian Correspondence:

The residues of Ln,m are in
one-to-one correspondence with
on-shell functions of N = 4
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Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
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Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
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∮
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Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
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Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:
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what are the possible contours of integration for Ln,m?
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Grassmannian Correspondence:

The residues of Ln,m are in
one-to-one correspondence with
on-shell functions of N = 4

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian

Canonical Coordinates and Combinatorial Computation
Asymptotic Symmetries of the S-Matrix: the Yangian
Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Parke-Taylor ‘Amplitudes’ and Grassmannian Residues
Recall the natural desire to generalize the Parke-Taylor formula according to:

Amplitudes with m negative-helicity gluons:
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∮
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C ≡

 c1
1 c1

2 c1
3 · · · c1

n...
...

...
...

...
cm

1 cm
2 cm

3 · · · cm
n


what are the possible contours of integration for Ln,m?

how are they classified? how are they identified as on-shell diagrams?

what relations do they satisfy?

Grassmannian Correspondence:

The residues of Ln,m are in
one-to-one correspondence with
on-shell functions of N = 4
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.

Ranks of Consecutive Chains of Columns
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns

| 1 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns

| 1 · · · n 2|
...

| 1 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns

| 1 · · · n 1|

| 1 · · · n 2|
...

| 1 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns

| 1 · · · n |

| 1 · · · n 1|

| 1 · · · n 2|
...

| 1 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns

| 2 · · · n+1|

| 1 · · · n | | 2 · · · n |

| 1 · · · n 1| | 2 · · · n 1|

| 1 · · · n 2| | 2 · · · n 2|
...

...

| 1 · · · 2 | | 2 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns
| n · · · 2n |

| 2 · · · n+1| . .
. ...

| 1 · · · n | | 2 · · · n | . .
.
|n 1 · · · n | | n · · · n |

| 1 · · · n 1| | 2 · · · n 1| . .
.
|n 1 · · · n 1|

| 1 · · · n 2| | 2 · · · n 2| . .
.

...
... . .

.

| 1 · · · 2 | | 2 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

Ranks of Consecutive Chains of Columns
| 1 · · · 2n | | 2 · · · 2n | · · · |n 1 · · · 2n | | n · · · 2n |

... . .
.

. .
. ...

...

| 1 · · · n | | 2 · · · n | . .
.
|n 1 · · · n | | n · · · n |

| 1 · · · n 1| | 2 · · · n 1| . .
.
|n 1 · · · n 1|

| 1 · · · n 2| | 2 · · · n 2| . .
.

...
... . .

.

| 1 · · · 2 | | 2 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

for any generic configuration,
|a · · · a+n · · · | = k for all a

Ranks of Consecutive Chains of Columns
| 1 · · · 2n | | 2 · · · 2n | · · · |n 1 · · · 2n | | n · · · 2n |

... . .
.

. .
. ...

...

| 1 · · · n | | 2 · · · n | . .
.
|n 1 · · · n | | n · · · n |

| 1 · · · n 1| | 2 · · · n 1| . .
.
|n 1 · · · n 1|

| 1 · · · n 2| | 2 · · · n 2| . .
.

...
... . .

.

| 1 · · · 2 | | 2 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

for any generic configuration,
|a · · · a+n · · · | = k for all a

Ranks of Consecutive Chains of Columns
k k · · · k k
... . .

.
. .
. ...

...

k | 2 · · · n | . .
.
|n 1 · · · n | | n · · · n |

| 1 · · · n 1| | 2 · · · n 1| . .
.
|n 1 · · · n 1|

| 1 · · · n 2| | 2 · · · n 2| . .
.

...
... . .

.

| 1 · · · 2 | | 2 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

for any generic configuration,
|a · · · a+n · · · | = k for all a

let us conventionally declare
|a · · · a 1| → 0

Ranks of Consecutive Chains of Columns
k k · · · k k
... . .

.
. .
. ...

...

k | 2 · · · n | . .
.
|n 1 · · · n | | n · · · n |

| 1 · · · n 1| | 2 · · · n 1| . .
.
|n 1 · · · n 1|

| 1 · · · n 2| | 2 · · · n 2| . .
.

...
... . .

.

| 1 · · · 2 | | 2 · · · 2 |

| 1 · · · 1 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

for any generic configuration,
|a · · · a+n · · · | = k for all a

let us conventionally declare
|a · · · a 1| → 0

Ranks of Consecutive Chains of Columns
k k · · · k k
... . .

.
. .
. ...

...

k | 2 · · · n | . .
.
|n 1 · · · n | | n · · · n |

| 1 · · · n 1| | 2 · · · n 1| . .
.
|n 1 · · · n 1| | n · · · n 1|

| 1 · · · n 2| | 2 · · · n 2| . .
.
|n 1 · · · n 2|

...
... . .

.

| 1 · · · 2 | | 2 · · · 2 | . .
.

| 1 · · · 1 | | 2 · · · 1 |
| 1 · · · 0 |
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Classifying the Iterated Residues of the Volume-Form Ln,k

A complete, GL(k)-invariant description of any contour of Ln,k would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Let us use |a · · · b| to denote
the rank of the space spanned
by columns {ca, . . . , cb}
Write the rank |a · · · b| in
the ath column and bth row
(from the bottom)

for any generic configuration,
|a · · · a+n · · · | = k for all a

let us conventionally declare
|a · · · a 1| → 0

Ranks of Consecutive Chains of Columns
k k · · · k k
... . .

.
. .
. ...

...

k | 2 · · · n | . .
.
|n 1 · · · n | | n · · · n |

| 1 · · · n 1| | 2 · · · n 1| . .
.
|n 1 · · · n 1| 0

| 1 · · · n 2| | 2 · · · n 2| . .
.

0
...

... . .
.

| 1 · · · 2 | | 2 · · · 2 | . .
.

| 1 · · · 1 | 0
0
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3

, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification
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following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3

, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3

, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3

, and impose the
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Take a generic C∈G(4, 8), ca∈P3, and impose the
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Exempli Gratia: Iterated Residues of L8,4
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Take a generic C∈G(4, 8), ca∈P3, and impose the
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Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
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column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b
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Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}
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The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

σ(1) = 5
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Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

σ(2) = 4
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The Positroid Stratification of the Grassmannian
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Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

σ(3) = 8
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Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

σ(4) = 7
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From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

σ(5) = 3 + 8 = 11

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

σ(6) = 2 + 8 = 10
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Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

σ(7) = 1 + 8 = 9

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

σ(8) = 6 + 8 = 14
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The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

{5, 4, 8, 7, 11, 10, 9, 14}
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Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

{5, 4, 8, 7, 11, 10, 9, 14}
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Exempli Gratia: Iterated Residues of L8,4

Take a generic C∈G(4, 8), ca∈P3, and impose the
following sequence of consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded

by its permutation label as follows:

consecutive constraints:

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

{5, 4, 8, 7, 11, 10, 9, 14}
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded
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Geometric meaning of the permutation σ(a)=b
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The dimensionality of the configuration is encoded
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The dimensionality of the configuration is encoded
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded

by its permutation label as follows:
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded

by its permutation label as follows:

consecutive constraints:

Dimensionality of a configuration labelled by σ:

dim(σ) =
(∑

a

|a · · ·σ(a)|
)
− k2

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

{5, 4, 8, 7, 11, 10, 9, 14}
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded

by its permutation label as follows:

consecutive constraints:

Dimensionality of a configuration labelled by σ:

dim(σ) =
(∑

a

|a · · ·σ(a)|
)
− k2

Geometric meaning of the permutation σ(a)=b
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded

by its permutation label as follows:

consecutive constraints:

Dimensionality of a configuration labelled by σ:

dim(σ) =
(∑

a

|a · · ·σ(a)|
)
− k2

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded

by its permutation label as follows:

consecutive constraints:

The boundaries of a configuration labelled by σ:

∂σ ≡
{
σ′=(a b)◦σ|dim(σ′)=dim(σ) 1

}

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label

{5, 4, 8, 7, 11, 10, 9, 14}
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded

by its permutation label as follows:

consecutive constraints:

The boundaries of a configuration labelled by σ:

∂σ ≡
{
σ′=(a b)◦σ|dim(σ′)=dim(σ) 1

}

Geometric meaning of the permutation σ(a)=b

For each column a, there is a unique, nearest
column b ≥ a such that a∈span{a+1, . . ., b 1,b}

Permutation Label
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The Positroid Stratification of the Grassmannian
The dimensionality of the configuration is encoded

by its permutation label as follows:

consecutive constraints:
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The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}

Amplitudes 2022 PhD Summer School Prague, Czech Republic Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics



On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 α9


(1 6): c6 7→ c6 + α8 c1

Permutation Label

{8, 10, 11, 4, 5, 9, 7, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(6 7): c7 7→ c7 + α7 c6

Permutation Label

{8, 10, 11, 4, 5, 7, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(6 7): c7 7→ c7 + α7 c6

Permutation Label

{8, 10, 11, 4, 5, 7, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(2 6): c6 7→ c6 + α6 c2

Permutation Label

{8, 7, 11, 4, 5, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(2 6): c6 7→ c6 + α6 c2

Permutation Label

{8, 7, 11, 4, 5, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(2 6): c6 7→ c6 + α6 c2

Permutation Label

{8, 7, 11, 4, 5, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(2 6): c6 7→ c6 + α6 c2

Permutation Label

{8, 7, 11, 4, 5, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(2 6): c6 7→ c6 + α6 c2

Permutation Label

{8, 7, 11, 4, 5, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(2 6): c6 7→ c6 + α6 c2

Permutation Label

{8, 7, 11, 4, 5, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(2 6): c6 7→ c6 + α6 c2

Permutation Label

{8, 7, 11, 4, 5, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 α7 α9


(2 6): c6 7→ c6 + α6 c2

Permutation Label

{8, 7, 11, 4, 5, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(3 5): c5 7→ c5 + α5 c3

Permutation Label

{8, 7, 5, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 0 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(3 5): c5 7→ c5 + α5 c3

Permutation Label

{8, 7, 5, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(2 3): c3 7→ c3 + α4 c2

Permutation Label

{8, 5, 7, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(2 3): c3 7→ c3 + α4 c2

Permutation Label

{8, 5, 7, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(2 3): c3 7→ c3 + α4 c2

Permutation Label

{8, 5, 7, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(2 3): c3 7→ c3 + α4 c2

Permutation Label

{8, 5, 7, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(2 3): c3 7→ c3 + α4 c2

Permutation Label

{8, 5, 7, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(2 3): c3 7→ c3 + α4 c2

Permutation Label

{8, 5, 7, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(2 3): c3 7→ c3 + α4 c2

Permutation Label

{8, 5, 7, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 0 0 α6 0 0
0 0 1 0 α5 0 0 0
0 0 0 0 0 1 α7 α9


(2 3): c3 7→ c3 + α4 c2

Permutation Label

{8, 5, 7, 4, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 α3α4 0 α6 0 0
0 0 1 α3 α5 0 0 0
0 0 0 0 0 1 α7 α9


(3 4): c4 7→ c4 + α3 c3

Permutation Label

{8, 5, 4, 7, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification

Equivalence with On-Shell Diagram Permutation Labels
As for permutations labeling on-shell diagrams, we

can decompose σ into adjacent transpositions:

C≡


c1 c2 c3 c4 c5 c6 c7 c8
1 0 0 0 0 α8 α7α8 0
0 1 α4 α3α4 0 α6 0 0
0 0 1 α3 α5 0 0 0
0 0 0 0 0 1 α7 α9


(3 4): c4 7→ c4 + α3 c3

Permutation Label

{8, 5, 4, 7, 11, 10, 9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian

The Positroid Stratification of the Grassmannian
Geometry and Combinatorics of the Positroid Stratification
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