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Organization and Outline

@ On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes

Q From On-Shell Physics to the (Positive) Grassmannian
From the Bottom-Up:

@ (Combinatorially) Constructing and Computing On-Shell Functions
@ Asymptotic Symmetries of the S-Matrix: the Yangian
From the Top-Down:

@ Grassmannian Geometry of (Generalized) Parke-Taylor ‘Amplitudes’

@ The Positroid Stratification of the Grassmannian
@ A Combinatorial Stratification of the Grassmannian
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Recall from Last Lecture: the BCFW Recursion Relations

Diagrams are characterized by ‘7’—the number of “minus-helicity” gluons:

m = 2ng + nw — ny.

For the bridge terms, we have:

mp +mp =m+ 1.

1 n
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Recall the Example Amplitude Discussed: Aé3)

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, AS,Z) !
And it generates very concise formulae for all other amplitudes—e. g. Ag):
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Recall the Example Amplitude Discussed: .Aé?’)

The BCFW recursion relations realize an incredible fantasy: they directly

produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Z) !

And it generates very concise formulae for all other amplitudes—e. g. Ag):
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The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Z) !

And it generates very concise formulae for all other amplitudes—e. g. Ag):
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5
2 2
A = -
1 6
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Recall the Example Amplitude Discussed: Ag’)

The BCFW recursion relations realize an incredible fantasy: they directly

produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !

And it generates very concise formulae for all other amplitudes—e. g. Ag):
3 4 3 4 3
5 2
2 2 5 O @
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Recall the Example Amplitude Discussed: Ag’)

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !

And it generates very concise formulae for all other amplitudes—e. g. AS):

30 A 3.4 3. 4

1 6 1 6 1 6

Observations regarding recursed representations of scattering amplitudes:
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30 A 3.4 3. 4

1 6 1 6 1 6

Observations regarding recursed representations of scattering amplitudes:

@ varying recursion ‘schema’ can generate many ‘BCFW formulae’
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Recall the Example Amplitude Discussed: .Aé?’)

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !

And it generates very concise formulae for all other amplitudes—e. g. AS):

4 4 5 4 5

6 3
3 3 6 6
A = - -

2 1 2 1 2 1

Observations regarding recursed representations of scattering amplitudes:

@ varying recursion ‘schema’ can generate many ‘BCFW formulae’
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The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !

And it generates very concise formulae for all other amplitudes—e. g. AS):

30 A 3.4 3. 4

1 6 1 6 1 6

Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways
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Recall the Example Amplitude Discussed: .Aé?’)

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !

And it generates very concise formulae for all other amplitudes—e. g. AS):

5 6 3 4 1 2

3 2 1 6 5 4

Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian
The Positroid Stratification of the Grassmannian

Recall the Example Amplitude Discussed: .Aé?’)

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !

And it generates very concise formulae for all other amplitudes—e. g. AS):

30 A 3.4 3. 4

1 6 1 6 1 6
Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways

Is there any way to invariantly characterize the on-shell functions
associated with on-shell diagrams?
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Recall the Example Amplitude Discussed: .Aé?’)

The BCFW recursion relations realize an incredible fantasy: they directly
produces the Parke-Taylor formula for all amplitudes with m=2, A,(,Q) !

And it generates very concise formulae for all other amplitudes—e. g. AS):

30 A 3.4 3. 4

1 6 1 6 1 6
Observations regarding recursed representations of scattering amplitudes:
@ varying recursion ‘schema’ can generate many ‘BCFW formulae’

@ on-shell diagrams can often be related in surprising ways

Is there any way to invariantly characterize the on-shell functions
associated with on-shell diagrams?
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Combinatorial Characterization of On-Shell Diagrams

On-shell diagrams can be altered without changing their associated functions
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Combinatorial Characterization of On-Shell Diagrams

On-shell diagrams can be altered without changing their associated functions

@ chains of equivalent three-particle vertices can be arbitrarily connected
@ any four-particle ‘square’ can be drawn in its two equivalent ways
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— <~

30+ (Y
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Combinatorial Characterization of On-Shell Diagrams

A

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn:

<~ <~

30+ G0
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn:

@ left at each white vertex;
@ right at each blue vertex.
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These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn: 2

@ left at each white vertex;
@ right at each blue vertex.

<

Amplitudes 2022 PhD S School Prague, Czech Republic  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes  Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian  Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn: 2

@ left at each white vertex;
@ right at each blue vertex.

<

Amplitudes 2022 PhD S School Prague, Czech Republic  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes  Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian  Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn: 2

@ left at each white vertex;
@ right at each blue vertex.

<

Amplitudes 2022 PhD S School Prague, Czech Republic  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes  Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian  Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn: 2

@ left at each white vertex;
@ right at each blue vertex.

<

Amplitudes 2022 PhD S School Prague, Czech Republic  Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes  Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian  Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’:
Starting from any leg «, turn: 2
@ left at each white vertex;
@ right at each blue vertex.

Let o(a) denote where path terminates.

1 1

<~ <~

=
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Let o(a) denote where path terminates. Y /
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

. 4 3 4
5
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Recall that different contributions to AS) were related by rotation:

6 3 4
5

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes  Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian  Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Combinatorial Characterization of On-Shell Diagrams
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Recall that different contributions to AS) were related by rotation:

0 3 4
5

3 ) 1 6

left-right permutation o
1 23 456
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

0 3 4
5

3 ) 1 6

left-right permutation o

1 2 3 45 6
J:(i 1 )
3 5
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

6 3

left-right permutation o

1 2 3 4 5 6
J:(i AN )
3 5 6
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

1 2 3 4 5 6
J:(iiii >
3561
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

123456
a:<¢¢¢¢¢ >
3561 2
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

123456
a:(iiiiii)
356124
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

123456
a:(iiiiii)
356124
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

123456
a:(iiiiii)
356124
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Combinatorial Characterization of On-Shell Diagrams

These moves leave invariant a permutation defined by ‘left-right paths’.
Recall that different contributions to AS) were related by rotation:

3 4

left-right permutation o

123456
a:(iiiiii)
356 7 810
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant.
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:

e it leaves behind an overall factor of da/ v in the on-shell function
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:

e it leaves behind an overall factor of da/ v in the on-shell function
@ and it alters the corresponding left-right path permutation
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Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:

e it leaves behind an overall factor of da/ v in the on-shell function
@ and it alters the corresponding left-right path permutation
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Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an
on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:

Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:
e it leaves behind an overall factor of da/ v in the on-shell function
@ and it alters the corresponding left-right path permutation
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Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes

Combinatorial Characterization of On-Shell Diagrams

Notice that the merge and square moves leave the number of ‘faces’ of an

on-shell diagram invariant. Diagrams with different numbers of faces
can be related by ‘reduction’—also known as ‘bubble deletion’:
Bubble-deletion does not, however, relate ‘identical’ on-shell diagrams:
e it leaves behind an overall factor of da/ v in the on-shell function
@ and it alters the corresponding left-right path permutation

Such factors of dav/ v arising from bubble deletion encode loop integrands!

oos =

AlY
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
it merely transposes the images of ¢!
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Conveniently, adding a BCFW bridge acts very nicely on permutations:
it merely transposes the images of ¢!
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Read the other way,

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian  Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Read the other way,
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Canonical Coordinates for Computing On-Shell Functions

Recall that attaching ‘BCFW bridges’ can lead to very rich on-shell diagrams.
Read the other way, we can ‘peel-off” bridges and thereby decompose
a permutation into transpositions according to o = (ab) o o’

4
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions

‘Bridge’ Decomposition
123

o4+ 4414
35678
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions

‘Bridge’ Decomposition
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 4 56
+4 41
56 7 810}

)

W——
W

Jod
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

23456
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition
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Canonical Coordinates for Computing On-Shell Functions

A g

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
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Canonical Coordinates for Computing On-Shell Functions

A g

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

P
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fo=—

aq
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

fo=—"—f S -
ap Qo ‘Bridge’ Decomposition
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

fo=—"—f S -
ap Qo ‘Bridge’ Decomposition
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Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

A

There are many ways to decompose a permutation into transpositions—e. g.,
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

doy don das doy dos dog dog dog

fo=——F———— 18

Q a3 Q4 Q5 Qg Q7 Qg

da d . ~
£ _doa ﬁ53X4(C-77)53X2(C-)\)62X3()\-CJ‘)
Qg ag
1 2 4 5
1 Qs Qs
C= 1 (u+ar) gy

Amplitudes 2022 PhD S

1 Qg Qg

(24): Cq4— Cq+QqcCp

School

Prague, Czech Republic

‘Bridge’ Decomposition

123456
AL LT

7 810}

5 810 g;g
5810
(45)
8 510},
6 510} o)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy don das doy dos dog dog dog

o ol S -
Qp Qp a3 04 Q5 Qg Q7 Qg ‘Bridge’ Decomposition

123456

S T
b :@ %53“(077)53”(0})62“()\-CJ‘)

@ : fi{s 637810},
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+ay Qs 6 : 5810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(12): Cyr = 2+ sy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy don das doy dos dog dog dog

o ol S -
Qp Qp a3 04 Q5 Qg Q7 Qg ‘Bridge’ Decomposition

123456
1Iid4dd T

=t %53”(077)63“(0})62“()\-CL) fi{5 367810}
o g (23)
56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
I s+ arls+as) agas 6 35810 (12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
1 g Og 6 510 (24)
(23): c3— C3+ oy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy don das doy dos dog dog dog

fo= ap an 3 u Qs Qg a7 ag fs ‘Bridge” Decomposition
123456
O LET Ry
0
fo _da @53“(0-77)53*2@5)62“(A-CL) 536781002
aq ag (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 s ((4+g) gz 6 8 10 (45)
I o os 6 510,24
(12): c)— Cy2+ ey (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy don das doy dos dog dog dog

fo= 71070?740{7576&77&—8/‘8 ‘Bridge’ Decomposition
123456
e R AR TN
dov d N ~ 0
fo =200 L D08 gaxa 0.7 52 (€. X) 63 ACY T 15 3 6 7 810112
aq ag (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 1e% (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
doy don das doy dos dog dog dog

fo= 71070?740{7576&77&—8/‘8 ‘Bridge’ Decomposition
123456
e R AR TN
dov d N ~ 0
fo =200 L D08 gaxa 0.7 52 (€. X) 63 ACY T 15 3 6 7 810112
aq ag (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 1e% (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian ~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
+d LT
fo{3 5678 10}(12)
5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 1e%3 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 510 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian ~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
+d Ll T

fo{3 5678 10}(12)
5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 1e%3 (Ca+ag) gy 6 8 510 (45)
0o I as o3 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 Lot L bd 7
1 f{3567 810}
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oé5) (Xz(()é3+045) [67Xe 7% 6 5 810 (12)
C= 1 (6% (O[4+(X7) [0738%] 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 Lot L bd 7
1 f{3567 810}
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oé5) (Xz(()é3+045) [67Xe 7% 6 5 810 (12)
C= 1 (6% (O[4+(X7) [0738%] 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 {d Ll T
1 f{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 {d Ll T
1 f{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

) ‘Bridge’ Decomposition
123456
4 {d Ll T
1 f{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

123456
4 IR
1 f{3 567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g L as og 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 111111 -

1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
0o I as o3 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 IR
1 /{3567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g I g ag 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 IR
1 f{3 567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g L as og 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 AR
1 /{3567 810},
5367 810 (23)
> 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) (67707 6 5 810 <12)
C= 1 (e%) (O[4+(X7) (670 %] 6 8 10 (45)
L s og 6 510124
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 AR
1 fi{3567 810}
5367 810 (23)
> 5 5637 810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) (67707 6 5 810 <12)
C= 1 (e%) (O[4+(X7) (670 %] 6 8 10 (45)
L s og 6 510124
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 1131010 -
1 /{3567 810},
5367 810 (23)
> 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) (67707 6 5 810 <12)
C= 1 (e%) (O[4+(X7) (670 %] 6 8 10 (45)
L s og 6 510124
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

) ‘Bridge’ Decomposition
123456
- L1141 L
1 /{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3. 4 56 67 %5810
1((,E1+(13+Oz5)(12(043+045) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 RN N
1 fo{3 567 810}(12)
5367 810 (23)
5 5637 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 (24)
1((,E1+(13+Oz5)(12(043+045) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
I g ag 6 510 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
- L1141 L
1 /{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3. 4 56 67 %5810
1((,E1+(13+Oz5)(12(043+045) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
- L1141 L
1 /{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3. 4 56 67 %5810
1((,E1+(13+Oz5)(12(043+045) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 AR
1 /{3567 810},
5367 810 (23)
> 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) (67707 6 5 810 <12)
C= 1 (e%) (O[4+(X7) (670 %] 6 8 10 (45)
L s og 6 510124
(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 {1l T
1 fi{3567 810}
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 ((,Y3+045) az(oz3+oz5) [67Xe % 6 5 810 <12)
C= 1 [e%) (O[4+(X7) [e730%i 6 8 10 (45)
1 Qg Qg 6 10 (24)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 {1l T
1 fi{3567 810}
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 ((,Y3+045) az(oz3+oz5) [67Xe % 6 5 810 <12)
C= 1 [e%) (O[4+(X7) [e730%i 6 8 10 (45)
1 Qg Qg 6 10 (24)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 {1l T
1 fi{3567 810}
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 ((,Y3+045) az(oz3+oz5) [67Xe % 6 5 810 <12)
C= 1 [e%) (O[4+(X7) [e730%i 6 8 10 (45)
1 Qg Qg 6 10 (24)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 {1l T
1 fi{3567 810}
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 ((,Y3+045) az(oz3+oz5) [67Xe % 6 5 810 <12)
C= 1 [e%) (O[4+(X7) [e730%i 6 8 10 (45)
1 Qg Qg 6 10 (24)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

> ‘Bridge’ Decomposition

123456
- L1141 L
1 /{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)

12 3. 4 56 67 %5810
1 ((,Y3+045) az(oz3+oz5) [67Xe % 6 5 810 <12)
C= 1 [e%) (O[4+(X7) [e730%i 6 8 10 (45)
1 Qg Qg 6 10 (24)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 {1l T
1 fi{3567 810}
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 ((,Y3+045) az(oz3+oz5) [67Xe % 6 5 810 <12)
C= 1 [e%) (O[4+(X7) [e730%i 6 8 10 (45)
1 Qg Qg 6 10 (24)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 {1l T
1 fi{3567 810}
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 ((,Y3+045) az(oz3+oz5) [67Xe % 6 5 810 <12)
C= 1 [e%) (O[4+(X7) [e730%i 6 8 10 (45)
1 Qg Qg 6 10 (24)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 {1l T
1 fi{3567 810}
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 ((,Y3+045) az(oz3+oz5) [67Xe % 6 5 810 <12)
C= 1 [e%) (O[4+(X7) [e730%i 6 8 10 (45)
1 Qg Qg 6 10 (24)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 +d LT
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35 810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 +d LT
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35 810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 +d LT
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35 810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
(46)

A\

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 JILLll o7
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35 810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 A
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35 810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
x (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 LI dy T
1 fo{3567 810}(12)
5367 810 (23)

5 56 37810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (0% 45 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
I a6 as 6 510,24
(46)

A\

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 Lot L bl 7
1 fi{3567 810}
5367 810 (23)
5 56 37810 (12)
6 6537 810},
1 2 3 4 5 6 6735810},
1 (0% 45 6 5 8 10 (45)
C= 1 (()[4+(X7) (673 %] 6 8 10( )
1 Qg Qg (24)

6 510
(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
+d LT
1 4 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
+d LT
1 4 fo{3 567 810}(12)
5367 810 (23)
6 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

A SeT 80y
1 0

4 5367 810 85;
s 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

AOSET Ry
1 0

4 5367 810 85;
6 5 56 37 810 (12)
6537 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
(46)

A\

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
+d LT
1 fo{3 567 810}(12)
4 5367 810 (23)
: 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
+d LT
1 fo{3 567 810}(12)
4 5367 810 (23)
s 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg Qg 6 10 (24)
(46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
1444 7
1 fof3 567 810}
536 7 810 (23)
: 5 5637 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 as 63 5 81012
C= 1 a7 0 6 8 10 (45)
(46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fo{3 567 810}(12)
5367810 23
5 56 37810 (02)
6 6537 810},
1 2 3 4 5 6 6 7 5 810 (12)

1 as 6 75 810
C= 1 a7 Q0 6 8 10 (45)
(46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 /{3 567 810},
% 536 7 810 (23)
2 56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 as 63 5 81012
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fo{3 567 810}(12)
5 5367810<23)
56 7810(12)
6 6577810,
1 2 3 4 5 6 6 7 5810(12)
1 as 625 810 L%
C= 1 a7 Qg 6 8 10(45)
L ag o 6 510,24
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

e R AR TN
1 0

54 536 7 810 85;
2 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 as 63 5 81012
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

e R AR TN
1 0

54 536 7 810 85;
56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 as 63 5 81012
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

4 AB S 6T Rty
1 0

5 5367810 85;
56 37810 (12)
6537810 24)

1 2 3 4 5 6 6 7 5 810
1 as 625 810 L%
C= 1 a7 Q0 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
11l 4dl
1 54 fo{3 567 810}(12)
5367810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 as 625 810 L%
C= 1 a7 Qg 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 Lot L bl 7
| S fif3 567810},
5367810(23)
56 7810(12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5810( )
I (12)
6 5 810 4
CE 1 a7 670 % 6 8 10(5)
I a6 as 6 510,24
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 N
1 5 fo{3 567 810}(12)
5367810<23)
56 7810(12)
6 5 7810(24)
1 2 3 4 5 6 6 7 5810<12)
1 6 35810,
CE 1 a7 670 % 6 8 10(5)
1 Qg Qg (24)

6 510
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 fi{3567 810}
5367810<23)
56 7810(12)
65 7810(24)

1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 a7 Qg 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 fof3 567 810}
5367810<23)
56 7810(12)
65 7810(24)

1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 a7 Qg 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 4 fo{3 567 810}(12)
5367810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 a7 Qg 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 /{3 567 810},
5367810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 /{3 567 810},
5367810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 /{3 567 810},
5367810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
C= 1 a7 0 6 8 10 (45)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 4 fo{3 567 810}(12)
5367810<23)
56 7810(12)
65 7810(24)

1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 ag 638 5101
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

AOSET Ry
1 0

4 536781085;
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 635 8102
C= 1 az 63 8 51014
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

AB S 6T Rty
1 0

4 5367810853
56 7810(12)
65 7810(24)

1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 ag 638 5101
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fo{3 567 810}(12)
4 5367810<23)
56 7810(12)
65 7810(24)
1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 ag 638 5101
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
T
1 /{3567 810},
4 5367 810 (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 635 8102
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fo{3 567 810}(12)
4 5367810<23)
56 7810(12)
65 7810(24)
1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 ag 638 5101
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fo{3 567 810}(12)
5367 810(23)
4 56 7810(12)
6 5 7810(24)
1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 ag 638 5101
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fo{3 567 810}(12)
5367 810<23)
4 56 7810(12)
65 7810(24)
1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 ag 638 5101
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fo{3 567 810}(12)
5367810<23)
4 56 7810(12)

6537810
1 2 3 4 5 6 6 7 5810(24)
1 625 810 L%
¢= ! 6 7 8 1082
1 ag 6 10(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
T
1 /{3 567 810},
5367 810},

56 37810
% (12)
6537810,
12 3 4 56 6735 81024
1 635 8102
¢= ! 6 7 8 1082

1

ag 6 510} 7, o)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
1444 7
1 fo{3 567 810}(12)
5367 810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
1444 7
1 fo{3 567 810}(12)
5367 810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
1444 7
1 fo{3 567 810}(12)
5367 810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
1444 7
1 fo{3 567 810}(12)
5367 810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
1444 7
1 fo{3 567 810}(12)
5367 810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
1444 7
1 fo{3 567 810}(12)
5367 810<23)
56 7810(12)
6 5 7810(24)

1 2 3 4 5 6 6 7 5 810
1 63 5 81012
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fof3 567 810}(12)
5367810(23)
56 7810(12)

4 6537810
1 2 3 4 5 6 6 7 5810(24)
1 625 810 L%
¢= ! 6 7 8 1082
1 6 10(46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fof3 567 810}(12)
5367810(23)
56 7810(12)

4 6537810
1 2 3 4 5 6 6 7 5810(24)
1 625 810 L%
¢= ! 6 7 8 1082
1 6 10(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fof3 567 810}(12)
5367810(23)
56 7810(12)

4 6537810
1 2 3 4 5 6 6 7 5810(24)
1 625 810 L%
¢= ! 6 7 8 1082
1 6 10(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fof3 567 810}(12)
5367810(23)
56 7810(12)

4 6537810
1 2 3 4 5 6 6 7 5810(24)
1 625 810 L%
¢= ! 6 7 8 1082
1 6 10(46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fof3 567 810}(12)
5367810(23)
56 7810(12)

4 6537810
1 2 3 4 5 6 6 7 5810(24)
1 625 810 L%
¢= ! 6 7 8 1082
1 6 10(46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
Lot L bd 7
1 3567810},
5367 810 (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(46): Ce— Ce+ Qgcy (46)
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always choose the first transposition 7= (a b) such that o(a) <o (b):

2
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123456
Lot L bd 7
1 3567810},
5367 810 (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(46): Ce— Ce+ Qgcy (46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2
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123456
Lot L bd 7
1 3567810},
5367 810 (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(46): Ce— Ce+ Qgcy (46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
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‘Bridge’ Decomposition

123456
Lot L bd 7
1 3567810},
5367 810 (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(46): Ce— Ce+ Qgcy (46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
Lot L bd 7
1 3567810},
5367 810 (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(46): Ce— Ce+ Qgcy (46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
Lot L bd 7
1 3567810},
5367 810 (23)
56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(46): Ce— Ce+ Qgcy (46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
Lot L bd 7
1 3567810},
5367 810 (23)
Y 56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(46): Ce— Ce+ Qgcy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
Lot L bd 7
1 3567810},
5367 810 (23)
4 56 7 810 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(46): Ce— Ce+ Qgcy (46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
T
1 fi{3 567810},
5367 810 (23)
4 5637810}
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
I (12)
6 5 810
(24): ca—= catager (46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 fof3 567 810}
536 7 810 (23)
4 56 37810 (2)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 63 5 8102
(24): Cqa— Cq4+ Q70 (46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 fo{3 567 810}(12)
4 5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 63 5 8102
(24): Cqa— Cq4+ Q70 (46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

T

1 fi{3 567810},

4 5367 810 (23)

56 7 810 (12)

6 5 7 810 24

1 2 3 4 5 6 6 7 5 810( )

I (12)
6 5 810

(24): ca—= catager (46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

T

1 fi{3 567810},

4 5367 810 (23)

56 7 810 (12)

6 5 7 810 24

1 2 3 4 5 6 6 7 5 810( )

I (12)
6 5 810

(24): ca—= catager (46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

AB S 6T Rty
1 0

4 5367 810 85;
56 37810 (12)
6537810 24)

1 2 3 4 5 6 6 7 5 810
1 625 810 L%
C= 1 ag 638 5101
(24): Cqa— Cq4+ Q70 (46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

e R ER TN
1 0

4 536 7 810 85;
56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 63 5 8102
C= 1 ag 63 8 510 *)
(24): Cqa— Cq4+ Q70 (46)
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There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 4 fo{3 567 810}(12)
5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 63 5 8102
(24): Cqa— Cq4+ Q70 (46)
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There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 4 fo{3 567 810}(12)
5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 63 5 8102
C= 1 a7 0 6 8 10 (45)
(45): C5 > C5+ Qg Cq (46)
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‘Bridge’ Decomposition

123456
I 444 7
1 4 fo{3 567 810}(12)
5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 63 5 8102
C= 1 a7 0 6 8 10 (45)
(45): C5 > C5+ Qg Cq (46)
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There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):
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‘Bridge’ Decomposition

123456
I 444 7
1 4 fo{3 567 810}(12)
5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 63 5 8102
C= 1 a7 0 6 8 10 (45)
(45): C5 > C5+ Qg Cq (46)

A\

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 4 fo{3 567 810}(12)
536 7 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 63 5 8102
C= 1 a7 0 6 8 510 (45)
(45): C5 > C5+ Qg Cq (46)
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Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 4 fof3 567 810}
536 7 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 63 5 8102
C= 1 a7 0 6 8 510 (45)
(45): C5 > C5+ Qg Cq (46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 4 f{3567 810}
536 7 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 63 5 8102
C= 1 a7 0 6 8 510 (45)
(45): C5 > C5+ Qg Cq (46)
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The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 I 444 7
1 5 fo{3 567 810}(12)
5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 63 5 8102
C= 1 a7 0 6 8 10 (45)
(45): C5 > C5+ Qg Cq (46)

A\

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A I 444 7
1 5 fo{3 567 810}(12)
5367 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810 (12)
1 6 35810
C= 1 a7 0 6 8 10 (45)
(45): C5 > C5+ Qg Cq (46)
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From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
A
1 54 fo{3 567 810}(12)
536 7 810 (23)
56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 as 63 5 8102
C= 1 a7 0 6 8 510 (45)
(12): Cy+r €2+ (5Cq (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

4 e R ER TN
1 0

5 5367 810 85;
56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 as 63 5 8102
C= 1 a7 0 6 8 10 (45)
(12): Cy+r €2+ (5Cq (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

O LET Ry
1 0

54 5367 810 85;
56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 as 63 5 8102
C= 1 a7 0 6 8 10 (45)
(12): Cy+r €2+ (5Cq (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

O LET Ry
1 0

54 5367 810 85;
2 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 as 63 5 8102
C= 1 a7 0 6 8 10 (45)
(12): Cy+r €2+ (5Cq (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 fo{3 567 810}(12)
5 5367 810 (23)
2 56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 as 63 5 8102
C= 1 a7 0 6 8 10 (45)
(12): Cy+r €2+ (5Cq (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 fo{3 567 810}(12)
z 5367 810 (23)
a 56 7 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 as 63 5 8102
C= 1 a7 0 6 8 10 (45)
(12): Cy+r €2+ (5Cq (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
N
1 fo{3 567 810}(12)
5367810 23
5 56 37810 (02)
6 6537 810},

1 2 3 4 5 6 6 7 5 810
1 as 625 810 L%
C= 1 a7 Qg 6 8 10 (45)
(12): Cy+r €2+ (5Cq (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 fo{3 567 810}(12)
5367 810 (23)
: 5 5637 810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1 as 63 5 8102
C= 1 a7 0 6 8 10 (45)
(12): Cy+r €2+ (5Cq (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
I 444 7
1 fo{3567 810}(12)
4 536 7 810 (23)
5 5637 810 (12)
6 6577810,
1 2 3 4 5 6 6 7 5 810( )
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg Qg 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
+d Ll T
1 fo{3 567 810}(12)
4 5367 810 (23)
: 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

e R ER TN
1 0

4 5367810 85;
s 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456

G SeT 80
1 0

4 5367 810 85;
Py 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
+d Ll T
1 4 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
+d Ll T
1 4 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 +d Ll T
1 fo{3 567 810}(12)
5367 810 (23)
2 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 NN AN AN AN AN
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 os Q05 63581012
C= 1 (()[4+C¥7)046047 6 8 10 (45)
1 Qg O3 6 10 (24)
(24): Cqa— Cq4+QqcCp (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 AR
1 fo{3 567 810}(12)
5367 810 (23)

5 56 7 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810( )
1 (@3+as o4Qs 6 5 810 (12)
Cc= 1 (Ca+ag) gy 6 8 510 (45)
1 g Og 6 10 (24)
(12): 2= 2+ azc (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 JP1L1lL o7
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35 810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
(12): Cy+r €2+ sy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 JP1L1lL o7
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35 810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
(12): Cy+r €2+ sy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 +d Ll T
1 fo{3 567 810}(12)
5367 810 (23)
> 5 5637 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (+as) Qs 6 35 810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg O3 6 10 (24)
(12): Cy+r €2+ sy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

% ‘Bridge’ Decomposition

123456
4 T
1 fo{3 567 810}(12)
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+ay Qs 6 15810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r €2+ sy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

% ‘Bridge’ Decomposition

123456
4 T
1 fo{3 567 810}(12)
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+ay Qs 6 15810 (12)
C= 1 (()[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r €2+ sy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

> ‘Bridge’ Decomposition
123456
4 Lot L bd 7
1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3.4 56 6775810
1 (@3+as) amz+as) agas 6 5 810 (12)
C= 1 a2 ((4+g) gz 6 8 510 (45)
1 Qg Qg 6 10 (24)
(23): c3t— c3tapcy (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

123456
4 RN
1 fo{3 567 810}(12)
536 7 810 (23)
s 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1 (s+as) mls+ay) asas 6 35 810 (12)
C= 1 ; (Ca+g) gy 6 8 10 (45)
I g ag 6 510 (24)
(23): c3— C3+apco (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2

‘Bridge’ Decomposition

123456
4 IR
1 f{3 567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oz5)(12(043+045) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
L ag oy 6 510)24)
(12): c)— Ccy+ ey (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 T
1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3.4 56 6775810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 162 ((4+g) gz 6 8 510 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r 2+ (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 T
1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3.4 56 6775810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 162 ((4+g) gz 6 8 510 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r 2+ (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

2 ‘Bridge’ Decomposition
123456
4 T
1 fo{3 567 810}(12)
5367 810 (23)
5 56 37810
6 65378102
(24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oz5)(12(043+045) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r 2+ (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

) ‘Bridge’ Decomposition
123456
4 T
1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
12 3.4 56 6775810
1 1+az+as) axlaz+as) agas 6 5 810 (12)
C= 1 162 ((4+g) gz 6 8 510 (45)
1 Qg Qg 6 10 (24)
(12): Cy+r 2+ (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 IR
1 f{3 567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
L ag oy 6 510)24)
(12): c)— Ccy+ ey (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 IR
1 f{3 567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
L ag oy 6 510)24)
(12): c)— Ccy+ ey (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

‘Bridge’ Decomposition

2 123456
4 IR
1 f{3 567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
L ag oy 6 510)24)
(12): c)— Ccy+ ey (46)

A\

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 IR
1 f{3 567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g L as og 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 IR
1 /{3567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g I g ag 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

2 123456
4 111111 -

1 fo{3 5678 10}(12)
5367 810 (23)
> 5 56 7 810 (12)
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
0o I as o3 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

‘Bridge’ Decomposition

123456
4 IR
1 f{3 567 810},
5367 810 (23)
6 5 5637810}
6 5 7 810 (24)

1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) Q405 6 5 810 <12)
C= 1 ; (Ca+ag) gy 6 8 10 (45)
g L as og 6 510 (24)
(61): c1— ¢c1+apce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

) ‘Bridge’ Decomposition
123456
4 {d Ll T
1 f{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 {d Ll T
1 f{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 {d Ll T
1 f{3 567 810},
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 <12)
C= 1 [e%) (O[4+(X7) 6730 % 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 Lot L bd 7
1 f{3567 810}
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oé5) (Xz(()é3+045) [67Xe 7% 6 5 810 (12)
C= 1 (6% (O[4+(X7) [0738%] 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 Lot L bd 7
1 f{3567 810}
5367 810 (23)
> 5 56 37810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+Oé5) (Xz(()é3+045) [67Xe 7% 6 5 810 (12)
C= 1 (6% (O[4+(X7) [0738%] 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(61): c1— C1+opce (46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 {1l T
1 /{3567 810},
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 (12)
C= 1 [0%) (O[4+(X7) 6730 %i 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian =~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

There are many ways to decompose a permutation into transpositions—e. g.,
always choose the first transposition 7= (a b) such that o(a) <o (b):

3

2 ‘Bridge’ Decomposition
123456
4 {1l T
1 /{3567 810},
5367 810 (23)
> 5 5637810 (12)
6 5 7 810 (24)
1 2 3 4 5 6 6 7 5 810
1((,E1+(13+045) az(oz3+oz5) [67Xe 7% 6 5 810 (12)
C= 1 [0%) (O[4+(X7) 6730 %i 6 8 10 (45)
QoQrg 1 Qe O3 6 10 (24)
(46)
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes Canonical Coordinates and Combinatorial Computation
From On-Shell Physics to the (Positive) Grassmannian ~ Asymptotic Symmetries of the S-Matrix: the Yangian
The Positroid Stratification of the Grassmannian ~ Grassmannian Geometry of Generalized Parke-Taylor ‘Amplitudes’

Canonical Coordinates for Computing On-Shell Functions

2 ‘Bridge’ Decomposition
123456
4 N
| fif3 567810},
5367 810 (23)
5 56 37 810
6 (12)
6 5 7 810 24
1 2 3 4 5 6 6 7 5 810 ( )
1 1+az+as) axlaz+as) agas 6 5 810 <12)
C= 1 1e% (Ca+g) gy 6 8 510 (45)
Qs I as as 6 510 (24)
(46)
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All on-shell diagrams, in terms of canonical coordinates, take the form:
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Measure-preserving diffeomorphisms leave the function invariant
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Measure-preserving diffeomorphisms leave the function invariant, but—
via the §-functions—can be recast variations of the kinematical data.
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Measure-preserving diffeomorphisms leave the function invariant, but—
via the J-functions—can be recast variations of the kinematical data.

The Yangian corresponds to those diffeomorphisms that simultaneously
preserve the measures of all on-shell diagrams.
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The Grassmannian Geometry of Scattering Amplitudes

Consider all the iterated factorizations of the Parke-Taylor Amplitude:
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From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:
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Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Ranks of Consecutive Chains of Columns
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG R T S

the rank of the space spanned
by columns {cg, ..., cp}

@ Write the rank |a -+ b|in
the a™ column and b row
(from the bottom)
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Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG R T S

the rank of the space spanned
by columns {cg, ..., cp}

@ Write the rank |a -+ b|in
the a™ column and b row
(from the bottom)

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG R T S

the rank of the space spanned
by columns {cg, ..., cp}

@ Write the rank |a -+ b|in
the a™ column and b row
(from the bottom)

|1 ... 2|
|1 o001l
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From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

© Letususe |a --- bf to denote [y G S P A
the rank of the space spanned
by columns {cg, ..., cp}

@ Write the rank |a -+ b|in
the a™ column and b row

(from the bottom) 11---n-2|
[T cas M|
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG R T S

the rank of the space spanned
by columns {cg, ..., cp}

@ Write the rank |a -+ b|in

the a™ column and 5™ row 11+ one]
(from the bottom) 11---n-2|
|1 a0 3
1 - 1]
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Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG R T S

the rank of the space spanned

by columns {cg, ..., cp}

@ Write the rank |a -+ b|in 1 n|
the a™ column and 5™ row 11+ one]
(from the bottom) 11---n-2|

|1 a0 3
1 - 1]
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Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG R T S

the rank of the space spanned
by columns {cg, ..., cp}

|2+ n+l|
@ Write the rank |a -+ b|in [eeon| 2 n|
the a™ column and 5™ row 1eoonmt| |2 - end|

(from the bottom) [1--n2| |2--n-2]

|2 (2 --- 2|
|1 o001l
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From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
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Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG R T S

the rank of the space spanned

[n--- 2n|
by columns {cg, ..., cp} ——
@ Write the rank |a -+ b|in oeen] [20n] o Jaelecn| |non]
the a™ column and 5™ row Heoonot| [2omd] o pdeone]

(from the bottom) [1--n2| |2---n=2]

|2 (2 --- 2|
|1 o001l
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG R T S

the rank of the space spanned

- 2n| |2--+2n| -+ |n=1---2n| |n--- 2n|
by columns {cg, ..., cp} :
@ Write the rank |a -+ b|in oeen] [20em| o il coen| |noeen|
the a™ column and 5™ row Hecnat| [2omd] o pedeone]

(from the bottom) [1--n2| |2---n=2]

|2 (2 --- 2|
|1 o001l
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes

From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

Letususe [a --- b| to denote (Y G N SO T T

the rank of the space spanned
- 2n| |2---2n| -+ |n=1---2n| |n--- 2n|
by columns {cg, ..., cp} :
@ Write the rank |a -+ b|in Hoeen] [20em] o il coen| |noeen|
the a™ column and »™ row eomot] |2nol] o il
(from the bOttom) [1---n=2| |2---n=2|
o for any generic configuration, : :
la -+ a+n---| =kforalla 122 |2 2]
|1 oo 11
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From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, » would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG T S

the rank of the space spanned . ) . .
by columns {cg, ..., cp} . 4 .
@ Write the rank |a -+ b|in ko (2en| o peleen| qnoen
the a™ column and 5™ row Heonat| [2comd] o pedeone]
(from the bOttom) ‘ floo -n72\ ‘ D oo -n72\
o for any generic configuration, : '
la -+ a+n---| =kforalla it eee @l [P o vl
|1 oo 11
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, x would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG T S

the rank of the space spanned . ) . .
by columns {cg, ..., cp} . 4 .

@ Write the rank |a -+ b|in k |2_',,n‘ =1 :..n\ |n..'.n\
the a™ column and b row Heonat| [2comd] o pedeone]
(from the bottom) [1---n2| |2--n=2]

o for any generic configuration, : '
la -+ a+n---| =kforalla it eee @l [P o vl

@ let us conventionally declare -1

la -+ a—1| =0
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From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, x would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG T S

the rank of the space spanned . ) . .
by columns {cg, ..., cp} : 4 .

@ Write the rank |a -+ b|in . [2ccon| o fnel-n| |n oen|
the a™ column and b row Hecna] [2comd] o edeoned] |n eonet]
(from the bottom) [1--n=2| |2---n=2] - |n=1---n=2]

o for any generic configuration, : '
la -+ a+n---| =kforalla it eee @l [P o vl

@ let us conventionally declare H » (I)I |2 1]

la -+ a—1| =0
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Classifying the Iterated Residues of the Volume-Form L, x

A complete, GL(k)-invariant description of any contour of £, x would be a
list of all the ranks of spaces spanned by all consecutive chains of columns.
Pierre Deligne suggested organizing this data in the following way:

o Letususe |a --- D[ to denote ([ y NG T S

the rank of the space spanned . ) . .
by columns {cg, ..., cp} . 4 .

@ Write the rank |a -+ b|in k |2_',,n‘ =1 :..n\ B ..'.n\
the a™ column and b row Heonat| [2comd] o pedeone] 0
(from the bottom) 1eon2| |2-n2 . 0

o for any generic configuration, : '
la -+ a+n---| =kforalla it eee @l [P o vl

@ let us conventionally declare I o ! 0

la -+ a—1| =0
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of Lg 4

Take a generic C€G(4,8), c, € P
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Exempli Gratia: Iterated Residues of L3 4

Take a generic C€G(4,8), c, € P

¢ 3 ¥
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C€G(4,8), c,€P?

47474]4147474]4 14
414]4]4]4]4]4]4 13
) 41414]414]414]4 12
é 3 4, 14444444 | 11
< ° 41414]4]4]414][3 10
1 414l44[4]43]21 ]| 9
41414]4]413]2]1 8
414]4]4]3]2]1 7
4]41413]2]1 6
41413]2]1 5
413]2]1 4
312]1 3
211 2
1 1
7
12345678
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From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C€G(4,8), c,€P?

47474]4147474]4 14
41414]414]4]4]4 13
) 41414]414]4]4]4 12
é 3 4, 414444444 | 11
~ ° 41414]4]4]4]4[3 10
1 414[414/41432]| 9
41414]4]4]3]2]1 8
41414]4]32]1 7
41414]3]2]1 6
414]3]2]1 5
413[2]1 4
3[2]1 3
2|1 2
1 1
7
12345678
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The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4
Take a generic C € G(4,8), c, € P, and impose the

following sequence of consecutive constraints: 4/4/4|4/4/14/4 4 14
414]4]4]4]4]4]4 13
2) 41414]414]4]4]4 12
3 4, 4444444 | 11
- 41414]4]4]4]4][3 10
414]4]4]4]4[3]2]| 9
41414]4]4]3]2]1 8
414]4]4|3]2]1 7
4(41413]2]1 6
41413[2]1 5
4(3]2]1 4
3[2]1 3
201 2
1 1
7
12345678
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Exempli Gratia: Iterated Residues of L3 4
Take a generic C € G(4,8), c, € P, and impose the

following sequence of consecutive constraints: 4/4/4|4/4/14/4 4 14
414]4]4]4]4]4]4 13
2) 41414]414]4]4]4 12
3 4, 4444444 | 11
% 41414]4]4]4]4][3 10
414]4]4]4]4[3]2]| 9
41414]4]4]3]2]1 8
414]4]4|3]2]1 7
4(41413]2]1 6
41413[2]1 5
4(3]2]1 4
3[2]1 3
201 2
1 1
7
12345678
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Take a generic C € G(4,8), c, € P, and impose the

following sequence of consecutive constraints: 4/4/4|4/4/14/4 4 14
414]4]4]4]4]4]4 13
2) 41414]414]4]4]4 12
3 4, 4444444 | 11
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7
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Exempli Gratia: Iterated Residues of L3 4
Take a generic C € G(4,8), c, € P, and impose the

following sequence of consecutive constraints: 4/4/4|4/4/14/4 4 14
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Take a generic C € G(4,8), c, € P, and impose the
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following sequence of consecutive constraints: 4/4/4|4/4/14/4 4 14
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Exempli Gratia: Iterated Residues of L3 4
Take a generic C € G(4,8), c, € P, and impose the

following sequence of consecutive constraints: 4/4/4|4/4/14/4 4 14
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Exempli Gratia: Iterated Residues of L3 4
Take a generic C € G(4,8), c, € P, and impose the

following sequence of consecutive constraints: 4/4/4|4/4/14/4 4 14
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, € P, and impose the
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, €P3, and impose the
following sequence of consecutive constraints: o 14
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
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Exempli Gratia: Iterated Residues of L3 4
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following sequence of consecutive constraints: o 14

4

,
— WA U000

7
123456738

Permutation Label

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, €P3, and impose the
following sequence of consecutive constraints:
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
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Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, €P3, and impose the
following sequence of consecutive constraints:
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, €P3, and impose the
following sequence of consecutive constraints:
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
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Exempli Gratia: Iterated Residues of L3 4
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, €P3, and impose the
following sequence of consecutive constraints: °
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o(5)=3+8=11
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, €P3, and impose the
following sequence of consecutive constraints: °
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
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Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, €P3, and impose the
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

A

Take a generic C € G(4,8), c, €P3, and impose the
following sequence of consecutive constraints: 14
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, €P3, and impose the
following sequence of consecutive constraints: .,l 14
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The Positroid Stratification of the Grassmannian

Exempli Gratia: Iterated Residues of L3 4

Take a generic C € G(4,8), c, € P, and impose the
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Geometric meaning of the permutation o (a) =b
For each column a, there is a unique, nearest Permutation Label

column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: ol 14
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Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: ol 14
13
12
[ 11
o éO
o r 8
o> 7
6
I ;
P 3
- 2
Ve 1
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: ol 14
13
12
[ 11
o éO
o r 8
o> 7
6
T 3
L i 7 3
— 2
s 1
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: .,l 14
13
12

@ 11
O éO

[ i 8

o 7

6

Z

b 7

3

\/ 5

1

12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded
by its permutation label as follows: .,l 14

—NWRAUNAAI0\O

7
123456738

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: ol 14
13
12
[ 11
o éO
o r 8
g
o—'V
V7 3
Y 3
- 2
Ve 1
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: ol 14
13
12
11
R
*—, /8
l &' 7
s
[
/
r 3
- 2
Ve 1
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: ol 14
13
12
[ 11
)
»— 17 3
| g 7
6
I ;
P 3
- 2
Ve 1
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: ol 14
13
12
[ 11
o éO
7
o 8
o7 7
6
I ;
P 3
- 2
Ve 1
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
13
12
— 1 1!
P=i 10
i
[ 8
e 7
6
I ;
v 3
—_ 2
Ve 1
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
13
12
= !
r—l 10
|_ r7 2
11 I/
_|_1':-:-7 ¢
1_1_1/ 5
1 1/
_|_?:-7 3
7 >
v 1
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
Dimensionality of a configuration labelled by o ﬁ
. 1
dim(0) = (Y la-+-o(a)] ) — ¥ |T;. 0
“ T’_l'|'|7I §
— .’:':'7 6
I_I_I/ 5
1/
LN a7 3
7 >
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
Dimensionality of a configuration labelled by o ﬁ
. 1
dim(0) = (Y la-+-o(a)] ) — ¥ |T;. 0
“ T’_l'|'|7I §
— .’:':'7 6
I_I_I/ 5
1/
LN a7 3
7 >
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
Dimensionality of a configuration labelled by o ﬁ
. 1
dim(0) = (Y la-+-o(a)] ) — ¥ |T;. 0
“ T’_l'|'|7I §
— .’:':'7 6
I_I_I/ 5
1/
LN a7 3
7 >
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a configuration labelled by o: B
11
do = {cr’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
de7 3
rl_l_l/ 7
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column ¢, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a configuration labelled by o: B
11
do = {a’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
dv7 3
rl_l_l/ 5
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a configuration labelled by o: B
11
do = {a’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
dv7 3
rl_l_l/ 5
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a configuration labelled by o: B
11
do = {a’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
dv7 3
rl_l_l/ 5
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
13
The boundaries of a configuration labelled by o: 12
11
do = {0’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
rer 73
I_I_I/ 7
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a configuration labelled by o: B

90 ={ o= (ab)ooldim(") = dlm() ) h'_—'_: 10

8
r' _Te”
il s
A 7 0
l »® 7 2
Vv 1
7/
123456738

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
13
The boundaries of a configuration labelled by o: 12
11
do = {0’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
h - _':l g
rl_l_l/ 5
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}

Amplitudes 2022 PhD S School Prague, Czech Republic ~ Part II: On-Shell Diagrams, Recursion Relations, and Combinatorics




On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a conﬁguration labelled by o B

11
80_ 0 =(ab)oo|dim(c’)=dim(c)— 1 |r;: 10
1

;
11/
g _TF, ¢
1_1_i7 3
1 1/
vz |
l l 4V 2
Vv 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a configuration labelled by o: B
11
do = {a’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
dv7 3
rl_l_l/ 5
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a configuration labelled by o: B
11
do = {a’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
dv7 3
rl_l_l/ 5
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
The boundaries of a configuration labelled by o: B
11
do = {a’ = (ab)oo|dim(c’) =dim(c) —1} | r—: 10
dv7 3
rl_l_l/ 5
I _’:I_I/ 6
I_I_I/ 3
1/
_ v 3
7 )
i 4 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

The Positroid Stratification of the Grassmannian

The dimensionality of the configuration is encoded

by its permutation label as follows: 14
13
12
= !
r—l 10
|_ r7 2
11 I/
_|_?:-:-7 ¢
1_1_1/ 5
1 1/
_|_?:-7 3
7 )
v 1
12345678

Geometric meaning of the permutation o (a) =b

For each column ¢, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Equivalence with On-Shell Diagram Permutation Labels

As for permutations labeling on-shell diagrams, we
can decompose o into adjacent transpositions: 14

;
11/
_|_1':-:-7 ¢
1_1_i7 3
1 1/
_|_?:-7 |
7 >
Vv 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column ¢, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Equivalence with On-Shell Diagram Permutation Labels

As for permutations labeling on-shell diagrams, we
can decompose o into adjacent transpositions: 14

;
11/
_|_1':-:-7 ¢
1_1_17 3
1 1/
_|_?:-7 |
7 5
Vv 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Equivalence with On-Shell Diagram Permutation Labels

As for permutations labeling on-shell diagrams, we
can decompose o into adjacent transpositions: 14

;
11/
_|_1':-:-7 ¢
1_1_17 3
1 1/
_|_?:-7 |
7 5
Vv 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Equivalence with On-Shell Diagram Permutation Labels

As for permutations labeling on-shell diagrams, we
can decompose o into adjacent transpositions: 14

;
11/
_|_1':-:-7 ¢
1_1_17 3
1 1/
_|_?:-7 |
7 5
Vv 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Equivalence with On-Shell Diagram Permutation Labels

As for permutations labeling on-shell diagrams, we
can decompose o into adjacent transpositions: 14

;
11/
_|_1':-:-7 ¢
1_1_17 3
1 1/
_|_?:-7 |
7 5
Vv 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
From On-Shell Physics to the (Positive) Grassmannian ~ Geometry and Combinatorics of the Positroid Stratification
The Positroid Stratification of the Grassmannian

Equivalence with On-Shell Diagram Permutation Labels

As for permutations labeling on-shell diagrams, we
can decompose o into adjacent transpositions: 14

;
11/
_|_1':-:-7 ¢
1_1_17 3
1 1/
_|_?:-7 |
7 5
Vv 1
7/
12345678

Geometric meaning of the permutation o (a) =b

For each column «, there is a unique, nearest Permutation Label
column b > a such that a €span{a+1, ..., b—1,b} {5,4,8,7,11,10,9, 14}
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On-Shell, Tree-Level Recursion Relations for Scattering Amplitudes
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