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CIRCLE COMPACTIFICATION: FIELD THEORY

Kaluza-Klein dimensional reduction M; 4 = M; 3 x S*(R)

/ d°x (30 ® 0V ® — L MZD?) P(z,y) = ) du(z)e™/T

keZ

... In four dimensions

M2(k) = M2 + (%)2



CIRCLE COMPACTIFICATION: FIELD THEORY

A spin ss field gives rise to several fields with spin s4 < s5
SO(1,4) — SO(1,3)

For instance ...

. spin 2
spin 1 v> /

Ay = (A, A _ [ 9pr Gus
M ( MA/AE)) gM N <g5,, 955>
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spin 1



CIRCLE COMPACTIFICATION: FIELD THEORY

5 dimensional diffeomorphisms
SqMN — ¢P 9gMN 4 PNy eM | (MPg ¢N N Sgh5 = grgd

The KK excitations are charged with respect to this U(1)

6P = M9y, = 0pr(x) = 73% £



CIRCLE COMPACTIFICATION: STRING THEORY

Closed strings can wind around the internal circle
X(o+m,71)=X(0,7)+2n7R
The lower-dimensional mass operator
()
o

T-duality: R — o/ /R




CIRCLE COMPACTIFICATION: STRING THEORY

Closed strings can wind around the internal circle

X(o+m,71)=X(0,7)+2n7R

The lower-dimensional mass operator

( nR ) : level matching

Oé, Nx—NX:—kn

T-duality: R — o/ /R



CIRCLE COMPACTIFICATION: STRING THEORY

Massless fields ...

o 1a%110,0)0,0 o 12,110,000 a2 1a%110,0)0,0 a2 1a2110,0)0,0
Juv - B,LLI/) ¢ 9gus B,LL5 gs5

G=U(1) x U(1)
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CIRCLE COMPACTIFICATION: STRING THEORY

New states allowed by level-matching: Nx — Nx = —kn

_ 3 1 R\’ M= [V N2
Q0,012 610,040 = (5 w) Y (Y
) “(2) +(7)

For R= Vo' these four vectors become massless!

Gauge symmetry enhancement

U(1) x U(1) — SU(2) x SU(2)



COMPACTIFICATION vs CHIRALITY

Circle (or toroidal) compactifications preserve

the maximal number of killing spinors

As a result the light (fermionic) spectrum is not chiral!

To improve the scenario we need more complicated space,

which admit a smaller number of killing spinors

Calabi-Yau spaces




ORBIFOLD COMPACTIFICATION

combine the

success of Calabi-Yau compactifications

calculability of toroidal compactifications

An orbifold is the quotient of a (smooth) manifold

by a discrete symmetry group

O = M/T



SIMPLEST ORBIFOLD

the circle ...
R/ 0 : xT~x+2mmR
o c 3 o o o

—27TR 0 2T R 4T R



A MORE INTERESTING ORBIFOLD

the tetrahedron ...

TZ/ZQ Do @ 2~ —2 z~z+AmAnT

fixed points: (0,0) (%,0) (0,%)
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STRINGS ON ORBIFOLDS

Restrict the Hilbert space to the invariant fields

2 N—1
Z:tr<1+g+g _— qMﬁqMa>

Massless fields ...

Oz‘il&il\Oymo,o 041154111‘()»@0,0

X

X

e.g. T%/7s

@11&11‘()7@0,0
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STRINGS ON ORBIFOLDS

Restrict the Hilbert space to the invariant fields

2 N—1
Z:tr(1+g+g te qMﬁqMa)

N




STRINGS ON ORBIFOLDS

... can be closed modulo che action of the orbifold group
X'(o+m7)=g X'(0,7)

The mode expansion involves non-integer frequencies

The zero-mode is associated to the position of the fixed points

A




STRINGS ON ORBIFOLDS

untwisted states

Invariant subset of the original states

They have a (quantised) momentum along the
compact directions and there are free to propagate

twisted states

Strings closed modulo the action of the symmetry group

Don’t have momentum and thus are not free to propagate.
They may come in multiple families.



STRINGS ON ORBIFOLDS

The twisted sector is essential for the consistency of the theory

The propagation on singular spaces is now consistent

untwisted sector
1 1
o

twisted sector

) )




STRINGS ON ORBIFOLDS

... can yield lower-dimensional chirality

Under a rotation of angle 0 on plane, a spinor of helicity n transforms as
s — e s

Therefore, for the orbifold 7% /Zs

2177

(77177727773|7747775) — (77177727773|7747775) e s

—~ —

#(-)=even #(-)=even

(n4a—ms5)



ANOTHER WAY FOR CHIRALITY

Branes at angles

0, (COS@X1 +sin6’X2)

0
o (—Simé’X1 COSHX2) 0

On the torus the angle must be quantised

A D-brane is characterised
by the wrapping numbers

(m, )




ANOTHER WAY FOR CHIRALITY

In the presence of multiple branes rotated by different angles

chiral fermions

(N, M)

Degeneracy of the chiral spectrum = intersection number

lop = Mmgnpy — mpng



MAGNETIC FIELD ON A TORUS

On the torus, intersecting branes are T-dual to a magnetic field

&,Xl + qFio (’LXQ =0
0, X% — qFy2 0. X' =0

On the torus the flux of the magnetic field is quantised qF120; € Z
and the masses are shifted

AM? = (2n +1)|QH| + 2X1.,QH

The Landau levels are degenerate



ONE (PROMISING) ROAD TO THE STANDARD MODEL

quarks:

leptons:




