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CIRCLE COMPACTIFICATION: FIELD THEORY

… in four dimensions

<latexit sha1_base64="JUDlXljaXWCn8BoCSX1lo8mPlFI="></latexit>Z
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Kaluza-Klein dimensional reduction
<latexit sha1_base64="XVCy/ndNg59v5+yJQPkIlKxApZ0=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WooCXRom6Eohs3Qn30AU0Mk+mkHTp5MDMRSshXuPFX3LhQxK2482+ctlnU1gMXDufcy733uBGjQhrGj5abm19YXMovF1ZW19Y39M2thghjjkkdhyzkLRcJwmhA6pJKRloRJ8h3GWm6/cuh33wkXNAwuJeDiNg+6gbUoxhJJTn6YWJhxOB16iTmQSWF53BSOE4tSX0i4N2DCUu3+45eNMrGCHCWmBkpggw1R/+2OiGOfRJIzJAQbdOIpJ0gLilmJC1YsSARwn3UJW1FA6SW2cnorRTuKaUDvZCrCiQcqZMTCfKFGPiu6vSR7Ilpbyj+57Vj6Z3ZCQ2iWJIAjxd5MYMyhMOMYIdygiUbKIIwp+pWiHuIIyxVkgUVgjn98ixpHJXNk7J5UylWL7I48mAH7IISMMEpqIIrUAN1gMETeAFv4F171l61D+1z3JrTsplt8Afa1y88n5zk</latexit>

M1,4 = M1,3 ⇥ S1(R)

<latexit sha1_base64="p+uH21L+PqRIfwRxQ2ZCWlP1m9c="></latexit>
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<latexit sha1_base64="aiLoK3z4LIRI4W8MSjbJixWyQlA="></latexit>
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CIRCLE COMPACTIFICATION: FIELD THEORY

For instance … 

A spin s5 field gives rise to several fields with spin  s4 ≤ s5

<latexit sha1_base64="cuFIXsvQR5iBQ8GcUYaZJSSO1bo=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFaEFKokVdFt24s6K9QBvKZDpph04uzEyEUOqruHGhiFsfxJ1v4zTNQlt/GPj4zznMOb8bcSaVZX0buZXVtfWN/GZha3tnd8/cP2jJMBaENknIQ9FxsaScBbSpmOK0EwmKfZfTtju+ntXbj1RIFgYPKomo4+NhwDxGsNJW3yze35btk1oF9VSIUj6r9M2SVbVSoWWwMyhBpkbf/OoNQhL7NFCEYym7thUpZ4KFYoTTaaEXSxphMsZD2tUYYJ9KZ5IuP0XH2hkgLxT6BQql7u+JCfalTHxXd/pYjeRibWb+V+vGyrt0JiyIYkUDMv/IiznSh86SQAMmKFE80YCJYHpXREZYYKJ0XgUdgr148jK0Tqv2edW+q5XqV1kceTiEIyiDDRdQhxtoQBMIJPAMr/BmPBkvxrvxMW/NGdlMEf7I+PwBSXWR9Q==</latexit>

SO(1, 4) ! SO(1, 3)

<latexit sha1_base64="gjAcUkcjsWsfw/9BzmE2iYZN5Y0=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiBEkDAjbgeFgBcvQgSzQDKGnk5P0qS7Z+juUcKQ//DiQRGv/os3/8bOctDEBwWP96qoqhfEnGnjut9OZmFxaXklu5pbW9/Y3Mpv79R0lChCqyTikWoEWFPOJK0aZjhtxIpiEXBaD/rXI7/+SJVmkbw3g5j6AnclCxnBxkoPt+gKFVsiQUfoFB228wW35I6B5ok3JQWYotLOf7U6EUkElYZwrHXTc2Pjp1gZRjgd5lqJpjEmfdylTUslFlT76fjqITqwSgeFkbIlDRqrvydSLLQeiMB2Cmx6etYbif95zcSEF37KZJwYKslkUZhwZCI0igB1mKLE8IElmChmb0WkhxUmxgaVsyF4sy/Pk9pxyTsreXcnhfLlNI4s7ME+FMGDcyjDDVSgCgQUPMMrvDlPzovz7nxMWjPOdGYX/sD5/AHZ+JAg</latexit>

M = (µ, 5)

<latexit sha1_base64="OtrtUSSyMvgK0SacOMWfPacIwVQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKpSSiK+N0OrGjVDBPqAJYTKdtEMnkzAzEUqoG3/FjQtF3PoX7vwbp20W2nrgwuGce7n3Hj9mVCrL+jZyC4tLyyv51cLa+sbmlrm905RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7ge+60HIiSN+L0axsQNUY/TgGKktOSZezXvFl7CUs1zwgQ65bJThjXvFB55ZtGqWBPAeWJnpAgy1D3zy+lGOAkJV5ghKTu2FSs3RUJRzMio4CSSxAgPUI90NOUoJNJNJx+M4KFWujCIhC6u4ET9PZGiUMph6OvOEKm+nPXG4n9eJ1HBhZtSHieKcDxdFCQMqgiO44BdKghWbKgJwoLqWyHuI4Gw0qEVdAj27MvzpHlcsc8q9t1JsXqVxZEH++AAlIANzkEV3IA6aAAMHsEzeAVvxpPxYrwbH9PWnJHN7II/MD5/AG4ok6s=</latexit>

AM = (Aµ , A5)

<latexit sha1_base64="0O7TQRDfNSBELEzA0tYNgVYVdsc="></latexit>
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CIRCLE COMPACTIFICATION: FIELD THEORY

5 dimensional diffeomorphisms

<latexit sha1_base64="u70RzrWyyNSgB9dmz2J5oZZRKnk="></latexit>

�gMN = ⇠P @P g
MN + gPN@P ⇠

M + gMP@P ⇠
N ) �gµ 5 = @µ⇠5

The KK excitations are charged with respect to this U(1)

<latexit sha1_base64="20SVsVoQthhwa/cGB9jQjI/SkHE="></latexit>
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CIRCLE COMPACTIFICATION: STRING THEORY

Closed strings can wind around the internal circle

The lower-dimensional mass operator

<latexit sha1_base64="/Cx3jxYQhmArEdZLHqwmsSo+SMc=">AAACIXicbVDLSgMxFM34rPVVdenmYhEqlTJTRLsRim5cVrEP6Awlk6ZtaCYzJBmhDP0VN/6KGxeKdCf+jOkDH60HAodzzuXmHj/iTGnb/rCWlldW19ZTG+nNre2d3czefk2FsSS0SkIeyoaPFeVM0KpmmtNGJCkOfE7rfv967NcfqFQsFPd6EFEvwF3BOoxgbaRWptSAnKtYN8CQdyMGp+BqHMMJXMKP8y3moQgCxrm7ViZrF+wJYJE4M5JFM1RamZHbDkkcUKEJx0o1HTvSXoKlZoTTYdqNFY0w6eMubRoqcECVl0wuHMKxUdrQCaV5QsNE/T2R4ECpQeCbZIB1T817Y/E/rxnrTslLmIhiTQWZLurEHHQI47qgzSQlmg8MwUQy81cgPSwx0abUtCnBmT95kdSKBee84NyeZctXszpS6BAdoRxy0AUqoxtUQVVE0CN6Rq/ozXqyXqx3azSNLlmzmQP0B9bnF0UGnqA=</latexit>

X(� + ⇡, ⌧) = X(�, ⌧) + 2n⇡R

<latexit sha1_base64="BPmDgt37+yXn2xHYe9PczYkEoZY="></latexit>
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T-duality : 
<latexit sha1_base64="N6UJZHPSnxj5XhcrEXRBXPdgeaw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0X0VBMR9Vj04rEW+wFNKJvtpl262YTdjVJif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXJJwp7Tjf1tLyyuraemGjuLm1vbNrl/aaKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gqGNxO/9UClYrG416OE+hHuCxYygrWRunapjjwdIw/zZIDRMTqtd+2yU3GmQIvEzUkZctS69pfXi0kaUaEJx0p1XCfRfoalZoTTcdFLFU0wGeI+7RgqcESVn01PH6Mjo/RQGEtTQqOp+nsiw5FSoygwnRHWAzXvTcT/vE6qwys/YyJJNRVktihMOTLPTnJAPSYp0XxkCCaSmVsRGWCJiTZpFU0I7vzLi6R5VnEvKu7debl6ncdRgAM4hBNw4RKqcAs1aACBR3iGV3iznqwX6936mLUuWfnMPvyB9fkD4qCSdg==</latexit>

R ! ↵0/R



CIRCLE COMPACTIFICATION: STRING THEORY

Closed strings can wind around the internal circle

The lower-dimensional mass operator

<latexit sha1_base64="/Cx3jxYQhmArEdZLHqwmsSo+SMc=">AAACIXicbVDLSgMxFM34rPVVdenmYhEqlTJTRLsRim5cVrEP6Awlk6ZtaCYzJBmhDP0VN/6KGxeKdCf+jOkDH60HAodzzuXmHj/iTGnb/rCWlldW19ZTG+nNre2d3czefk2FsSS0SkIeyoaPFeVM0KpmmtNGJCkOfE7rfv967NcfqFQsFPd6EFEvwF3BOoxgbaRWptSAnKtYN8CQdyMGp+BqHMMJXMKP8y3moQgCxrm7ViZrF+wJYJE4M5JFM1RamZHbDkkcUKEJx0o1HTvSXoKlZoTTYdqNFY0w6eMubRoqcECVl0wuHMKxUdrQCaV5QsNE/T2R4ECpQeCbZIB1T817Y/E/rxnrTslLmIhiTQWZLurEHHQI47qgzSQlmg8MwUQy81cgPSwx0abUtCnBmT95kdSKBee84NyeZctXszpS6BAdoRxy0AUqoxtUQVVE0CN6Rq/ozXqyXqx3azSNLlmzmQP0B9bnF0UGnqA=</latexit>

X(� + ⇡, ⌧) = X(�, ⌧) + 2n⇡R

<latexit sha1_base64="BPmDgt37+yXn2xHYe9PczYkEoZY="></latexit>
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T-duality : 
<latexit sha1_base64="N6UJZHPSnxj5XhcrEXRBXPdgeaw=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0X0VBMR9Vj04rEW+wFNKJvtpl262YTdjVJif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXJJwp7Tjf1tLyyuraemGjuLm1vbNrl/aaKk4loQ0S81i2A6woZ4I2NNOcthNJcRRw2gqGNxO/9UClYrG416OE+hHuCxYygrWRunapjjwdIw/zZIDRMTqtd+2yU3GmQIvEzUkZctS69pfXi0kaUaEJx0p1XCfRfoalZoTTcdFLFU0wGeI+7RgqcESVn01PH6Mjo/RQGEtTQqOp+nsiw5FSoygwnRHWAzXvTcT/vE6qwys/YyJJNRVktihMOTLPTnJAPSYp0XxkCCaSmVsRGWCJiTZpFU0I7vzLi6R5VnEvKu7debl6ncdRgAM4hBNw4RKqcAs1aACBR3iGV3iznqwX6936mLUuWfnMPvyB9fkD4qCSdg==</latexit>

R ! ↵0/R

<latexit sha1_base64="GoKIkxtxxkBGN8Zo3dW/8ncOdLE=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEG8OuiFooBGysJIJ5QLKE2dm7yZDZBzN3hbCk8VdsLBSx9TPs/BsnyRaaeGDg3HPu5c49XiKFRtv+thYWl5ZXVgtrxfWNza3t0s5uQ8ep4lDnsYxVy2MapIigjgIltBIFLPQkNL3BzdhvPoLSIo4ecJiAG7JeJALBGRqpW9q/67boCe2gkD7QcXFtyoFxynbFnoDOEycnZZKj1i19dfyYpyFEyCXTuu3YCboZUyi4hFGxk2pIGB+wHrQNjVgI2s0mB4zokVF8GsTKvAjpRP09kbFQ62Homc6QYV/PemPxP6+dYnDpZiJKUoSITxcFqaQY03Ea1BcKOMqhIYwrYf5KeZ8pxtFkVjQhOLMnz5PGacU5rzj3Z+XqVR5HgRyQQ3JMHHJBquSW1EidcDIiz+SVvFlP1ov1bn1MWxesfGaP/IH1+QM435Q5</latexit>

NX � ÑX = �kn

level matching



CIRCLE COMPACTIFICATION: STRING THEORY

Massless fields …

<latexit sha1_base64="/mZ36M6AYS01ISPjKj0MEsfkuLo=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIIHDbMi6kmCXjwqmETIxqV30kkGZ2eXmVkhrPkbL/6KF0FF9OifOHkcfBU0FFXddHdFqRTGMvbhTUxOTc/Mzs0XFhaXlleKq2s1k2SaY5UnMtFXERiUQmHVCivxKtUIcSSxHt2cDvz6LWojEnVpeyk2Y+go0RYcrJPC4nEAMu1CmO/6/esgzmhghWzhD1Vl9I7tjAzKAg2qIzHM2Q7rh8USK7Mh6F/ij0mJjHEeFp+DVsKzGJXlEoxp+Cy1zRy0FVxivxBkBlPgN9DBhqMKYjTNfPhnn245pUXbiXalLB2q3ydyiI3pxZHrjMF2zW9vIP7nNTLbPmrmQqWZRcVHi9qZpDahg9BoS2jkVvYcAa6Fu5XyLmjg1kVbcCH4v1/+S2p7Zf+g7F/slyon4zjmyAbZJNvEJ4ekQs7IOakSTu7JI3khr96D9+S9ee+j1glvPLNOfsD7/AIzGKWA</latexit>

↵µ
�1↵̃

⌫
�1|0, 0̃i0,0

<latexit sha1_base64="sltDf35jLGkjDZviKanMISc5uaQ=">AAACJXicbZDLSgMxFIYz3q23qks3wSK40JIRbwsXohuXFawKnTqcSU/b0ExmSDJCGfsybnwVNy4sIrjyVUwvC28/BH6+cw4n549SKYxl7MObmJyanpmdmy8sLC4trxRX165NkmmOVZ7IRN9GYFAKhVUrrMTbVCPEkcSbqHM+qN/cozYiUVe2m2I9hpYSTcHBOhQWTwKQaRvCfNfv3QVxRgMrZAO/0wP6wHZGmLJAg2pJDHO2w3phscTKbCj61/hjUyJjVcJiP2gkPItRWS7BmJrPUlvPQVvBJfYKQWYwBd6BFtacVRCjqefDK3t0y5EGbSbaPWXpkH6fyCE2phtHrjMG2za/awP4X62W2eZxPRcqzSwqPlrUzCS1CR1ERhtCI7ey6wxwLdxfKW+DBm5dsAUXgv/75L/meq/sH5b9y/3S6dk4jjmyQTbJNvHJETklF6RCqoSTR/JMXknfe/JevDfvfdQ64Y1n1skPeZ9fIFKkYg==</latexit>

↵µ
�1↵̃

5
�1|0, 0̃i0,0

<latexit sha1_base64="vXMXPlZLR9Bu/S1mvNFHWwggVKI=">AAACJXicbVDJSgNBEO1xN25Rj14ag+BBQ4+4HTyIXjxGMCpk4lDTqSRNenqG7h4hjPkZL/6KFw8GETz5K3aWg9uDgsd7VVTVi1IpjGXsw5uYnJqemZ2bLywsLi2vFFfXrk2SaY5VnshE30ZgUAqFVSusxNtUI8SRxJuocz7wb+5RG5GoK9tNsR5DS4mm4GCdFBZPApBpG8J81+/dHdDACtnA71qgMvrAdkYGZYEG1ZIY5myH9cJiiZXZEPQv8cekRMaohMV+0Eh4FqOyXIIxNZ+ltp6DtoJL7BWCzGAKvAMtrDmqIEZTz4df9uiWUxq0mWhXytKh+n0ih9iYbhy5zhhs2/z2BuJ/Xi2zzeN6LlSaWVR8tKiZSWoTOoiMNoRGbmXXEeBauFspb4MGbl2wBReC//vlv+R6r+wflv3L/dLp2TiOObJBNsk28ckROSUXpEKqhJNH8kxeSd978l68N+991DrhjWfWyQ94n18brKRj</latexit>
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⌫
�1|0, 0̃i0,0

<latexit sha1_base64="eTo96OjhDdzZvLvhljv9lLjg4IQ=">AAACI3icbZDLSgMxFIYz3q23qks3wSK40JIRb7gS3bisYFXo1OFMetqGZjJDkhHK2Hdx46u4caEUNy58F9PLwtsPgZ/vnMPJ+aNUCmMZ+/AmJqemZ2bn5gsLi0vLK8XVtWuTZJpjlScy0bcRGJRCYdUKK/E21QhxJPEm6pwP6jf3qI1I1JXtpliPoaVEU3CwDoXFkwBk2oYw3/V7dwc0sEI28Cd7YDsjTFmgQbUkhjnbYb2wWGJlNhT9a/yxKZGxKmGxHzQSnsWoLJdgTM1nqa3noK3gEnuFIDOYAu9AC2vOKojR1PPhjT265UiDNhPtnrJ0SL9P5BAb040j1xmDbZvftQH8r1bLbPO4nguVZhYVHy1qZpLahA4Cow2hkVvZdQa4Fu6vlLdBA7cu1oILwf998l9zvVf2D8v+5X7p9GwcxxzZIJtkm/jkiJySC1IhVcLJI3kmr+TNe/JevL73Pmqd8MYz6+SHvM8vCwCjRQ==</latexit>

↵5
�1↵̃

5
�1|0, 0̃i0,0

<latexit sha1_base64="FTaZof2QZ7wDU/k0a8nLD/5bplY=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwCGFXRC1DbCwjmAdkl2V2MkmGzMwu8xDCkh+w8VdsLBSxtbfzb5wkW2jigQtnzrmXuffEKaNKe963U1hZXVvfKG6WtrZ3dvfc/YOWSozEpIkTlshOjBRhVJCmppqRTioJ4jEj7Xh0M/XbD0Qqmoh7PU5JyNFA0D7FSFspck8GURZwEwgzCSoVGMD6wjtIhzRyy17VmwEuEz8nZZCjEblfQS/BhhOhMUNKdX0v1WGGpKaYkUkpMIqkCI/QgHQtFYgTFWazaybw1Co92E+kLaHhTP09kSGu1JjHtpMjPVSL3lT8z+sa3b8OMypSo4nA84/6hkGdwGk0sEclwZqNLUFYUrsrxEMkEdY2wJINwV88eZm0zqv+ZdW/uyjX6nkcRXAEjsEZ8MEVqIFb0ABNgMEjeAav4M15cl6cd+dj3lpw8plD8AfO5w+on5qn</latexit>

gµ⌫ , Bµ⌫ , �
<latexit sha1_base64="H2p3uMscENDG/w7WCrfIRwEzM3Y=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBRSmJ+FqWunFZwT6gCWEynbRDZyZhZiKU0I0bf8WNC0Xc+g/u/BunbUBtPXDhcM693HtPmDCqtON8WYWl5ZXVteJ6aWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB0Oryd++55IRWNxp0cJ8TnqCxpRjLSRAvuwH2QeT70KPB97lQr0YP1HCOyyU3WmgIvEzUkZ5GgE9qfXi3HKidCYIaW6rpNoP0NSU8zIuOSliiQID1GfdA0ViBPlZ9MvxvDYKD0YxdKU0HCq/p7IEFdqxEPTyZEeqHlvIv7ndVMdXfkZFUmqicCzRVHKoI7hJBLYo5JgzUaGICypuRXiAZIIaxNcyYTgzr+8SFqnVfei6t6elWv1PI4iOABH4AS44BLUwA1ogCbA4AE8gRfwaj1az9ab9T5rLVj5zD74A+vjG35alqY=</latexit>

gµ 5 , Bµ 5
<latexit sha1_base64="b/CtHrRSfTHizqycPUnvTISJ3kc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2x6rHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3UHPSyanXSK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ug4yLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFf+y4t9flGs3eRwFOIYTOAMfrqAGd1CHBlB4hGd4hTek0At6Rx/z1hWUzxzBH6DPHzVEjuQ=</latexit>g55

<latexit sha1_base64="e0aYGG2EeMfdmPj1CbBDfFHdDOU=">AAACDXicbVA9SwNBEN3zM8avU0ubxSjEJtyJqI0QtNAygpcEkiPsbTbJkr29Y3dODEf+gI1/xcZCEVt7O/+Nm+QKk/hg4c17M8zOC2LBNTjOj7WwuLS8sppby69vbG5t2zu7VR0lijKPRiJS9YBoJrhkHnAQrB4rRsJAsFrQvx75tQemNI/kPQxi5oekK3mHUwJGatmHN/gSN4E9QuoNcdE9NgUPmZ7SWnbBKTlj4HniZqSAMlRa9nezHdEkZBKoIFo3XCcGPyUKOBVsmG8mmsWE9kmXNQyVxGz00/E1Q3xklDbuRMo8CXis/p1ISaj1IAxMZ0igp2e9kfif10igc+GnXMYJMEknizqJwBDhUTS4zRWjIAaGEKq4+SumPaIIBRNg3oTgzp48T6onJfes5N6dFspXWRw5tI8OUBG56ByV0S2qIA9R9IRe0Bt6t56tV+vD+py0LljZzB6agvX1Cylrmbs=</latexit>

G = U(1)⇥U(1)

<latexit sha1_base64="z3KZ1o6e1u8PuCf2P57cg3OrGy8="></latexit>

�BMN = @M⇤N � @N⇤M ) �Bµ 5 = @µ⇤5



CIRCLE COMPACTIFICATION: STRING THEORY

New states allowed by level-matching: <latexit sha1_base64="GoKIkxtxxkBGN8Zo3dW/8ncOdLE=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEG8OuiFooBGysJIJ5QLKE2dm7yZDZBzN3hbCk8VdsLBSx9TPs/BsnyRaaeGDg3HPu5c49XiKFRtv+thYWl5ZXVgtrxfWNza3t0s5uQ8ep4lDnsYxVy2MapIigjgIltBIFLPQkNL3BzdhvPoLSIo4ecJiAG7JeJALBGRqpW9q/67boCe2gkD7QcXFtyoFxynbFnoDOEycnZZKj1i19dfyYpyFEyCXTuu3YCboZUyi4hFGxk2pIGB+wHrQNjVgI2s0mB4zokVF8GsTKvAjpRP09kbFQ62Homc6QYV/PemPxP6+dYnDpZiJKUoSITxcFqaQY03Ea1BcKOMqhIYwrYf5KeZ8pxtFkVjQhOLMnz5PGacU5rzj3Z+XqVR5HgRyQQ3JMHHJBquSW1EidcDIiz+SVvFlP1ov1bn1MWxesfGaP/IH1+QM435Q5</latexit>

NX � ÑX = �kn

<latexit sha1_base64="Fq4C3nZj37sRS1q69gGHTJ/keAk="></latexit>

↵µ
�1|0, 0̃i±1,⌥1

<latexit sha1_base64="BtWPcER0aYHunZHu1/qEYr8vx1M=">AAACH3icbVDLSgMxFM34rPVVdekmWAQXWmZEqsuiG5cKthU6dbiT3rbBJDMkGaGM/RM3/oobF4qIO//G9LHwdeBeDufcS3JPnApurO9/ejOzc/MLi4Wl4vLK6tp6aWOzYZJMM6yzRCT6OgaDgiusW24FXqcaQcYCm/Ht2chv3qE2PFFXdpBiW0JP8S5nYJ0Ulaqh5aKDIYi0D1F+EAxvQpnRe39/YlA/1KB6AqM8TCUN9sd9GJXKfsUfg/4lwZSUyRQXUekj7CQsk6gsE2BMK/BT285BW84EDothZjAFdgs9bDmqQKJp5+P7hnTXKR3aTbQrZelY/b6RgzRmIGM3KcH2zW9vJP7ntTLbPWnnXKWZRcUmD3UzQW1CR2HRDtfIrBg4Akxz91fK+qCBWRdp0YUQ/D75L2kcVoJqJbg8KtdOp3EUyDbZIXskIMekRs7JBakTRh7IE3khr96j9+y9ee+T0RlvurNFfsD7/AKg46IQ</latexit>

↵̃µ
�1|0, 0̃i±1,±1

<latexit sha1_base64="PYxxB4OUxxaIVhLo5hJSFBw4804="></latexit>

M2 =

✓
1

R
� R

↵0

◆2

<latexit sha1_base64="RD1WDSvaXi05KUJT36YichS4QhQ="></latexit>

M2 =
4

↵0

h
NX + ÑX � 2

i

+

✓
k

R

◆2

+

✓
nR

↵0

◆2

For these four vectors become massless!
<latexit sha1_base64="yfrG2N5Gi9++QanGW0OH69maVtI=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE9lUREvQhFLx6r2A9oQplst+3SzSbuTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5YSK4Rtf9tpaWV1bX1gsbxc2t7Z1de2+/ruNUUVajsYhVMwTNBJeshhwFayaKQRQK1ggHtxO/MWRK81g+4ihhQQQ9ybucAhqpbdsP175+Upj5IJI+nIzbdsktu1M4i8TLSYnkqLbtL78T0zRiEqkArVuem2CQgUJOBRsX/VSzBOgAeqxlqISI6SCbXj52jo3ScbqxMiXRmaq/JzKItB5FoemMAPt63puI/3mtFLtXQcZlkiKTdLaomwoHY2cSg9PhilEUI0OAKm5udWgfFFA0YRVNCN78y4ukflb2Lsre/XmpcpPHUSCH5IicEo9ckgq5I1VSI5QMyTN5JW9WZr1Y79bHrHXJymcOyB9Ynz9tFZOH</latexit>

R =
p
↵0

<latexit sha1_base64="8PI8EkH8RsG+FBEuW9VTGZrln6A=">AAACMHicbZDNSgMxFIUz9a/Wv6pLN8Ei1E2ZKaIuiy50WdFpC+1QMmmmDc1khuSOWIY+khsfRTcKirj1KUzbWWjrgcDhu/dyc48fC67Btt+s3NLyyupafr2wsbm1vVPc3WvoKFGUuTQSkWr5RDPBJXOBg2CtWDES+oI1/eHlpN68Z0rzSN7BKGZeSPqSB5wSMKhbvOoAe4DUHeOyc4w7wEOm8RyLMnA7IdW5rgx2iyW7Yk+FF42TmRLKVO8Wnzu9iCYhk0AF0brt2DF4KVHAqWDjQifRLCZ0SPqsbawkZqWXTg8e4yNDejiIlHkS8JT+nkhJqPUo9E1nSGCg52sT+F+tnUBw7qVcxgkwSWeLgkRgk8EkPdzjilEQI2MIVdz8FdMBUYSCybhgQnDmT140jWrFOa04Nyel2kUWRx4doENURg46QzV0jerIRRQ9ohf0jj6sJ+vV+rS+Zq05K5vZR39kff8AZfWnWg==</latexit>

U(1)⇥U(1) ! SU(2)⇥ SU(2)

Gauge symmetry enhancement



COMPACTIFICATION VS CHIRALITY

Circle (or toroidal) compactifications preserve 
the maximal number of killing spinors

As a result the light (fermionic) spectrum is not chiral!

To improve the scenario we need more complicated space, 
which admit a smaller number of killing spinors

Calabi-Yau spaces



ORBIFOLD COMPACTIFICATION

combine the

success of Calabi-Yau compactifications

calculability of toroidal compactifications

An orbifold is the quotient of a (smooth) manifold
by a discrete symmetry group 

<latexit sha1_base64="6Jo1W9FAo7WoLfFo4X8FyAoLxlE=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsIq7ImojBC20ESOYC2RDODuZJENmdpeZWSEs29j4KjYWitj6Dna+jZNkC038YeDjP+dw5vx+xJnSjvNt5ebmFxaX8suFldW19Q17c6umwlgSWiUhD2XDB0U5C2hVM81pI5IUhM9p3R9cjur1ByoVC4N7PYxoS0AvYF1GQBurbe8mHgGOb1N8jid4k+JD7F2BENC2i07JGQvPgptBEWWqtO0vrxOSWNBAEw5KNV0n0q0EpGaE07TgxYpGQAbQo02DAQiqWsn4ihTvG6eDu6E0L9B47P6eSEAoNRS+6RSg+2q6NjL/qzVj3T1rJSyIYk0DMlnUjTnWIR5FgjtMUqL50AAQycxfMemDBKJNcAUTgjt98izUjkruScm9Oy6WL7I48mgH7aED5KJTVEbXqIKqiKBH9Ixe0Zv1ZL1Y79bHpDVnZTPb6I+szx/KW5bY</latexit>

O = M/�



SIMPLEST ORBIFOLD

the circle …

<latexit sha1_base64="t810NWK2x56Qgo1228wKJlVTUx0="></latexit>

R/� � : x ' x+ 2⇡mR

0 2⇡R 4⇡R�2⇡R



A MORE INTERESTING ORBIFOLD

the tetrahedron …

<latexit sha1_base64="KCEDTDP8c6e2BLqzAHFAGWZ2bj4=">AAACAXicbVDLSgNBEOyNrxhfq14EL4NBEJSwK6IePAS8eIxgHpBdwuxkNhkyM7vMzApJiBd/xYsHRbz6F978GyePg0YLGoqqbrq7opQzbTzvy8ktLC4tr+RXC2vrG5tb7vZOTSeZIrRKEp6oRoQ15UzSqmGG00aqKBYRp/Wodz326/dUaZbIO9NPaShwR7KYEWys1HL3BijQTKABOkbClkTBCQoMzlpu0St5E6C/xJ+RIsxQabmfQTshmaDSEI61bvpeasIhVoYRTkeFINM0xaSHO7RpqcSC6nA4+WCEDq3SRnGibEmDJurPiSEWWvdFZDsFNl09743F/7xmZuLLcMhkmhkqyXRRnHFkEjSOA7WZosTwviWYKGZvRaSLFSbGhlawIfjzL/8ltdOSf17yb8+K5atZHHnYhwM4Ah8uoAw3UIEqEHiAJ3iBV+fReXbenPdpa86ZzezCLzgf390/lJM=</latexit>

z ⇠ z +m+ n ⌧
<latexit sha1_base64="DaeOtQ4wpxZ5eqDZQVql4VerF/Y=">AAACJnicbVDLSgMxFM3UV62vUZdugkVwoXWmiIogFN24rNAXdmrJZDI2NJmZJhmhHfo1bvwVNy4qIu78FNMHYlsPhBzOuZd773EjRqWyrC8jtbC4tLySXs2srW9sbpnbOxUZxgKTMg5ZKGoukoTRgJQVVYzUIkEQdxmpuu2boV99IkLSMCipbkQaHD0G1KcYKS01zavSQx6eQIcj1XLd5L7fzEOn04mR9/tNWUfwEvagIymHx7DXNLNWzhoBzhN7QrJggmLTHDheiGNOAoUZkrJuW5FqJEgoihnpZ5xYkgjhNnokdU0DxIlsJKMz+/BAKx70Q6FfoOBI/duRIC5ll7u6criznPWG4n9ePVb+RSOhQRQrEuDxID9mUIVwmBn0qCBYsa4mCAuqd4W4hQTCSieb0SHYsyfPk0o+Z5/l7LvTbOF6Ekca7IF9cAhscA4K4BYUQRlg8AxewQC8Gy/Gm/FhfI5LU8akZxdMwfj+AYtso1g=</latexit>

T 2/Z2 Z2 : z ⇠ �z

<latexit sha1_base64="iagZoEvjnSRfRaTQDX1JcBs5mF8=">AAACQ3icbVDJSgMxAM3UrdZt1KOXYBFaKCVTRD0WvXisYBfsDCWTZtrQzGKSEcow/+bFH/DmD3jxoIhXwbQdxLY+CDzeQpLnRpxJhdCLkVtZXVvfyG8WtrZ3dvfM/YOWDGNBaJOEPBQdF0vKWUCbiilOO5Gg2Hc5bbujq4nffqBCsjC4VeOIOj4eBMxjBCst9cy7Eqqgsn0f4z4s2coTmCRWmtRSWIGoDDMDVeasX32hMB/qmUVURVPAZWJlpAgyNHrms90PSezTQBGOpexaKFJOgoVihNO0YMeSRpiM8IB2NQ2wT6WTTDdI4YlW+tALhT6BglP1byPBvpRj39VJH6uhXPQm4n9eN1behZOwIIoVDcjsIi/mUIVwMijsM0GJ4mNNMBFMvxWSIdY7KD17QY9gLX55mbRqVeusat2cFuuX2Rx5cASOQQlY4BzUwTVogCYg4BG8gnfwYTwZb8an8TWL5oyscwjmYHz/AL/8rVo=</latexit>

(0, 0) ( 12 , 0) (0, 1
2 ) ( 12 ,

1
2 )fixed points:



STRINGS ON ORBIFOLDS

Restrict the Hilbert space to the invariant fields

<latexit sha1_base64="9Q1d2WZc4kKmipBPoRgHP0Mi+6s="></latexit>

Z = tr

✓
1 + g + g2 + · · ·+ gN�1

N
qM

2
L q̄M

2
R

◆

Massless fields …

<latexit sha1_base64="/mZ36M6AYS01ISPjKj0MEsfkuLo=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIIHDbMi6kmCXjwqmETIxqV30kkGZ2eXmVkhrPkbL/6KF0FF9OifOHkcfBU0FFXddHdFqRTGMvbhTUxOTc/Mzs0XFhaXlleKq2s1k2SaY5UnMtFXERiUQmHVCivxKtUIcSSxHt2cDvz6LWojEnVpeyk2Y+go0RYcrJPC4nEAMu1CmO/6/esgzmhghWzhD1Vl9I7tjAzKAg2qIzHM2Q7rh8USK7Mh6F/ij0mJjHEeFp+DVsKzGJXlEoxp+Cy1zRy0FVxivxBkBlPgN9DBhqMKYjTNfPhnn245pUXbiXalLB2q3ydyiI3pxZHrjMF2zW9vIP7nNTLbPmrmQqWZRcVHi9qZpDahg9BoS2jkVvYcAa6Fu5XyLmjg1kVbcCH4v1/+S2p7Zf+g7F/slyon4zjmyAbZJNvEJ4ekQs7IOakSTu7JI3khr96D9+S9ee+j1glvPLNOfsD7/AIzGKWA</latexit>

↵µ
�1↵̃

⌫
�1|0, 0̃i0,0

<latexit sha1_base64="+m6EFMd2Pjv5AyOZhZn15XHbA/Q=">AAACJXicbZDLSgMxFIYz3q23qks3wSK40JIRURcuRDcuK1gVOnU4k562sZnMkGSEMvZl3PgqblxYRHDlq5heFt5+CPx85xxOzh+lUhjL2Ic3MTk1PTM7N19YWFxaXimurl2ZJNMcqzyRib6JwKAUCqtWWIk3qUaII4nXUedsUL++R21Eoi5tN8V6DC0lmoKDdSgsHgcg0zaE+a7fuw3ijAZWyAZ+p3f0ge2MMGWBBtWSGOZsh/XCYomV2VD0r/HHpkTGqoTFftBIeBajslyCMTWfpbaeg7aCS+wVgsxgCrwDLaw5qyBGU8+HV/boliMN2ky0e8rSIf0+kUNsTDeOXGcMtm1+1wbwv1ots82jei5UmllUfLSomUlqEzqIjDaERm5l1xngWri/Ut4GDdy6YAsuBP/3yX/N1V7ZPyj7F/ulk9NxHHNkg2ySbeKTQ3JCzkmFVAknj+SZvJK+9+S9eG/e+6h1whvPrJMf8j6/AHXTpJc=</latexit>

↵µ
�1↵̃

j
�1|0, 0̃i0,0

<latexit sha1_base64="wZ7Sd5R6TX6bTq/kU2Te03iWeFo=">AAACJXicbVA9SwNBEN3z2/gVtbRZDIKFhj0RtbAQbSwVTBRy8ZjbTJIle3vH7p4QzvwZG/+KjYUigpV/xc1HEaMPBh7vzTAzL0qlMJaxL29qemZ2bn5hsbC0vLK6VlzfqJok0xwrPJGJvovAoBQKK1ZYiXepRogjibdR56Lv3z6gNiJRN7abYj2GlhJNwcE6KSyeBiDTNoT5vt+7FzSwQjZwXAtURh/Z3tCgLNCgWhLDnO2xXlgssTIbgP4l/oiUyAhXYfE9aCQ8i1FZLsGYms9SW89BW8El9gpBZjAF3oEW1hxVEKOp54Mve3THKQ3aTLQrZelAHZ/IITamG0euMwbbNpNeX/zPq2W2eVLPhUozi4oPFzUzSW1C+5HRhtDIrew6AlwLdyvlbdDArQu24ELwJ1/+S6oHZf+o7F8fls7OR3EskC2yTXaJT47JGbkkV6RCOHkiL+SNvHvP3qv34X0OW6e80cwm+QXv+wd0CKSX</latexit>

↵i
�1↵̃

⌫
�1|0, 0̃i0,0

<latexit sha1_base64="CYYv5uuAtK1DNkAiUrL62t1yC/0=">AAACI3icbZDLSgMxFIYz3q23qks3wSK40JIRUXElunFZwarQqcOZ9LSNzWSGJCOUse/ixldx40Ipblz4LqaXhbcfAj/fOYeT80epFMYy9uFNTE5Nz8zOzRcWFpeWV4qra1cmyTTHKk9kom8iMCiFwqoVVuJNqhHiSOJ11Dkb1K/vURuRqEvbTbEeQ0uJpuBgHQqLxwHItA1hvuv3bgUNrJAN/M7u6APbGWHKAg2qJTHM2Q7rhcUSK7Oh6F/jj02JjFUJi/2gkfAsRmW5BGNqPkttPQdtBZfYKwSZwRR4B1pYc1ZBjKaeD2/s0S1HGrSZaPeUpUP6fSKH2JhuHLnOGGzb/K4N4H+1WmabR/VcqDSzqPhoUTOT1CZ0EBhtCI3cyq4zwLVwf6W8DRq4dbEWXAj+75P/mqu9sn9Q9i/2Syen4zjmyAbZJNvEJ4fkhJyTCqkSTh7JM3klb96T9+L1vfdR64Q3nlknP+R9fgG4daOu</latexit>

↵i
�1↵̃

j
�1|0, 0̃i0,0

<latexit sha1_base64="+/auh30vVVKmaWNxkBqcACzPZww=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiZF1IWLghuXFfrCNobJdNoOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzJ4g5U9pxvq3C2vrG5lZxu7Szu7d/YB8etVSUSEKbJOKR7ARYUc4EbWqmOe3EkuIw4LQdjO8yvz2hUrFINPQ0pl6Ih4INGMHaSL5tN56qF70Q61EQpI8zv+rbZafizIFWiZuTMuSo+/ZXrx+RJKRCE46V6rpOrL0US80Ip7NSL1E0xmSMh7RrqMAhVV46Tz5DZ0bpo0EkzRMazdXfGykOlZqGgZnMMqplLxP/87qJHtx4KRNxoqkgi0ODhCMdoawG1GeSEs2nhmAimcmKyAhLTLQpq2RKcJe/vEpa1Yp7VXEfLsu127yOIpzAKZyDC9dQg3uoQxMITOAZXuHNSq0X6936WIwWrHznGP7A+vwBs5iTCw==</latexit>

T 2/Z2e.g.



STRINGS ON ORBIFOLDS

Restrict the Hilbert space to the invariant fields

<latexit sha1_base64="9Q1d2WZc4kKmipBPoRgHP0Mi+6s="></latexit>

Z = tr

✓
1 + g + g2 + · · ·+ gN�1

N
qM

2
L q̄M

2
R

◆



STRINGS ON ORBIFOLDS

… can be closed modulo che action of the orbifold group

<latexit sha1_base64="jHKHF1hF9gM8plnvCD8ReE65iHw=">AAACIXicbVDJSgNBFOxxjXEb9ejlYRAiSpgR0VyEoBePEcwCmRh6Op2kSc9C9xshhPyKF3/FiwdFchN/xs4ixMSChqKqHq9f+bEUGh3ny1paXlldW09tpDe3tnd27b39so4SxXiJRTJSVZ9qLkXISyhQ8mqsOA18ySt+93bkV5640iIKH7AX83pA26FoCUbRSA07X30UkPW0aAcUTsGLBZyBhzSBE7iGtseaEcJs5tdt2Bkn54wBi8SdkgyZotiwh14zYknAQ2SSal1znRjrfapQMMkHaS/RPKasS9u8ZmhIA67r/fGFAzg2ShNakTIvRBirsxN9GmjdC3yTDCh29Lw3Ev/zagm28vW+COMEecgmi1qJBIxgVBc0heIMZc8QypQwfwXWoYoyNKWmTQnu/MmLpHyecy9z7v1FpnAzrSNFDskRyRKXXJECuSNFUiKMPJNX8k4+rBfrzfq0hpPokjWdOSB/YH3/AE+Xn+k=</latexit>

Xi(� + ⇡, ⌧) = g ·Xi(�, ⌧)

The mode expansion involves non-integer frequencies
The zero-mode is associated to the position of the fixed points



STRINGS ON ORBIFOLDS

Invariant subset of the original states

They have a (quantised) momentum along the 
compact directions and there are free to propagate 

Strings closed modulo the action of the symmetry group

Don’t have momentum and thus are not free to propagate.
They may come in multiple families.

untwisted states

twisted states



STRINGS ON ORBIFOLDS

The twisted sector is essential for the consistency of the theory

The propagation on singular spaces is now consistent

1

1

�

⌧ + g

1

untwisted sector

g+

g

1

g

twisted sector



STRINGS ON ORBIFOLDS

… can yield lower-dimensional chirality

Under a rotation of angle θ on plane, a spinor of helicity η transforms as
<latexit sha1_base64="AYtUfmFT17nD7TdZtEHPexTHWxI=">AAACBHicbVC7SgNBFL3rM8bXqmWawSBYSNgVUcugjWUE84DsGmYnd5Mhsw9mZoWwpLDxV2wsFLH1I+z8GyePQhMvDHPmnHu5c06QCq6043xbS8srq2vrhY3i5tb2zq69t99QSSYZ1lkiEtkKqELBY6xrrgW2Uok0CgQ2g8H1WG8+oFQ8ie/0MEU/or2Yh5xRbaiOXVLE0wnB+5x7qKl59M01It4JUR277FScSZFF4M5AGWZV69hfXjdhWYSxZoIq1XadVPs5lZozgaOilylMKRvQHrYNjGmEys8nJkbkyDBdEibSnFiTCft7IqeRUsMoMJ0R1X01r43J/7R2psNLP+dxmmmM2XRRmAlibI8TIV0ukWkxNIAyyc1fCetTSZk2uRVNCO685UXQOK245xX39qxcvZrFUYASHMIxuHABVbiBGtSBwSM8wyu8WU/Wi/VufUxbl6zZzAH8KevzB0fZlzg=</latexit>

s ! ei⌘✓ s

Therefore, for the orbifold 
<latexit sha1_base64="GLgrXbPvCE75hxXp13avCNjwtV0=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU0mgAsYKFsYi9SXaEDmu01p1HrIdRBXlV1gYQIiVH2Hjb3DbDNByJEtH59yre3y8mDOpLOvbKKysrq1vFDdLW9s7u3vmfrkto0QQ2iIRj0TXw5JyFtKWYorTbiwoDjxOO974Zup3HqmQLAqbahJTJ8DDkPmMYKUl1yw3H2roFPUDrEael95n7rlrVqyqNQNaJnZOKpCj4Zpf/UFEkoCGinAsZc+2YuWkWChGOM1K/UTSGJMxHtKepiEOqHTSWfYMHWtlgPxI6BcqNFN/b6Q4kHISeHpymlEuelPxP6+XKP/KSVkYJ4qGZH7ITzhSEZoWgQZMUKL4RBNMBNNZERlhgYnSdZV0Cfbil5dJ+6xqX1Ttu1qlfp3XUYRDOIITsOES6nALDWgBgSd4hld4MzLjxXg3PuajBSPfOYA/MD5/AGqak2g=</latexit>

T 4/Z3

<latexit sha1_base64="74bOpQYsGosqOQItsV28ikZfibc=">AAACEHicbVDLSsNAFL2pr1pfUZduBotYQUtSRV24KLhxWcE+oAllMp3UoZMHMxOhhHyCG3/FjQtF3Lp05984bbPQ1gMXDufcy733eDFnUlnWt1FYWFxaXimultbWNza3zO2dlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG17w+ux336gQrIovFOjmLoBHoTMZwQrLfXMw4qjfIFJWnNilqWnGTpGJ2hWQ0c9s2xVrQnQPLFzUoYcjZ755fQjkgQ0VIRjKbu2FSs3xUIxwmlWchJJY0yGeEC7moY4oNJNJw9l6EArfeRHQleo0ET9PZHiQMpR4OnOAKt7OeuNxf+8bqL8SzdlYZwoGpLpIj/hSEVonA7qM0GJ4iNNMBFM34rIPdZZKJ1hSYdgz748T1q1qn1etW/PyvWrPI4i7ME+VMCGC6jDDTSgCQQe4Rle4c14Ml6Md+Nj2low8pld+APj8wc1BJtn</latexit>

( 2⇡3 ,� 2⇡
3 )

<latexit sha1_base64="eXQX+EjVeLWhcKBrZDYeExPaXaY="></latexit>

(⌘1, ⌘2, ⌘3|⌘4, ⌘5) ! (⌘1, ⌘2, ⌘3|⌘4, ⌘5) e
2i⇡
3 (⌘4�⌘5)

#(-)=even#(-)=even

<latexit sha1_base64="g1Bk+iXjUH3Vny3emTzACuhRo58=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5CIqMeCF48V7Qc0oWy2m3bpZhN2J2IJ+StePCji1T/izX/jts1BWx8MPN6bYWZemAquwXW/rcra+sbmVnW7trO7t39gH9Y7OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPJzczvPjKleSIfYJqyICYjySNOCRhpYNd9wSLwc5wX2Fd8NAZnYDdcx50DrxKvJA1UojWwv/xhQrOYSaCCaN333BSCnCjgVLCi5meapYROyIj1DZUkZjrI57cX+NQoQxwlypQEPFd/T+Qk1noah6YzJjDWy95M/M/rZxBdBzmXaQZM0sWiKBMYEjwLAg+5YhTE1BBCFTe3YjomilAwcdVMCN7yy6ukc+54l453d9Fo3pdxVNExOkFnyENXqIluUQu1EUVP6Bm9ojersF6sd+tj0Vqxypkj9AfW5w+XIZQ0</latexit> { <latexit sha1_base64="g1Bk+iXjUH3Vny3emTzACuhRo58=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5CIqMeCF48V7Qc0oWy2m3bpZhN2J2IJ+StePCji1T/izX/jts1BWx8MPN6bYWZemAquwXW/rcra+sbmVnW7trO7t39gH9Y7OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPJzczvPjKleSIfYJqyICYjySNOCRhpYNd9wSLwc5wX2Fd8NAZnYDdcx50DrxKvJA1UojWwv/xhQrOYSaCCaN333BSCnCjgVLCi5meapYROyIj1DZUkZjrI57cX+NQoQxwlypQEPFd/T+Qk1noah6YzJjDWy95M/M/rZxBdBzmXaQZM0sWiKBMYEjwLAg+5YhTE1BBCFTe3YjomilAwcdVMCN7yy6ukc+54l453d9Fo3pdxVNExOkFnyENXqIluUQu1EUVP6Bm9ojersF6sd+tj0Vqxypkj9AfW5w+XIZQ0</latexit> {

<latexit sha1_base64="MB4G1t2qJiwa1JJspvM0uAgb9cg=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSFFERhIIXjxXsBzShbLabdulmE3YnQgm5+Fe8eFDEqz/Dm//GbZuDtj4YeLw3w8y8IBFcg+N8W6WV1bX1jfJmZWt7Z3fP3j9o6zhVlLVoLGLVDYhmgkvWAg6CdRPFSBQI1gnGt1O/88iU5rF8gEnC/IgMJQ85JWCkvn3kMSD4BntJhD0IFaGZm2f1vG9XnZozA14mbkGqqECzb395g5imEZNABdG65zoJ+BlRwKlgecVLNUsIHZMh6xkqScS0n80eyPGpUQY4jJUpCXim/p7ISKT1JApMZ0RgpBe9qfif10shvPIzLpMUmKTzRWEqMMR4mgYecMUoiIkhhCpubsV0REwKYDKrmBDcxZeXSbtecy9q7v15tXFdxFFGx+gEnSEXXaIGukNN1EIU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/jcuVug==</latexit>

⌘ = ± 1
2



ANOTHER WAY FOR CHIRALITY

Branes at angles

<latexit sha1_base64="Ek/PF4Utfd3iwSub/rF9O9mrcL4="></latexit>

@�
�
cos ✓X1 + sin ✓X2

�
= 0

@⌧
�
� sin ✓X1 + cos ✓X2

�
= 0

On the torus the angle must be quantised

A D-brane is characterised 
by the wrapping numbers

<latexit sha1_base64="cv+lc3ptPW7avKwdTgEXsSIhhec=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpTdIuqx6MVjBbcttEvJptk2NMkuSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXScKkJ9EvNYdUKsKWeS+oYZTjuJoliEnLbD8d3Mbz9RpVksH80koYHAQ8kiRrCxkl8VF/K8X664NXcOtEq8nFQgR7Nf/uoNYpIKKg3hWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5ZKLKgOsvmxU3RmlQGKYmVLGjRXf09kWGg9EaHtFNiM9LI3E//zuqmJboKMySQ1VJLFoijlyMRo9jkaMEWJ4RNLMFHM3orICCtMjM2nZEPwll9eJa16zbuqeQ+XlcZtHkcRTuAUquDBNTTgHprgAwEGz/AKb450Xpx352PRWnDymWP4A+fzB9IYjgo=</latexit>

(m,n)

<latexit sha1_base64="a3Qjnq5K/A4Ydiawu3VKLMfQxMg=">AAAB8nicbVBNSwMxEM36WetX1aOXYBFaKGVXRb0IRS8eK9gP2C4lm2bb0GyyJLNCKf0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v52V1bX1jc3cVn57Z3dvv3Bw2DQq1ZQ1qBJKt0NimOCSNYCDYO1EMxKHgrXC4d3Ubz0xbbiSjzBKWBCTvuQRpwSs5JfiiizflLzKeblbKLpVdwa8TLyMFFGGerfw1ekpmsZMAhXEGN9zEwjGRAOngk3yndSwhNAh6TPfUkliZoLx7OQJPrVKD0dK25KAZ+rviTGJjRnFoe2MCQzMojcV//P8FKLrYMxlkgKTdL4oSgUGhaf/4x7XjIIYWUKo5vZWTAdEEwo2pbwNwVt8eZk0z6reZdV7uCjWbrM4cugYnaAS8tAVqqF7VEcNRJFCz+gVvTngvDjvzse8dcXJZo7QHzifP2xij2Q=</latexit>

(m,n) = (1, 3)



ANOTHER WAY FOR CHIRALITY

In the presence of multiple branes rotated by different angles

chiral fermions

U(N)

U(M)

(N, M̄)

Degeneracy of the chiral spectrum = intersection number
<latexit sha1_base64="hoCX2QkFDmjWgTV4KbufwEcVvKQ=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAU3FgSEXUjFN3oroK9QBvCyXTSDp1MwsxEKKHgxldx40IRt76EO9/GaZuFtv4w8PGfOZxz/iDhTGnH+bYWFpeWV1YLa8X1jc2tbXtnt6HiVBJaJzGPZSsARTkTtK6Z5rSVSApRwGkzGFyP680HKhWLxb0eJtSLoCdYyAhoY/n2/q2fQTDClzjyAQs/wMeGAkPg2yWn4kyE58HNoYRy1Xz7q9ONSRpRoQkHpdquk2gvA6kZ4XRU7KSKJkAG0KNtgwIiqrxscsMIl43TxWEszRMaT9zfHRlESg0js2o5At1Xs7Wx+V+tnerwwsuYSFJNBZkOClOOdYzHgeAuk5RoPjQARDKzKyZ9kEC0ia1oQnBnT56HxknFPau4d6el6lUeRwEdoEN0hFx0jqroBtVQHRH0iJ7RK3qznqwX6936mH5dsPKePfRH1ucPOuKV+g==</latexit>

Iab = manb �mbna



MAGNETIC FIELD ON A TORUS

On the torus, intersecting branes are T-dual to a magnetic fi

On the torus the flux of the magnetic field is quantised
and the masses are shifted

<latexit sha1_base64="ekWD4iVtcH+m1tek8kBBtU0uSpE="></latexit>

@�X
1 + qF12 @⌧X

2 = 0

@�X
2 � qF12 @⌧X

1 = 0

�M
2 = (2n+ 1)|QH|+ 2⌃12QH

<latexit sha1_base64="FaYp/WlBR7nLKc89s8Cp8xQA+gw=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRFVFwVBHFZwT6wCWEynbRDJ5M4MymUkIUbf8WNC0Xc+hHu/BsnbRbaeuDC4Zx7ufceP2ZUKsv6Nkorq2vrG+XNytb2zu6euX/QkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vsr97oQISSN+p6YxcUM05DSgGCkteWb1AV57qd3I4MRrQIdy6IRIjXw/vc88s2bVrRngMrELUgMFWp755QwinISEK8yQlH3bipWbIqEoZiSrOIkkMcJjNCR9TTkKiXTT2RMZPNbKAAaR0MUVnKm/J1IUSjkNfd2ZXygXvVz8z+snKrhwU8rjRBGO54uChEEVwTwROKCCYMWmmiAsqL4V4hESCCudW0WHYC++vEw6jbp9VrdvT2vNyyKOMqiCI3ACbHAOmuAGtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx+QPrNpb+</latexit>

qF12v2 2 Z

The Landau levels are degenerate

H

q

Σ



ONE (PROMISING) ROAD TO THE STANDARD MODEL

left-handed
quarks left-handed

leptons

right-handed
quarks

right-handed
leptons

U(3)a × U(2)b × U(1)c × U(1)d

QY = 1
6Qa � 1

2Qc +
1
2Qd

(3, 2+, 1, 1) 2 × (3, 2
−

, 1, 1) 3 × (3̄, 1, 1
−

, 1) 3 × (3̄, 1, 1+, 1)quarks:

3 × (1, 1, 1
−

, 1
−

)3 × (1, 2
−

, 1, 1
−

) 3 × (1, 1, 1+, 1
−

)leptons:


