SRS LES DIABLERETS WINTERS SCHOOL 2023
TOPOLOGICAL RECURSION

Exercises

Exercise 1 Example of generating series.
By finding all the genus 0 maps with one boundary of arbitrary length composed only of
triangles, check that

Wo,i(z) = é + ¢ <3313 + f;) +¢3 <f5 + %” + i%.) +0(th.
Exercise 2 Brown’s lemma.
1. Show that No1(k) € t?Qlts, ..., ta][t] for k > 1.
2. Recalling that Ny 1(0) := ¢, show that
V'(x)
x

Poi(z) =t +O(t?)

d
where Py () is the polynomial part of V'(x)Wy1(z) and V'(z) = = — thxj_l.
=3

3. Show that the zeros of V'(x)?* — 4Py 1(x) take the form

Po1(X5)

gy oMY

Vi=1,...,d—1, X;£2

where V/(X;) =0 for all i € [1,d — 1].
4. Prove that the zeros of V'(z)? — 4Py 1 () are further constrained by

a1 ~2Vt+o(Vt) . b~ —=2Vt+o(Vi)

and
ViEIIQ,d—l]], aiNXZ'—i-O(t) , biNXi+O(t).

5. Assume that, for i # 1, a; — b; # 0 to some order in t. Show that this implies that
Wo.1(x)has a pole at x = X; to some order in tEI.

6. Conclude that
V/(a:)2 — 4Py (x) = M(az)2(a§ —ay)(z — by).

Exercise 3 Rational parameterisation.
Let us consider the function

a+b a-—b» 1
W)=+ # 72

where a = a4+ 27y and b = o — 27y as well as the polynomial

d
Vi(z) =2 — thxj_l.
j=3

1. Look at the behavior of \/(z — a;)(z — b;) as a;,b; — X;.




1. Show that one can write

k=0
where
o [] |
I! %k I+k—2j
ug = adko + Yok — ZES ey 77 a 7.
Z;j:k g1 =k +k—25)!

d—1
2. Prove that Wo1(z) = £ + O(27%) together with Wo1(2(2)) = Zukz_k imply that
k=1

ug =
Ul =

Qe+ O

Exercise 4 Triangulations.

Let us study triangulations by setting d = 3 and considering V'(z) = = — t322.

1. Using the expression of uy of exercise 3, show that the constraints ug = 0 and u; = %
imply that

2. Defining r := 7727 show that
_ 1—
o = %
r—r3= 8tt§
and 7 =14 O(t).

3. In order to enumerate maps composed of triangles, one is interested in the expansion
of these quantities as series in ¢ and ¢3. Let us thus write r = > oo ¢, (8¢t3)™ for some
coefficients ¢, to be determined. Remark that one can write

d(8tt3)
o= RS syt

Using a simple change of variable for the computation of the residue, show that

Cp = —————=2—"
20l (23]
where the I' function satisfies
1 2n — 1!
vneN, I(n+3) = (”2”)\/7? and  T(n) = (n— 1)L



4. Let us remind that the number of triangulations of a disc with boundary of length [
reads
Noa(l) = — Res Wy i (x)xldx.

T—00

Show that it implies that

(k — ! I—1—k—j _k+j

N _ Jk+74+2 L

0,1(0) Z (j+1)!(k+1)!(l—1—j—k)!a ! e
Jj+k<l

j<k<ij+3

5. Combining the computations above check that

t 1 2t2 I (32 +1)
No1()=—=|—-+4—14 3) === sud)n 2 .
01(D) = 8t3< . r+r> ts D (8it}) (n+2)T(2+1)

n>1
6. What is the number of triangulations with one marked face among a total of 2n faces?

Exercise 5 Computation of the first correlation functions.

Let us consider the curve
{ z(z) =a+v(z+1)
y(2)

where y(z) is an arbitrary function of z holomorphic at z = +1.
Show that the topological recursion builds the correlation functions

1 1 1 1
29y (1) (21 — 1)2(22 — 1)%(23 — 1)? + 29y (—1) (21 + 1)?(22 + 1)%(23 + 1)?

w0,3(217 22, 23) = -

and
') Y

+ ;
1 1 1 YD) " 3y'(1)
wii(z) = 1MMU<®4¥+@4P 2(z-1)?

1_y”( 1>+ ///< 1)
+ 1 1 o 1 + y/'(=1) " 3y/(=1)
16y’ (—1) (z+1)* (z+1)3 2(2+1)? :

Exercise 6 Airy curve.
Let us consider the curve 32 = z, i.e.

x(2) = 22
y(z) =2
wo,2(21, 22) = %

1. Compute wp 3, wo4 and wy 1.

2. Check that the topological recursion is equivalent to

n
B (2d; + D! dz;
VQQ —24n>0 ) w97N<217 AR Z'fl) - (_2)29 2 Z <Td1 Td" g,m H 2d +2 Z

deNn i=1



where the coefficients (7y, ...74,),, satisy

n

(2k1+2k;—1)!!
2k + DN (Thy - Thn ) Z 12kv—1 i (Tho - “Thjthki—1 - 'Tk">g,n—1

+2 Z (20 + 1)1 (25 + ! |:<Ti7'j7'k2 . "Tkn>g—1,n+1 +

=

i+j=k1—2
stable
Z <TiTA>gl,|A|+1 <TjTB>gQ,|B|+1
AUB:{kQ,...,kn}
g1+g2=4g

where the term stable in the sum means that one sets (1), = (7471)yo = 0 in the
sum. 7 7
3. Show that the formula above is equivalent to Witten-Kontsevich conjecture (or Vira-
soro constraints for the Gromov-Witten invariants of the point). Namely, check that it
is equivalent to
Vn > -1, Ln(eF) =0

order by order in h where

F = ihQQ—QZ <ﬁffﬂ'> fj/;

g=0 {kj} \3=0 g,
where the sum is over all sequence of non-negative integer with only finitely non-zero
terms and
. (nt3)! +§: 2j + 2n 4 1)!! +h2”*1 2j + ) (2n —2j — I 92
T okl 9t (2 -ttt ]8t]+n 2 — on+1 Otj Oty—j—1

satisfy [Ly, L] = (n — m)Lytm.

Exercise 7 Properties.
Show the following properties of the correlation functions wy , built by topological recur-
sion.

1. For 2g — 2+ n > 0, wy, has poles only at the branch points and vanishing residue
there.

2. Linear loop equations :

V2g—24+n>0, VAeC, Z wWgn(z,22,...,2n) =0

ze€x—1(N)
and
V2g—24+n>0, VAeC, Z Wgn(21,2,23,...,2p) =0
z€x—1(N)
3. Periods :

Vz:l’g,\v/']:]_,n,f Wg,n(zla---vzn)zo’
2;€A;

This will be proved by reminding that it is true by definition for wq 2.



4. Quadratic loop equations : for (k, g) # (0,1)

1 g

Pg,k’()\az) = @ Z wg—l,k+2(zv sz) + Z Z wh,|A|+1(zv A)wg—h,\B|+1(zv B)
zex~1(N) h=0 ALIB=z=

where z = {z1,...,2,}, is a rational function of A without any pole at the image of

the branch points.

In order to prove it, using the linear loop equations, first show that

Z
— 1 fo—a( )w072(z")
wekt1(2,2) = —3 ;_e)i2(W0,1(Z)Z_W0,1(Ua(z)))|:
a€ER

_9 Z WQ71(p)Wg,k+1(p7Z)}'

pex—H(z(2))

Py ((Z), 2)de(Z)?

Then prove that the last term in the RHS is actually itself equal to wy +1(%, z) implying
that

0= 3 R I DO ez
T 2 2503(w01(2) — won(0a(2))) ST HERET

ac

Finally, this implies for any m € N and any b € R that

Jouizy #02(2,°)
0= Res (y()—y(2))( Z Res oot Z)Z_ oo P @), (D),

To conclude prove that it is equivalent to

0= Res(x(z) — x(b))" Py r(x(2),z)dx(z)

z—b

leading to the result.

5. Symmetry : wy, is invariant under permutation of its n variables. One just has to
prove the symmetry under the permutation of the two first variables. For doing so, run
two steps of the recursion in two different ways. First consider the recursion starting
with the first variable and then run the recursion with the second variable for the
correlation functions obtained after the first step. Then do the same thing starting
with the second variable and then running the recursion for the first variable in the
second step. Then prove that both procedure give the same result using the properties
above.



