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BERRY φ IN GENERAL

Reminder on Berry φ :

I Quantum system depending on parameters g
I Parameter-dep. energy eigenstates |ψ(g)〉
I Vary parameters adiabatically and cyclically

⇒ gt

I Wave function picks

phase
∮

dt E︸ ︷︷ ︸
Dynamical φ

− i
∮

dt
〈
ψ(gt)

∣∣ ∂
∂t
∣∣ψ(gt)

〉
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Berry φ

What Berry phase is produced by sample diffeos ?
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BERRY φ FROM 1D DIFFEOS

Particle on circle ⇒ position ϕ ∼ ϕ+ 2π

I Wave function ψ(ϕ) on S1

I Let ϕ 7→ g(ϕ) be a diffeo

I Unitary Diff S1 action :
(
U [ g]ψ

)
(ϕ)

=
√

(g−1)′(ϕ)ψ
(
g−1(ϕ)

)

Choose adiabatic, cyclic gt(ϕ)

I Assume ψ(ϕ) ∝ e ijϕ

I Berry phases ?

I Berry = i
∫

dt
〈
ψ
∣∣U [ gt]

−1 ∂

∂t
U [ gt]

∣∣ψ〉

= j
∫

dt dϕ
ġ
g′
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j
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I Extra term in Berry φ :

Berry =

∮
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[
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(
g′′

g′
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[Alekseev-Shatashvili 1989]

[BO 2017]
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Electron in R2

I Hilbert space L2(R2)

I Unitary diffeos ?

(to compare wave functions)

(U [ g]ψ) (x) ≡

e iq
∫ x

o (A−ḡ∗A)︸ ︷︷ ︸
compensating gauge tsf

ψ
(

ḡ(x)
)

Action on Hamiltonian ?

I U [ g]H U [ g]−1 ∼ (pj − qAj) Gjk(x) (pk − qAk) + V
( )

with Gjk = metric induced by diffeo

I Deform both metric and potential
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o (A−ḡ∗A)︸ ︷︷ ︸
compensating gauge tsf

ψ
(
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ḡ(x)

)

with Gjk = metric induced by diffeo

I Deform both metric and potential



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

QUANTOMORPHISMS

Electron in R2

I Hilbert space L2(R2)

I Unitary diffeos preserving A = quantomorphisms :
(to compare wave functions)

(U [ g]ψ) (x) ≡ e iq
∫ x
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o (A−ḡ∗A)︸ ︷︷ ︸
compensating gauge tsf

ψ
(
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ḡ(x)
)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

QUANTOMORPHISMS

Electron in R2

I Hilbert space L2(R2)

I Unitary diffeos preserving A = quantomorphisms :
(to compare wave functions)

(U [ g]ψ) (x) ≡ e iq
∫ x
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ḡ(x)
)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

QUANTOMORPHISMS

Electron in R2

I Hilbert space L2(R2)

I Unitary diffeos preserving A = quantomorphisms :
(to compare wave functions)

(U [ g]ψ) (x) ≡ e iq
∫ x
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ḡ(x)
)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

QUANTOMORPHISMS

Electron in R2

I Hilbert space L2(R2)

I Unitary diffeos preserving A = quantomorphisms :
(to compare wave functions)

(U [ g]ψ) (x) ≡ e iq
∫ x
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ḡ(x)
)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

QUANTOMORPHISMS

Electron in R2

I Hilbert space L2(R2)

I Unitary diffeos preserving A = quantomorphisms :
(to compare wave functions)

(U [ g]ψ) (x) ≡ e iq
∫ x
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ḡ(x)
)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

QUANTOMORPHISMS

Electron in R2

I Hilbert space L2(R2)

I Unitary diffeos preserving A = quantomorphisms :
(to compare wave functions)

(U [ g]ψ) (x) ≡ e iq
∫ x
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ḡ(x)
)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ FROM 2D DIFFEOS

Neutral preliminary

: (U [ g]ψ)(x) ≡ ψ(ḡ(x))

I Energy eigenstate ψ
I Apply adiabatic diffeos gt(x)

Charged version ?

Berry = i
∫

dt
〈
ψ
∣∣U [ gt]

† ∂

∂t
U [ gt]

∣∣ψ〉

+ q
∫

d2x |ψ(x)|2
∮

gt(x)

A

I Measures current j = 1
2i(ψ

∗dψ − ψdψ∗)
I Involves fluid velocity ˙̄g ◦ g

≡ −ḡ ġ

I ...and Aharonov-Bohm φ
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I Energy eigenstate ψ
I Apply adiabatic diffeos gt(x)

Charged version ?

Berry =−
∫

dt
∫

d2x ˙̄g(g(x))i ji

+ q
∫

d2x |ψ(x)|2
∮

gt(x)

A

I Measures current j = 1
2i(ψ

∗dψ − ψdψ∗)

I Involves fluid velocity ˙̄g ◦ g

≡ −ḡ ġ
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I Energy eigenstate ψ
I Apply adiabatic diffeos gt(x)

Charged version ?

Berry =

∫
dt
∫

d2x 〈 j, ḡ ġ〉
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I ...and Aharonov-Bohm φ



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ FROM 2D DIFFEOS

Neutral preliminary : (U [ g]ψ)(x) ≡ ψ(ḡ(x))
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I ...and Aharonov-Bohm φ



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ FROM 2D DIFFEOS

I Applies to any wave function !
I For isotropic Hall droplet :

I Density ρ(r)

I Current J(r)dϕ

I Edge diffeos g(r2, ϕ) =
( r2

g′(ϕ) , g(ϕ)
)

:

Berry = Current × Velocity + Density × Aharonov-Bohm

Berry =
∫

r dr [
y

Berry =
∫

r∝ Hall viscosity [BO, Estienne 2022]
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ġ
g′

as in 1D !
Berry =

∫
r dr [

y
Berry =

∫
r∝ Hall viscosity [BO, Estienne 2022]



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ FROM 2D DIFFEOS

I Applies to any wave function !
I For isotropic Hall droplet :

I Density ρ(r)

I Current J(r)dϕ

I Edge diffeos g(r2, ϕ) =
( r2

g′(ϕ) , g(ϕ)
)

:

Berry =

∫
r dr
[

J + ρ r2

2`2

] ∫
dt dϕ

ġ
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ġ
g′

as in 1D !
Berry =

∫
r dr [

y
Berry =

∫
r∝ Hall viscosity [BO, Estienne 2022]



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ FROM 2D DIFFEOS

I Applies to any wave function !
I For isotropic Hall droplet :

I Density ρ(r)

I Current J(r)dϕ

I Edge diffeos g(r2, ϕ) =
( r2

g′(ϕ) , g(ϕ)
)

:

Berry =

∫
r dr

[
J + ρ r2

2`2

] ∫
dt dϕ

ġ
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ġ
g′

as in 1D !
Berry =

∫
r dr [

y
Berry =

∫
r∝ Hall viscosity [BO, Estienne 2022]



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ FROM 2D DIFFEOS

I Applies to any wave function !
I For isotropic Hall droplet :

I Density ρ(r)

I Current J(r)dϕ

I Edge diffeos g(r2, ϕ) =
( r2

g′(ϕ) , g(ϕ)
)

:

Berry =

∫
r dr

[
J + ρ r2

2`2

] ∫
dt dϕ

ġ
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I V(ḡ(x)) monotonous

I Strong B�weak V

⇒work in lowest Landau level !



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

DEFORMED POTENTIALS

Setup : Electrons in 2D plane + magnetic field
I Hamiltonian H ∼ V(x) + (p− qA)2

I How to deform droplet ?

I Deform potential : Hg ∼ V
(
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WKB ansatz for ψm :

I Pick equipotential

with area 2πm`2

I Let |ψm〉 = P
∮

dθ eimθ n(θ) |xm,θ〉
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BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2

2 ḡ′t(ϕ)

)
I Berry phase ?

I ψg ∼ eimḡ(ϕ)+iΦ(ϕ)(
1
ḡ′ [1+

ḡ′′2

4ḡ′2
]
)1/4 exp

[
− (|z|−

√
mḡ′)2

1−i ḡ′′
2ḡ′

]

Berry =

∮
dt dϕ

ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase !
I Central term reminiscent of CFT !
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ḡ′′2

4ḡ′2
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2ḡ′

]

Berry =

∮
dt dϕ

ġ
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ḡ′ [1+
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2ḡ′
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ḡ′′2

4ḡ′2
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ḡ′′2

4ḡ′2
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ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase !
I Central term reminiscent of CFT !
I To be continued :-)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2
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ḡ′′2

4ḡ′2
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ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase !
I Central term reminiscent of CFT !
I To be continued :-)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2
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ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase !
I Central term reminiscent of CFT !
I To be continued :-)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2
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4ḡ′2
]
)1/4 exp

[
− (|z|−

√
mḡ′)2

1−i ḡ′′
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4ḡ′2
]
)1/4 exp

[
− (|z|−

√
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ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase !
I Central term reminiscent of CFT !
I To be continued :-)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2
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ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase !
I Central term reminiscent of CFT !
I To be continued :-)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2
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2 ḡ′t(ϕ)

)

I Berry phase ?

I ψg ∼ eimḡ(ϕ)+iΦ(ϕ)(
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ḡ′′2

4ḡ′2
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I ψg ∼ eimḡ(ϕ)+iΦ(ϕ)(
1
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2ḡ′

]

Berry =

∮
dt dϕ

ġ
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2ḡ′
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ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase !
I Central term reminiscent of CFT !
I To be continued :-)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2
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ḡ′ [1+
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2ḡ′

]

Berry =

∮
dt dϕ

ġ
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4ḡ′2
]
)1/4 exp

[
− (|z|−

√
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ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase !
I Central term reminiscent of CFT !
I To be continued :-)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2

2 ḡ′t(ϕ)

)
I Berry = i

∮
dt〈ψg|∂t|ψg〉

I ψg ∼ eimḡ(ϕ)+iΦ(ϕ)(
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I ψg ∼ eimḡ(ϕ)+iΦ(ϕ)(
1
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2 ḡ′t(ϕ)

)
I Berry = i

∮
dt〈ψg|∂t|ψg〉

I ψg ∼ eimḡ(ϕ)+iΦ(ϕ)(
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ġ
g′

[

m

+
1
4

(
g′′

g′

)′ ]
+ many other terms :-(

I Aharonov-Bohm phase as in quantomorphisms

I Central term reminiscent of CFT !
I To be continued :-)



Intro Berry φ in 1D 2D quantomorphisms 2D deformed potentials Conclusion

BERRY φ AND CENTRAL CHARGE ?

Change potential adiabatically :

I V(x) = F
(

r2
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2ḡ′
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ḡ′′2

4ḡ′2
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2ḡ′
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Study topological invariance through smooth deformations

I Find Berry φ due to two kinds of "deformations"
I Quantomorphisms under control, contain Hall viscosity
I LLL-projected potential deformations are neat

but require more work

Numerous follow-ups

:

I Plasma analogy in anisotropic droplets ?
I Nonlinear edge waves as time-dep deformations ?
I Anisotropic Laughlin states ?
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