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Figure 22.1: The abundances of 4He, D, 3
He, and 7Li as predicted by the standard

model of Big-Bang nucleosynthesis —
the bands show the 95%

CL range. Boxes

indicate the observed light element abundances. The narrow vertical band indicates

the CMB measure of the cosmic baryon density, while the wider band indicates the

BBN concordance range (both at 95% CL).

December 18, 2013
11:56

Planck Collaboration



So far all probes have been 
gravitational in nature

Advance in Perihelion of Mercury needed new physics 
(general relativity) to explain it. (Originally thought to be 
planet Vulcan!)

Curious

Neptune discovered by wobble in orbit of Uranus
—original DM!

What about other interactions?



DM as a thermal relic “The weak shall inherit the Universe”

§WIMP
superWIMP

FIG. 14: In superWIMP scenarios, a WIMP freezes out as usual, but then decays to a superWIMP,
a superweakly-interacting particle that forms dark matter.

IV. SUPERWIMPS

In superWIMP scenarios [32, 33], a WIMP freezes out as usual, but then decays to a
stable dark matter particle that interacts superweakly, as shown in Fig. 14. The prototypical
example of a superWIMP is a weak-scale gravitino produced non-thermally in the late
decays of a weakly-interacting next-to-lightest supersymmetric particle (NLSP), such as a
neutralino, charged slepton, or sneutrino [32, 33, 56, 57, 58, 59, 60, 61]. Additional examples
include axinos [23, 62] and quintessinos [63] in supersymmetry, Kaluza-Klein graviton and
axion states in models with universal extra dimensions [64], and stable particles in models
that simultaneously address the problem of baryon asymmetry [65]. SuperWIMPs have
all of the virtues of WIMPs. They exist in the same well-motivated frameworks and are
stable for the same reasons. In addition, in many cases the WIMP and superWIMP masses
have the same origin. In these cases, the decaying WIMP and superWIMP naturally have
comparable masses, and superWIMPs also are automatically produced with relic densities
of the desired order of magnitude.

As noted above, superWIMPs exist in many different contexts. We concentrate here on
the case of gravitino superWIMPs. In the simplest supersymmetric models, supersymme-
try is transmitted to standard model superpartners through gravitational interactions, and
supersymmetry is broken at a high scale. The mass of the gravitino G̃ is

mG̃ =
F√
3M∗

, (11)
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an ideal preparation to tackle problems in broad areas of basic science, engineering, industry, and even the
financial sectors.

In this paper, we discuss the context for direct detection experiments in the search for dark matter and
describe briefly the current state of theoretical models for WIMPs. A brief review of the technologies
and experiments is presented, along with a discussion of facilities and instrumentation that enable such
experiments, and a description of other physics that these experiments can do. We end with a discussion
of how the field is likely to evolve over the next two decades, with a specific roadmap and criteria for new
experiments.

The international dark matter program is expected to evolve from currently-running (G1) experiments to
G2 experiments (defined as in R&D or construction now), to G3 experiments which will eventually reach
the irreducible neutrino background. Down-selection and consolidation will occur at each stage, given the
growing financial cost and manpower needs of these experiments. The DOE has a formal down-selection
process for one or more major G2 experiments. Since substantial NSF contributions are also expected,
XENON1T is considered to be a joint NSF/international US-led G2 experiment. Additional G2 experiments
may also move to construction in the coming year by either having relatively low overall cost or relatively
low cost to DOE/NSF. It is unclear when and how the U.S. funding agencies will select G3 experiments, but
such a stage is on their planning horizon. It is expected that only one or two U.S.-led G3 experiments at
the $100M range will be financially tenable.

3 Dark Matter Direct Detection in Context

Direct detection is only one method to search for dark matter. Because dark matter can potentially interact
with any of the known particles or, as in the case of hidden sector dark matter, another currently unknown
particle (as shown in Fig. 5), it is important to place direct detection in the larger context of dark matter
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Figure 5. Dark matter may have non-gravitational interactions with any of the known particles as well as
other dark particles, and these interactions can be probed in several di↵erent ways.

research. The Snowmass Cosmic Frontier Working Group CF4 has prepared a report [2] exploring the

Community Planning Study: Snowmass 2013

FIGURE 2. Simulated GLAST allsky map of neutralino DM annihilation in the Galactic halo, for a fiducial observer located 8
kpc from the halo center along the intermediate principle axis. We assumed Mχ = 46 GeV, 〈σv〉 = 5×10−26 cm3 s−1, a pixel size
of 9 arcmin, and a 2 year exposure time. The flux from the subhalos has been boosted by a factor of 10 (see text for explanation).
Backgrounds and known astrophysical gamma-ray sources have not been included.

DM ANNIHILATION ALLSKY MAP

Using the DM distribution in our Via Lactea simulation, we have constructed allsky maps of the gamma-ray flux from
DM annihilation in our Galaxy. As an illustrative example we have elected to pick a specific set of DM particle physics
and realistic GLAST/LAT parameters. This allows us to present maps of expected photon counts.

The number of detected DM annihilation gamma-ray photons from a solid angle ΔΩ along a given line of sight (θ ,
φ ) over an integration time of τexp is given by

Nγ (θ ,φ) = ΔΩ τexp
〈σv〉
M2
χ

[

∫ Mχ

Eth

(

dNγ
dE

)

Aeff(E)dE
]

∫

los
ρ(l)2dl, (2)

where Mχ and 〈σv〉 are the DM particle mass and velocity-weighted cross section, Eth and Aeff(E) are the detector
threshold and energy-dependent effective area, and dNγ/dE is the annihilation spectrum.

We assume that the DM particle is a neutralino and have chosen standard values for the particle mass and annihilation
cross section: Mχ = 46 GeV and 〈σv〉= 5×10−26 cm3 s−1. These values are somewhat favorable, but well within the
range of theoretically and observationally allowed models. As a caveat we note that the allowed Mχ -〈σv〉 parameter
space is enormous (see e.g. [7]), and it is quite possible that the true values lie orders of magnitude away from the
chosen ones, or indeed that the DM particle is not a neutralino, or not even weakly interacting at all. We include only
the continuum emission due to the hadronization and decay of the annihilation products (b  b and u  u only, for our low
Mχ ) and use the spectrum dNγ/dE given in [8].

For the detector parameters we chose an exposure time of τexp = 2 years and a pixel angular size of Δθ = 9 arcmin,
corresponding to the 68% containment GLAST/LAT angular resolution. For the effective area we used the curve
published on the GLAST/LAT performance website [9] and adopted a threshold energy of Eth = 0.45 GeV (chosen to
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Figure 12: Left : Neutrino isoevent contour lines (long dash orange) compared with current limits and regions of interest. The
contours delineate regions in the WIMP-nucleon cross section vs WIMP mass plane which for which dark matter experiments
will see neutrino events (see Sec. IIID). Right : WIMP discovery limit (thick dashed orange) compared with current limits
and regions of interest. The dominant neutrino components for different WIMP mass regions are labeled. Progress beyond
this line would require a combination of better knowledge of the neutrino background, annual modulation, and/or directional
detection. We show 90% confidence exclusion limits from DAMIC [55] (light blue), SIMPLE [56] (purple), COUPP [57] (teal),
ZEPLIN-III [58] (blue), EDELWEISS standard [59] and low-threshold [60] (orange), CDMS II Ge standard [61], low-threshold
[62] and CDMSlite [63] (red), XENON10 S2-only [64] and XENON100 [65] (dark green) and LUX [66] (light green). The filled
regions identify possible signal regions associated with data from CDMS-II Si [1] (light blue, 90% C.L.), CoGeNT [67] (yellow,
90% C.L.), DAMA/LIBRA [68] (tan, 99.7% C.L.), and CRESST [69] (pink, 95.45% C.L.) experiments. The light green shaded
region is the parameter space excluded by the LUX Collaboration.

3. Measurement of annual modulation. In the case of
a 6 GeV/c2 WIMP, next generation experiments
could reach sufficiently high statistics to disen-
tangle the WIMP and the neutrino contributions
using the 6% annual modulation rate of dark mat-
ter interactions [54]. However, in the case of hea-
vier WIMPs, very large and unrealistic exposures
would be required to obtain enough events to detect
such predicted annual modulation for cross sections
around 10−48 cm2. Furthermore, the atmospheric
neutrino event rate also undergoes annual modula-
tion due to the change in temperature of the atmos-
phere throughout the year [50]. A dedicated study
taking into account systematic uncertainties in the
neutrino fluxes and their modulations is required
to assess the feasibility of annual modulation dis-
crimination in light of atmospheric neutrino back-
grounds.

4. Measurement of the nuclear recoil direction as

suggested by upcoming directional detection expe-
riments [51]. Since the main neutrino background
has a solar origin, the directional signal of such
events is expected to be drastically different than
the WIMP-induced ones [52, 53]. This way, a
better discrimination between WIMP and neutrino
events will enhance the WIMP detection signifi-
cance allowing us to get stronger discovery limits.
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The SIMP Miracle
====================================================================25% of the authors prefer the title: ‘SIMP Dark Matter’. They are uncomfortable with the term ‘miracle’ in this scenario. Damn democracy!==================================================================.
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We present a new paradigm for achieving thermal relic dark matter. The mechanism arises when
a nearly secluded dark sector is thermalized with the Standard Model after reheating. The freezeout
process is a number-changing 3 ! 2 annihilation of strongly-interacting-massive-particles (SIMPs)
in the dark sector, and points to sub-GeV dark matter. The couplings to the visible sector, necessary
for maintaining thermal equilibrium with the Standard Model, imply measurable signals that will
allow coverage of a significant part of the parameter space with future indirect- and direct-detection
experiments and via direct production of dark matter at colliders. Moreover, 3 ! 2 annihilations
typically predict sizable 2 ! 2 self-interactions which naturally address the ‘core vs. cusp’ and
‘too-big-to-fail’ small structure problems.

INTRODUCTION

Dark matter (DM) makes up the majority of the mass
in the Universe, however, its identity is unknown. The
few properties known about DM are that it is cold and
massive, it is not electrically charged, it is not colored and
it is not very strongly self-interacting. One possibility for
the identity of DM is that it is a thermal relic from the
early Universe. Cold thermal relics are predicted to have
a mass

mDM ⇠ ↵ann (TeqMPl)
1/2

⇠ TeV , (1)

where ↵ann is the e↵ective coupling constant of the 2 ! 2
DM annihilation cross section, taken to be of order weak
processes ↵ann ' 1/30 above, Teq is the matter-radiation
equality temperature and MPl is the reduced Planck
mass. The emergence of the weak scale from a geomet-
ric mean of two unrelated scales, frequently called the
WIMP miracle, provides an alternate motivation beyond
the hierarchy problem for TeV-scale new physics.

In this work we show that there is another mechanism
that can produce thermal relic DM even if ↵ann ' 0. In
this limit, while thermal DM cannot freeze out through
the standard 2 ! 2 annihilation, it may do so via a 3 ! 2
process, where three DM particles collide and produce
two DM particles. The mass scale that is indicated by
this mechanism is given by a generalized geometric mean,

mDM ⇠ ↵e↵

�
T

2
eqMPl

�1/3
⇠ 100 MeV , (2)

where ↵e↵ is the e↵ective strength of the self-interaction
of the DM which we take as ↵e↵ ' 1 in the above. As
we will see, the 3 ! 2 mechanism points to strongly self-
interacting DM at or below the GeV scale. In similar
fashion, a 4 ! 2 annihilation mechanism, relevant if DM
is charged under a Z2 symmetry, leads to DM in the keV

↵e↵ ' 1 ↵e↵ ' 1

DM
3→2 2→2 

✏ � 1

Kin. Eq.

FIG. 1: A schematic description of the SIMP paradigm. The
dark sector consists of DM which annihilates via a 3 ! 2 pro-
cess. Small couplings to the visible sector allow for thermal-
ization of the two sectors, thereby allowing heat to flow from
the dark sector to the visible one. DM self interactions are
naturally predicted to explain small scale structure anomalies
while the couplings to the visible sector predict measurable
consequences.

to MeV mass range. In this case, however, a more com-
plicated production mechanism, such as freeze-out and
decay, is typically needed to evade cosmological bounds.

If the dark sector does not have su�cient couplings
to the visible sector for it to remain in thermal equilib-
rium, the 3 ! 2 annihilations heat up the DM, signif-
icantly altering structure formation [1, 2]. In contrast,
a crucial aspect of the mechanism described here is that
the dark sector is in thermal equilibrium with the Stan-
dard Model (SM), i.e. the DM has a phase-space dis-
tribution given by the temperature of the photon bath.
Thus, the scattering with the SM bath enables the DM to
cool o↵ as heat is being pumped in from the 3 ! 2 pro-
cess. Consequently, the 3 ! 2 thermal freeze-out mech-
anism generically requires measurable couplings between
the DM and visible sectors. A schematic description of
the SIMP paradigm is presented in Fig. 1.

The phenomenological consequences of this paradigm
are two-fold. First, the significant DM self-interactions
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cool o↵ as heat is being pumped in from the 3 ! 2 pro-
cess. Consequently, the 3 ! 2 thermal freeze-out mech-
anism generically requires measurable couplings between
the DM and visible sectors. A schematic description of
the SIMP paradigm is presented in Fig. 1.

The phenomenological consequences of this paradigm
are two-fold. First, the significant DM self-interactions
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FIG. 1: Mass ranges for dark matter and mediator particle candidates, experimental anomalies,
and search techniques described in this document. All mass ranges are merely representative; for
details, see the text. The QCD axion mass upper bound is set by supernova constraints, and
may be significantly raised by astrophysical uncertainties. Axion-like dark matter may also have
lower masses than depicted. Ultralight Dark Matter and Hidden Sector Dark Matter are broad
frameworks. Mass ranges corresponding to various production mechanisms within each framework
are shown and are discussed in Sec. II. The Beryllium-8, muon (g � 2), and small-scale structure
anomalies are described in VII. The search techniques of Coherent Field Searches, Direct Detection,
and Accelerators are described in Secs. V, IV, and VI, respectively, and Nuclear and Atomic Physics
and Microlensing searches are described in Sec. VII.
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Given the wide range of possible dark matter candidates, it is useful to focus the search427

for dark matter by putting it in the context of what is known about our cosmological history428

and the interactions of the Standard Model, by posing questions like: What is the (particle429

physics) origin of the dark matter particles’ mass? What is the (cosmological) origin of430

the abundance of dark matter seen today? How do dark matter particles interact, both431

with one another and with the constituents of familiar matter? And what other observable432

consequences might we expect from this physics, in addition to the existence of dark matter?433

Might existing observations or theoretical puzzles be closely tied to the physics of dark434

matter? These questions have many possible answers — indeed, this is one reason why435
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Inelastic scattering of DM
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[Tucker-Smith and Weiner]

Can be endothermic (iDM) or exothermic 
[Graham, Harnik, Rajendran, Saraswat]

Mass splitting frontier



Inelastic kinematics

� . 300 keV. By including larger nuclear recoil energies in future analyses, the combined reach of
these experiments can be extended to � ⇠ 550 keV, and the iodine based-results can be improved
upon by over an order of magnitude in much of the parameter space, just using present xenon
exposures. Moreover, our study reveals that because tungsten is the heaviest element currently
employed in dark matter experiments, experiments like CRESST can probe the largest inelastic dark
matter mass splitting.2

There are now many examples of well-motivated dark matter models that predict sizable inelastic
mass splittings, in this work we will consider three examples. A supersymmetric example is Higgsino
dark matter with O(100) keV mass splittings between the Higgsino states induced by mixing with
very heavy, or carefully tuned, neutralinos. In this case the coupling to the nucleus is through Z

exchange. For our second example, we consider DM-nucleus interactions that take place through
photon exchange. Specifically, we will focus on magnetic inelastic dark matter (MIDM) [18, 20],
where the DM-photon coupling is a transition dipole operator, between states split by O(100) keV.
In our third example, the state exchanged during direct detection is a dark photon of mass ⇠ 0.1�10
GeV; here the dark sector inelastic splitting arises from coupling to the scalar that makes the dark
photon massive. Further details on these models will be given in Sec. 5.

The setup of the rest of this paper is as follows. In Sec. 2, we explore the kinematics of inelastic
scattering, particularly studying how detector nuclear recoil energies and velocity phase space a↵ect
searches for dark matter with a large inelastic mass splitting. In Sec. 3, we examine the dark matter-
nuclear scattering rate at large inelastic mass splittings and recoil energies for xenon and tungsten
targets. Sec. 4 finds how existing and prospective dark matter direct detection analyses can bound
inelastic dark matter. In Sec. 5, we explore a number of dark matter models that give rise to a large
inelastic mass splitting. In Sec. 6, we note that four events recently observed in the ER = 30-120 keV
recoil energy band at CRESST would be consistent with 1 TeV WIMP-like dark matter with a
⇠ 200 keV mass splitting. In Sec. 7 we conclude.

2 Inelastic Kinematics

To begin, we examine kinematic properties of inelastic dark matter (see e.g. [2,6,12,24,25] for prior
discussion). Here we will scrutinize the impact of dark matter inelastic mass splitting � and dark
matter velocity v on the spectrum of expected nuclear recoil event energies at fixed target dark
matter searches. The kinetic energy of a dark matter particle is E0 = 1

2
mXv

2, where the velocity v

is in the laboratory frame. In the non-relativistic limit appropriate for dark matter scattering, the
recoil energy is

ER =
µ

mN

h�
µv

2 cos2 ✓lab � �
�
± (µv2 cos2 ✓lab)

1/2
�
µv

2 cos2 ✓lab � 2�
�1/2i

,

where ✓lab is the scattering angle in the laboratory frame, and µ is the reduced mass of dark matter
and the nucleus. We illustrate the kinematically allowed space of recoil energies as a function of
velocity in Fig. 1. The contours correspond to maximal scattering angle, i.e., cos2 ✓lab = 1. In this
figure, we show several target elements for a fixed dark matter mass mX = 1TeV and several di↵erent
inelastic splittings.

Notice that there is both a lower bound and an upper bound on the recoil energy, assuming
a maximum incoming terrestrial dark matter speed. Unsurprisingly, the maximum recoil energy

2
The heavier element thallium (A = 205) is used as a doping agent in the DAMA [22] and KIMS [23] experiments,

with O(10
�3

) concentrations. This impurity is too small to provide a meaningful bound but has been investigated in

the past as a possible inelastic explanation of the DAMA excess [24].
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Inelastic Dark Matter (iDM)

•Requires “large” momentum exchange to upscatter
•Favours high velocity tail of phase space distribution
•Increased modulation
•Prefers heavy targets e.g. iodine, xenon, tungsten,..
•Recoil spectrum has a peak 
•Sensitivity increased by going to higher recoil
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Figure 3: Rate for dark matter nucleon scattering assuming a DM-nucleon cross-section �n =
10�40 cm2 and a target made purely of 132Xe. Blue (red) lines indicate d�/dER for mX = 1 TeV
(= 10 TeV) inelastic dark matter, with � = 0, 100, 200, 300, 400 keV mass splittings between dark
matter states, as indicated. The vertical line marks the maximum recoil energy considered by LUX
in [27].

where �n and µn are the dark matter-nucleon scattering cross-section and reduced mass, A and Z are
the nuclear atomic mass and number, and fp(fn) encapsulate the DM-proton (DM-neutron) e↵ective
couplings. All of the energy dependence lies in F

2(ER), the nuclear form factor that characterizes
how coherently dark matter scatters o↵ the nucleus.

Detailed recoil energy dependent form factors have been calculated using nuclear physics models
for several relevant DM scattering elements and isotopes. Whenever possible, we use the results of
the most recent calculations, notably Ref. [36] calculate form factors for xenon. For elements/isotopes
where calculations are not publicly available, such as tungsten and iodine, we will use the Helm form
factor. The form factors (either Helm or from dedicated nuclear calculations) suppress higher-energy
scattering events which probe the sub-structure of the nuclei. As inelastic scattering involves large
recoil energies, form factor suppression will play a much larger role than in elastic scattering. Ad-
ditionally, the (spin-independent) form factors have several ‘zeros’, recoil energies corresponding to
momentum exchanges where the scattering contributions from di↵erent nucleons destructively inter-
fere. The specifics of the form factors we use can be found in appendix A.

We are now ready to examine the recoil rate as a function of inelastic mass splitting. We will
look at two di↵erent DM masses, 1TeV and 10TeV, colliding with two di↵erent nuclear targets,
xenon (A = 132), and tungsten (A = 184). The DM mass and nuclear parameters completely specify
the spin-independent scattering d�/dER in the limit of equal DM-proton and DM-neutron couplings
(fn = fp), up to an overall scaling by �n. For both masses and targets, we take vesc = 533 km/s,
average velocity v0 = 220 km/s and pick spring/autumn so that ve = 232 km/s, and assume a
DM density of 0.3GeV/cm3. The only remaining input is the DM mass splitting �, which sets the
minimum scattering velocity.
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High Recoil Energy Frontier
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Figure 5: Constraints on dark matter nucleon scattering (90% confidence), assuming integrated
luminosities, event rates, and nuclear masses for LUX [27, 37], PandaX II [28], PICO-60 [26], and
CRESST II [30]. Presently available recoil energy ranges (ER) used to derive bounds are indicated,
along with extended “inelastic frontier” recoil energy ranges. The dotted horizontal line indicates
the approximate Higgsino-nucleon inelastic cross-section for reference (⇠ 10�39 cm2). The bands
show how bounds vary within the 90% confidence allowed values of the escape velocity given in [31],
vesc = 533+54

�41
km/s.

e�ciencies as before. In the case of PICO, which collects events with recoil energies up to ⇠ 1 MeV,
no improvement is possible. For LUX-PandaX and CRESST, with no high-recoil background publicly
available, we assume zero background events in the high energy bins, i.e that LUX-PandaX contains
no events between 30 � 500 keV, and CRESST II observes no events between 120 � 500 keV – but
the overall exposure and e�ciency rescaling factors are kept the same. Since e�ciencies are typically
better at high recoil energy, where the bulk of signal events would reside for large � dark matter, we
anticipate that this rescaling will give conservative results. The resulting sensitivities are shown in
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Photon Phrontier
Upscatter + Visible Decay 

Inelastic DM: inelastic DM poster child

(nearly) pure Higgsinos:

achieve right relic abundance for mH̃ ~1.1 TeV

once we turn on EWSB
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bosons in the minimal supersymmetric standard model (MSSM), see e.g. [42, 43]. The electrically-
neutral component of the Higgsino doublets have the same quantum numbers as, and therefore mix
with, other MSSM fermions, such as the singlet bino and SM weak triplet wino. If the wino or
bino masses are much heavier than the Higgsino, as is the case in some “split” supersymmetric
models [44,45], the mass splitting between Higgsino states can be small enough that Higgsinos could
be found in high recoil data already collected at direct detection experiments.

After electroweak symmetry breaking, the Higgsino dark matter sector is composed of two neutral
Majorana fermions (X1, X2) with inter-state mass splitting:
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(15)

where M1, M2, and µ are the bino, wino, and Higgsino mass term, respectively and µ ⇠ mX1 ,mX2

in the parameter space of interest. Additionally, lest the reader think that narrow splittings for
Higgsinos only occur in “split” supersymmetry models, from the form of Eq. (15) it is clear that it
is possible to achieve a (fine-tuned) small splitting even if µ ⇠ M1 ⇠ M2, provided M1 and M2 have
opposite sign. The details of how the narrow splitting between the lightest two neutralinos arises
will not concern the remainder of this discussion.

• Relic Abundance: The relic abundance of neutralinos has been studied extensively. For
simplicity, we will assume a spectrum where all superpartners other than the Higgsinos are
decoupled to the point that the inter-Higgsino splitting shrinks to O(100 keV). In this limit,
the contribution to the energy density fraction of the universe from the Higgsinos is [43]

⌦h2 = 0.10
⇣

µ

1TeV

⌘
2

. (16)

The correct abundance therefore requires Higgsinos masses of ⇠ 1.1 TeV, which we will use
throughout this section.

• Cross section: Higgsinos couple to nuclei via the Z boson, and the dark matter-nucleus cross-
section in this case can be parameterized in terms of the Fermi coupling GF and the DM-nucleus
reduced mass µN ,

�
H̃

NX =
G

2

F
µ
2

N

8⇡

�
A� [2� 4s2W]Z

�2
, (17)

where, matching to Eq. 12, the e↵ective per-nucleon cross-section is �n ⇠ 10�39 cm2, with
a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
“Z”). In Fig. 5, the cross-sections for Higgsino scattering o↵ nucleons in tungsten and xenon
nuclei are indicated with a horizontal line. Thus, we see that Higgsinos with inelastic mass
splittings up to 220 (300) keV could be excluded with presently available PICO data (analysis
of LUX-PandaX high recoil data). Finally, a future tungsten-based experiment with much
larger exposure than CRESST has the potential to probe Higgsino DM with mass splittings
up to ⇠ 550 keV.

• Loop-level elastic scattering: At the nucleon level, tree-level Z exchange leads to Higgsino
inelastic scattering with a cross section

�
H̃

n ⇠
⇡m

2
n ↵

2

W

8m4

W

⇥ (velocity factor) ⇠ 10�39 cm2
⇥ (velocity factor), (18)
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a precise value that depends upon the nucleus being scattered upon (i.e. the ratio of “A” to
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nuclei are indicated with a horizontal line. Thus, we see that Higgsinos with inelastic mass
splittings up to 220 (300) keV could be excluded with presently available PICO data (analysis
of LUX-PandaX high recoil data). Finally, a future tungsten-based experiment with much
larger exposure than CRESST has the potential to probe Higgsino DM with mass splittings
up to ⇠ 550 keV.

• Loop-level elastic scattering: At the nucleon level, tree-level Z exchange leads to Higgsino
inelastic scattering with a cross section

�
H̃

n ⇠
⇡m

2
n ↵

2

W

8m4

W

⇥ (velocity factor) ⇠ 10�39 cm2
⇥ (velocity factor), (18)

15

Z-exchange inelastic (see 1405.3692)

H̃
0
u, H̃

0
d ! H̃

0
1 , H̃

0
2Almost pure Higgsino

+

272 H.E. Haber, D. Wyler / Neutralino decay 

(°) 

#" I 
l 

~0 
Xi 

(e) ~o (g) 

:, 

W + 

Z o 

(i) ~o (k) , ~  9' 

(m) -0 (o) 
~4 x ' x / ' w ' / x ~  7 G+ / Xi G ÷ " I 

~o / /  I 

-0 ~ ~0 Fig. 1. Triangle graphs contributing to Xj Xi Y. Only half the graphs are shown, with internal 
particles: (a) f'ff; (c) fff; (e) ~+~+W;  (g) ~+WW; (i) ~ + ~ + H - ;  (k) ~ + H  H ; (m) ~ + ~ + G  ; 
(o) ~ + G  G - .  The graphs not shown (b, d . . . . .  p) differ from their "par tners"  (a,c . . . . .  o) only in that the 
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-0 and c i is the sign of the mass eigenvalue of )~0 which where Mj is the mass of Xj 
arises when the neutralino mass matrix is diagonalized. The above form of the 
matrix element also indicates the physical relevance of e~; it is related to the CP 
quantum number of 2 °. That is, depending on the relative CP quantum numbers of 
~0 X~ and 2 °, the effective -o-o X~Xj7 interaction is either proportional to o~'~k.e * or 

-o is then easily calculated: yso""k.E *. The radiative decay width of Xj 

8rrM] (4) 
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Correlated Constraints on Specific Models

•  One-loop elastic scattering through excited state

•  Regeneration of local population of excited state

�1 �2 �1

(depends crucially on the lifetime of the excited state)

•  Relic density
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1 103 3 × 104 107

0.15 1 1 − 10 104

300

See also “Luminous DM” [Feldstein, Graham, Rajendran] and “DM in 2 Easy Steps” [Pospelov, Weiner, Yavin]

Figure 1: A cartoon summarizing the luminous dark matter signal discussed in this work. A heavy
dark matter particle, �1, is coming from the direction of the Cygnus constellation and approaching
Earth with high speed (left). This allows it to upscatter off a (lead) nucleus somewhere within the
Earth, deviating from its direction only slightly (middle). The excited state, �2, decays back to �1

and a photon in an underground detector located on the opposite side of the Earth (right). The
rate for this process would be much lower had the detector been on the Cygnus-facing side of the
planet.

first proposed dark matter which upscatters to an excited state in the rock outside of a detector,
and then decays into a photon that needed to be a few keV, with the goal of explaining the DAMA
annual modulation. Alas, this novel DAMA explanation is ruled out by other direct detection
experiments. Another idea, “dark matter in two easy steps” [11], proposed dark matter which
upscatters into an excited state in lead shielding surrounding a neutrinoless double beta decay
experiment, and then decays into a photon of order one hundred keV. This analysis shares some
similarities with our paper: we both propose that inelastic dark matter is excited by lead outside
of the detector volume, and propose looking for the photon from the decay of the excited state
back into dark matter. Moreover, we both recognize that there is large sidereal-daily modulation
of the rate that can be used to separate signal from background. The main differences between our
analysis and theirs is: we utilize the entire Earth as upscatter material (focusing on upscatters off
lead and iron); and, we consider a large range of photon energies between about 5-600 keV. The
upper end of this range has the weakest constraints from direct detection experiments. The range
75-125 keV, which was the main focus of [11], is significantly constrained by PICO and the high
recoil analysis of XENON100 [14]. Reinterpreting these bounds on the magnetic inelastic transition
strength [14] implies the the characteristic decay length of the excited state exceeds 50 (500) meters
once � <

⇠ 150 (100) keV. At these lengths, the gain from integrating over the trace lead abundance
in the Earth is substantial in comparison to utilizing the close-in concentrated lead shielding of
experiments sensitive to these photon energies.

In this paper we also decouple the upscatter process from the excited state decay. This is
well-motivated, since there are many specific models that can have a large inelastic scattering rate,
small elastic scattering rate, and excited state decay that all proceed through different processes.
Examples include a variety of elementary candidates such as the wino and higgsino [44–47] as well
as composite candidates [48]. The prototypical example model for this paper is the narrowly-split
higgsino that arises from split Dirac supersymmetry [49]: in this model, the abundance of dark
matter matches cosmological observations for m�0

1
⇠ 1 TeV; the neutral higgsino states �0

1,2 are
narrowly split by hundreds of keV; the dominant elastic scattering cross section is exceptionally small
due to the twist-2 operator suppression as well as the cancellation against Higgs boson exchange

3

[Eby,PF, Harnik,Kribs]



The Cygnus “gun”
Upscatter needs high speeds, which comes from Cygnus
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Figure 2: The flux of 1 TeV dark matter capable of scattering off lead and its dependence
on inelastic splitting, �. The colors denote the (log10 of the) ratio of the flux to the peak
flux, which comes from the direction of motion of the Earth, which is given by the cross and
is approximately in the direction of the constellation of Cygnus.

How much of the Earth overburden contributes to our signal depends on the lifetime of
the excited state. As we saw from Eq. (3), typical decay lengths range from ⇠ 10–100 km
for � ⇠ 550–200 keV for dark matter with a mass of 1 TeV. These lengths are fascinating,
because they are significantly larger than the depth of underground dark matter and neutrino
detectors, but much shorter than the Earth radius. And, as an added curiousity, these decay
lengths are roughly comparable to the depth of the crust of the Earth (within a factor of a
few), and this will lead to a completely novel modulation signal in detectors in the southern
hemisphere, explained in detail in Sec. 5.

Given that the typical decay lengths range from ⇠ 10–100 km, the flux of dark matter
that can inelastically scatter and subsequently decay depends – in the gun approximation –
on the location of Cygnus relative to the detector. As we’ve discussed, constellations move
in arcs across the sky that repeat every sidereal day. Whether a constellation is “visible”
(above the horizon) for part of the day depends entirely on just its declination. Cygnus
has a declination of approximately 45 degrees north. [Here I’m taking the star Deneb as
a proxy for Cygnus. -GDK] This means detectors in the northern hemisphere at latitudes
above 45 degrees north have Cygnus above the horizon at all times of the sidereal day.
Conversely, (hypothetical) detectors in the southern hemisphere below 45 degrees never see
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Figure 7: Projected sensitivity to the inelastic dark matter cross section in neutrino detectors.
The red, green, and blue curves represent (respectively) existing direct detection bounds from
CRESST II, PICO-60, and XENON100 (see [14]). The shaded regions of each curve represent the
uncertainty in vesc = 550±50 km/s. The black (gray) curves represent projected Borexino sensitiv-
ity using the existing 1291.5 days of running (projected JUNO sensitivity assuming Borexino-like
background and run time). The dashed horizontal gray line is the scattering cross section for a
narrowly-split higgsino.

⇠ 1300 kg⇥days of exposure with a sensitivity to recoils between 10� 103 keV, the lower threshold
varied over their data taking from 7� 20 keV but we take the lower limit fixed at 10 keV, they did
not observe any events. The conventional analysis of XENON100 [74] is over an energy range of
6.6-43.3 keVnr. However, the collaboration have also carried out an analysis up to 240 keVnr, cor-
responding to 3� 180 PE in S1, and have presented their ⇠ 7600 kg⇥days of data over an enlarged
energy range, up to 1000 PE in S1 (see Figure 9 of Ref. [23]). They have not carried out a complete
analysis over this full range, so the efficiencies for nuclear recoils are not known; we assume they are
similar to those below 180 PE. Since they have not seen any events up to 1000 PE (⇠ 500 keVnr),
we place a bound. In all cases, after accounting for the mass fraction of the experiment made of
the heavy target element, we must apply a rescaling to account for efficiency effects. We determine
this rescaling by matching with the known constraint at � = 0 keV.

The sensitivity to the photon signal in Borexino (and presumably JUNO, in the future) is
limited by radioactive backgrounds and solar neutrinos scattering off the elements in the liquid
scintillator. The neutrino scattering was, after all, the motivation for the design of these exper-
iments. Substantial improvement could be achieved if these “backgrounds” could be reduced. A
similar sized detector but with a significantly reduced mass inside the detector, achieved by swap-
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we place a bound. In all cases, after accounting for the mass fraction of the experiment made of
the heavy target element, we must apply a rescaling to account for efficiency effects. We determine
this rescaling by matching with the known constraint at � = 0 keV.

The sensitivity to the photon signal in Borexino (and presumably JUNO, in the future) is
limited by radioactive backgrounds and solar neutrinos scattering off the elements in the liquid
scintillator. The neutrino scattering was, after all, the motivation for the design of these exper-
iments. Substantial improvement could be achieved if these “backgrounds” could be reduced. A
similar sized detector but with a significantly reduced mass inside the detector, achieved by swap-
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Figure 8: Projected sensitivity to the inelastic dark matter cross section in gaseous dark matter
detectors such as CYGNUS. The blue curve represents existing direct detection bounds from
XENON100, and the black solid line is the projected limit from Borexino, as in Fig. 7. The purple
lines represent an experiment with CYGNUS-like background projections, with detector volume
1 m3 (short dashed), 10 m3 (thick), and 1000 m3 (long dashed). The dotted purple line represents
the projected sensitivity of a hypothetical zero-background experiment with detector volume 10 m3.
For the CYGNUS curves, we only show the sensitivities with vesc = 550 km/s.

they are independent of energy, up to 200 keV and also assumed the background rates scale with
detector volume for the larger possible detectors. We do not estimate the sensitivity for � > 200
keV since this is typically the highest energy at which existing directional detector collaborations
have calibrated their detector response.

The dramatic increase in sensitivity below 160 keV is a result of inelastic dark matter be-
ing able to scatter off iron. In practice, there would be improved sensitivity even between
150 keV <

⇠ � <
⇠ 200 keV due to elements in the Earth that are more abundant than lead but also

heavier than iron (such as barium). For � <
⇠ 85 keV it is possible for dark matter to scatter off

silicon, and for lower � this will dominate. Once � <
⇠ 40 keV, the characteristic decay length,

Eq. (3), exceeds the diameter of the Earth and the sensitivity decreases rapidly. Remarkably, a
10 m3 detector employed to search for the luminous signal (and with a conservative assumption of
the background as described above) has comparable sensitivity to what XENON100 has achieved
by searching for the signal of inelastic nuclear recoil.

Larger volumes and/or lower backgrounds would significantly improve the sensitivity of
CYGNUS to the luminous signal, see Fig. 8. CYGNUS is designed as a directional dark mat-
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Missing Mass/Momentum Experiments (Kinetic Mixing, mA'= 3m�)

DM @ neutrino detectors

• Beam produced DM/dark sector states in near detectors
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FIG. 2. Inelastic DM production at electron and proton beam dump experiments via dark bremsstrahlung and meson decay. The resulting
�1, �2 pair can give rise to a number of possible signatures in the detector: �2 can decay inside the fiducial volume to deposit electromagnetic
energy; both �1 and �2 can scatter off detector targets T and impart visible recoil energies to these particles; or �1 can upscatter into �2,
which can then decay promptly inside the detector to deposit a visible signal. 7
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FIG. 3. Inelastic DM production at electron beam fixed-target missing energy/momentum experiments. Left: Setup for an LDMX style
missing momentum experiment [2, 23] in which a (⇠ few GeV) beam electron produces DM in a thin target (⌧ radiation length) and thereby
loses a large fraction of its incident energy. The emerging lower energy electron passes through tracker material and registers as a signal event
if there is no additional energy deposited in the ECAL/HCAL system downstream, which serves primarily to veto SM activity. Right: Setup
for an NA64 style experiment in which the beam (typically at higher energies, ⇠ 30 GeV) produces the DM system by interacting with an
instrumented, active target volume [24]. As with LDMX, the instrumented region serves to verify that the beam electron has abruptly lost most
of its energy and that there is no additional SM activity downstream.

which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional

Bremsstrahlung  
(LDMX, DarkLight, …)
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mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional
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Figure 2: An illustration of the dark matter production modes and elastic scattering signatures.
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Figure 3: Top: The production of a WIMP pair through neutral meson decay. Bottom: The scattering
of a WIMP in the MiniBooNE detector. The cross again represents the kinetic mixing between the vector
mediator V and the photon.

p+p(n) → V ∗ → χ†χ. The second is through decays of mesons with large radiative branching
such as π0 and η in the form π0, η → V γ → χ†χγ. Once produced, the dark matter beam can
be detected via elastic scattering on nucleons or electrons in the detector, as the signature
is similar to the neutral current scattering of neutrinos. The basic production and detection
principle is summarized in Fig. 2.

At MiniBooNE, the most relevant production mechanisms are via π0 and η which subse-
quently decay to vectors that in turn decay to WIMPs. These WIMPs can then scatter on
the nuclei or electrons in the MiniBooNE detector. This process is detailed in Fig. 3. We
estimate the π0 and η production by averaging and scaling [5] the π+ and π− Sanford-Wang
distributions used in Ref. [30] and use the cuts from the analysis of neutral current scattering
(on nucleons) in Ref. [30] to obtain a total efficiency of about 35%. (Similar efficiencies were
adopted in analyzing electron scattering.) Contours in the parameter space of the model
were computed corresponding to 1, 10, and 1000 neutral current-like scattering events on
nucleons or electrons with 2× 1020 POT at MiniBooNE. While the Sanford-Wang distribu-
tion used corresponds to a beryllium target, the results are not expected to differ much when
steering the beam into the iron beam dump since the ratio of the charged hadron production
(which sets the number of neutrinos produced) to neutral hadrons (which sets the number
of WIMPs produced) does not strongly depend on atomic number.

In Fig. 4, these contours are shown in the plane of direct-detection scattering cross
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A Result From MiniBooNE
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Beam dump mode run in 2012-13. Look for nuclear (electron) recoils.
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<latexit sha1_base64="5gioX/o5SOEAg5EQBp65pfvGmmI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hFUQ9CUQ8eKxhbaELZbDft0s1m2d0IJfRvePGg4tVf481/47bNQVsfDDzem2FmXiQ508bzvp3S0vLK6lp5vbKxubW9U93de9Rppgj1ScpT1Y6wppwJ6htmOG1LRXEScdqKhjcTv/VElWapeDAjScME9wWLGcHGSkGAuRzg7u2V5551qzXP9aZAi6RekBoUaHarX0EvJVlChSEca92pe9KEOVaGEU7HlSDTVGIyxH3asVTghOown948RkdW6aE4VbaEQVP190SOE61HSWQ7E2wGet6biP95nczEF2HOhMwMFWS2KM44MimaBIB6TFFi+MgSTBSztyIywAoTY2Oq2BDq8y8vEv/EvXS9+9Na47pIowwHcAjHUIdzaMAdNMEHAhKe4RXenMx5cd6dj1lrySlm9uEPnM8fGNSQmg==</latexit><latexit sha1_base64="5gioX/o5SOEAg5EQBp65pfvGmmI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hFUQ9CUQ8eKxhbaELZbDft0s1m2d0IJfRvePGg4tVf481/47bNQVsfDDzem2FmXiQ508bzvp3S0vLK6lp5vbKxubW9U93de9Rppgj1ScpT1Y6wppwJ6htmOG1LRXEScdqKhjcTv/VElWapeDAjScME9wWLGcHGSkGAuRzg7u2V5551qzXP9aZAi6RekBoUaHarX0EvJVlChSEca92pe9KEOVaGEU7HlSDTVGIyxH3asVTghOown948RkdW6aE4VbaEQVP190SOE61HSWQ7E2wGet6biP95nczEF2HOhMwMFWS2KM44MimaBIB6TFFi+MgSTBSztyIywAoTY2Oq2BDq8y8vEv/EvXS9+9Na47pIowwHcAjHUIdzaMAdNMEHAhKe4RXenMx5cd6dj1lrySlm9uEPnM8fGNSQmg==</latexit><latexit sha1_base64="5gioX/o5SOEAg5EQBp65pfvGmmI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hFUQ9CUQ8eKxhbaELZbDft0s1m2d0IJfRvePGg4tVf481/47bNQVsfDDzem2FmXiQ508bzvp3S0vLK6lp5vbKxubW9U93de9Rppgj1ScpT1Y6wppwJ6htmOG1LRXEScdqKhjcTv/VElWapeDAjScME9wWLGcHGSkGAuRzg7u2V5551qzXP9aZAi6RekBoUaHarX0EvJVlChSEca92pe9KEOVaGEU7HlSDTVGIyxH3asVTghOown948RkdW6aE4VbaEQVP190SOE61HSWQ7E2wGet6biP95nczEF2HOhMwMFWS2KM44MimaBIB6TFFi+MgSTBSztyIywAoTY2Oq2BDq8y8vEv/EvXS9+9Na47pIowwHcAjHUIdzaMAdNMEHAhKe4RXenMx5cd6dj1lrySlm9uEPnM8fGNSQmg==</latexit>

MA0 = 3M� > 2M�
<latexit sha1_base64="5+bm6aGMXxhP1OAo37REw8PHI58=">AAACBHicdZBLSwMxFIXv+Kz1NepSF8EiuirTKqgLperGTaGCYwvtMGTStA3NPEgyQhlm48a/4saFilt/hDv/jZm2Qn0dCHyccy9JjhdxJpVlfRhT0zOzc/O5hfzi0vLKqrm2fiPDWBBqk5CHouFhSTkLqK2Y4rQRCYp9j9O617/I8votFZKFwbUaRNTxcTdgHUaw0pZrblXd5Gw3RSdoX1OL9FiKTlG56mbomoVS0RoKWb/gKyrAWDXXfG+1QxL7NFCEYymbJStSToKFYoTTNN+KJY0w6eMubWoMsE+lkwx/kaId7bRRJxT6BAoN3cmNBPtSDnxPT/pY9eTPLDP/ypqx6hw5CQuiWNGAjC7qxBypEGWVoDYTlCg+0ICJYPqtiPSwwETp4vKTJfwPdrl4XLSuDgqV83EbOdiEbdiDEhxCBS6hBjYQuIMHeIJn4954NF6M19HolDHe2YBvMt4+Ado5lnM=</latexit><latexit sha1_base64="5+bm6aGMXxhP1OAo37REw8PHI58=">AAACBHicdZBLSwMxFIXv+Kz1NepSF8EiuirTKqgLperGTaGCYwvtMGTStA3NPEgyQhlm48a/4saFilt/hDv/jZm2Qn0dCHyccy9JjhdxJpVlfRhT0zOzc/O5hfzi0vLKqrm2fiPDWBBqk5CHouFhSTkLqK2Y4rQRCYp9j9O617/I8votFZKFwbUaRNTxcTdgHUaw0pZrblXd5Gw3RSdoX1OL9FiKTlG56mbomoVS0RoKWb/gKyrAWDXXfG+1QxL7NFCEYymbJStSToKFYoTTNN+KJY0w6eMubWoMsE+lkwx/kaId7bRRJxT6BAoN3cmNBPtSDnxPT/pY9eTPLDP/ypqx6hw5CQuiWNGAjC7qxBypEGWVoDYTlCg+0ICJYPqtiPSwwETp4vKTJfwPdrl4XLSuDgqV83EbOdiEbdiDEhxCBS6hBjYQuIMHeIJn4954NF6M19HolDHe2YBvMt4+Ado5lnM=</latexit><latexit sha1_base64="5+bm6aGMXxhP1OAo37REw8PHI58=">AAACBHicdZBLSwMxFIXv+Kz1NepSF8EiuirTKqgLperGTaGCYwvtMGTStA3NPEgyQhlm48a/4saFilt/hDv/jZm2Qn0dCHyccy9JjhdxJpVlfRhT0zOzc/O5hfzi0vLKqrm2fiPDWBBqk5CHouFhSTkLqK2Y4rQRCYp9j9O617/I8votFZKFwbUaRNTxcTdgHUaw0pZrblXd5Gw3RSdoX1OL9FiKTlG56mbomoVS0RoKWb/gKyrAWDXXfG+1QxL7NFCEYymbJStSToKFYoTTNN+KJY0w6eMubWoMsE+lkwx/kaId7bRRJxT6BAoN3cmNBPtSDnxPT/pY9eTPLDP/ypqx6hw5CQuiWNGAjC7qxBypEGWVoDYTlCg+0ICJYPqtiPSwwETp4vKTJfwPdrl4XLSuDgqV83EbOdiEbdiDEhxCBS6hBjYQuIMHeIJn4954NF6M19HolDHe2YBvMt4+Ado5lnM=</latexit>

�
<latexit sha1_base64="Qm6lV4JovvUXIWiyWTh5PCDrAuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDUjMhvWG23TnQKvEK0kDSnSG9a/BKCGZoNIQjrXue25qghwrwwins9og0zTFZILHtG+pxILqIJ/fOkNnVhmhKFG2pEFz9fdEjoXWUxHaToFNrJe9QvzP62cmugpyJtPMUEkWi6KMI5Og4nE0YooSw6eWYKKYvRWRGCtMjI2nZkPwll9eJf5F87rp3l822jdlGlU4gVM4Bw9a0IY76IAPBGJ4hld4c4Tz4rw7H4vWilPOHMMfOJ8/bKSOBQ==</latexit><latexit sha1_base64="Qm6lV4JovvUXIWiyWTh5PCDrAuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDUjMhvWG23TnQKvEK0kDSnSG9a/BKCGZoNIQjrXue25qghwrwwins9og0zTFZILHtG+pxILqIJ/fOkNnVhmhKFG2pEFz9fdEjoXWUxHaToFNrJe9QvzP62cmugpyJtPMUEkWi6KMI5Og4nE0YooSw6eWYKKYvRWRGCtMjI2nZkPwll9eJf5F87rp3l822jdlGlU4gVM4Bw9a0IY76IAPBGJ4hld4c4Tz4rw7H4vWilPOHMMfOJ8/bKSOBQ==</latexit><latexit sha1_base64="Qm6lV4JovvUXIWiyWTh5PCDrAuI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kqzRL5YKYpDQQeSxYxgk0hDUjMhvWG23TnQKvEK0kDSnSG9a/BKCGZoNIQjrXue25qghwrwwins9og0zTFZILHtG+pxILqIJ/fOkNnVhmhKFG2pEFz9fdEjoXWUxHaToFNrJe9QvzP62cmugpyJtPMUEkWi6KMI5Og4nE0YooSw6eWYKKYvRWRGCtMjI2nZkPwll9eJf5F87rp3l822jdlGlU4gVM4Bw9a0IY76IAPBGJ4hld4c4Tz4rw7H4vWilPOHMMfOJ8/bKSOBQ==</latexit>

�̄
<latexit sha1_base64="2ndk9PwjJG7Jv8w+uQ+Ie8F15Vc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQtlsN+3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjHsskYnuhNRwKRT3UKDknVRzGoeSt8PRzdRvP3FtRKLucZzyIKYDJSLBKFqp44dU+2woetWaW3dnIMukUZAaFGj1ql9+P2FZzBUySY3pNtwUg5xqFEzyScXPDE8pG9EB71qqaMxNkM/unZATq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5thdBnkQqUZcsXmi6JMEkzI9HnSF5ozlGNLKNPC3krYkGrK0EZUsSE0Fl9eJt5Z/aru3p3XmtdFGmU4gmM4hQZcQBNuoQUeMJDwDK/w5jw6L8678zFvLTnFzCH8gfP5A2cxj74=</latexit><latexit sha1_base64="2ndk9PwjJG7Jv8w+uQ+Ie8F15Vc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQtlsN+3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjHsskYnuhNRwKRT3UKDknVRzGoeSt8PRzdRvP3FtRKLucZzyIKYDJSLBKFqp44dU+2woetWaW3dnIMukUZAaFGj1ql9+P2FZzBUySY3pNtwUg5xqFEzyScXPDE8pG9EB71qqaMxNkM/unZATq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5thdBnkQqUZcsXmi6JMEkzI9HnSF5ozlGNLKNPC3krYkGrK0EZUsSE0Fl9eJt5Z/aru3p3XmtdFGmU4gmM4hQZcQBNuoQUeMJDwDK/w5jw6L8678zFvLTnFzCH8gfP5A2cxj74=</latexit><latexit sha1_base64="2ndk9PwjJG7Jv8w+uQ+Ie8F15Vc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQtlsN+3SzSbuToQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjHsskYnuhNRwKRT3UKDknVRzGoeSt8PRzdRvP3FtRKLucZzyIKYDJSLBKFqp44dU+2woetWaW3dnIMukUZAaFGj1ql9+P2FZzBUySY3pNtwUg5xqFEzyScXPDE8pG9EB71qqaMxNkM/unZATq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5thdBnkQqUZcsXmi6JMEkzI9HnSF5ozlGNLKNPC3krYkGrK0EZUsSE0Fl9eJt5Z/aru3p3XmtdFGmU4gmM4hQZcQBNuoQUeMJDwDK/w5jw6L8678zFvLTnFzCH8gfP5A2cxj74=</latexit>

SM
<latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit><latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit><latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit>

SM
<latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit><latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit><latexit sha1_base64="TITa6KKmitbRjTUwNjvRvxXpjfA=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hY0I6i3oxYsQ0U0CyRJmJ7PJmHksM7NCWPIPXjyoePWDvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCQ2I4kq3ImwoZ5IGlllOW4mmWEScNqPh9cRvPlFtmJIPdpTQUOC+ZDEj2Dqp0dEC3d92S2W/4k+BFkk1J2XIUe+Wvjo9RVJBpSUcG9Ou+okNM6wtI5yOi53U0ASTIe7TtqMSC2rCbHrtGB07pYdipV1Ji6bq74kMC2NGInKdAtuBmfcm4n9eO7XxRZgxmaSWSjJbFKccWYUmr6Me05RYPnIEE83crYgMsMbEuoCKLoTq/MuLJDitXFb8u7Ny7SpPowCHcAQnUIVzqMEN1CEAAo/wDK/w5invxXv3PmatS14+cwB/4H3+AFt0joQ=</latexit>

A0⇤
<latexit sha1_base64="WLhB3eKxY6Xrhjbw1AWTFMZkXY4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKKh5KIoN6qXjxWMLbQxrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dhYWl5ZXVktr5fWNza3tys7ug45TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vMn95hNVmsXy3owSGgjclyxiBJtcujp6POlWqm7NnQDNE68gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnI7LnVTTBJMh7tO2pRILqoNscusYHVqlh6JY2ZIGTdTfExkWWo9EaDsFNgM96+Xif147NdFFkDGZpIZKMl0UpRyZGOWPox5TlBg+sgQTxeytiAywwsTYeMo2BG/25Xnin9Yua+7dWbV+XaRRgn04gGPw4BzqcAsN8IHAAJ7hFd4c4bw4787HtHXBKWb24A+czx954o1l</latexit><latexit sha1_base64="WLhB3eKxY6Xrhjbw1AWTFMZkXY4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKKh5KIoN6qXjxWMLbQxrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dhYWl5ZXVktr5fWNza3tys7ug45TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vMn95hNVmsXy3owSGgjclyxiBJtcujp6POlWqm7NnQDNE68gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnI7LnVTTBJMh7tO2pRILqoNscusYHVqlh6JY2ZIGTdTfExkWWo9EaDsFNgM96+Xif147NdFFkDGZpIZKMl0UpRyZGOWPox5TlBg+sgQTxeytiAywwsTYeMo2BG/25Xnin9Yua+7dWbV+XaRRgn04gGPw4BzqcAsN8IHAAJ7hFd4c4bw4787HtHXBKWb24A+czx954o1l</latexit><latexit sha1_base64="WLhB3eKxY6Xrhjbw1AWTFMZkXY4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKKh5KIoN6qXjxWMLbQxrLZbtqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dhYWl5ZXVktr5fWNza3tys7ug45TRahPYh6rVog15UxS3zDDaStRFIuQ02Y4vMn95hNVmsXy3owSGgjclyxiBJtcujp6POlWqm7NnQDNE68gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnI7LnVTTBJMh7tO2pRILqoNscusYHVqlh6JY2ZIGTdTfExkWWo9EaDsFNgM96+Xif147NdFFkDGZpIZKMl0UpRyZGOWPox5TlBg+sgQTxeytiAywwsTYeMo2BG/25Xnin9Yua+7dWbV+XaRRgn04gGPw4BzqcAsN8IHAAJ7hFd4c4bw4787HtHXBKWb24A+czx954o1l</latexit>

�⇤
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FIG. 2. Inelastic DM production at electron and proton beam dump experiments via dark bremsstrahlung and meson decay. The resulting
�1, �2 pair can give rise to a number of possible signatures in the detector: �2 can decay inside the fiducial volume to deposit electromagnetic
energy; both �1 and �2 can scatter off detector targets T and impart visible recoil energies to these particles; or �1 can upscatter into �2,
which can then decay promptly inside the detector to deposit a visible signal. 7
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FIG. 3. Inelastic DM production at electron beam fixed-target missing energy/momentum experiments. Left: Setup for an LDMX style
missing momentum experiment [2, 23] in which a (⇠ few GeV) beam electron produces DM in a thin target (⌧ radiation length) and thereby
loses a large fraction of its incident energy. The emerging lower energy electron passes through tracker material and registers as a signal event
if there is no additional energy deposited in the ECAL/HCAL system downstream, which serves primarily to veto SM activity. Right: Setup
for an NA64 style experiment in which the beam (typically at higher energies, ⇠ 30 GeV) produces the DM system by interacting with an
instrumented, active target volume [24]. As with LDMX, the instrumented region serves to verify that the beam electron has abruptly lost most
of its energy and that there is no additional SM activity downstream.

which the thermal target is largely an invariant under varia-
tion of couplings and of mass hierarchies.

A. Mediator Model Building

Unlike weak-scale WIMPs, which realize successful
freeze-out with only SM gauge interactions, sub-GeV DM is
overproduced in the absence of light (⌧ mZ) new mediators
to generate a sufficiently large annihilation rate [29, 30]. To
avoid detection thus far, such mediators must be neutral under
the SM and couple non-negligibly to visible particles.

If SM particles are neutral under the new interaction, a

renormalizable model (without additional fields) requires the
mediator to interact with the SM through the hypercharge,
Higgs, or lepton portals

Bµ⌫ , H
†
H , LH, (1)

for vector, scalar, and fermionic mediators, respectively.
However, coupling a fermionic mediator to the lepton por-
tal requires additional model building4 and scalar mediators,
which mix with the Higgs are ruled out for predictive mod-
els in which DM annihilates directly to SM final states (see

4 A fermionic mediator coupled to the lepton portal requires additional
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�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

"
<latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit>

"
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FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.
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<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�̄
<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

gD
<latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit><latexit sha1_base64="PSc/9tTm+icCBnyNJx2+hTzn3Og=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FPXisaGyhDWWznaRLN5uwuxFK6E/w4kHFq//Im//GbZuDVh8MPN6bYWZekAqujet+OaWl5ZXVtfJ6ZWNza3unurv3oJNMMfRYIhLVCahGwSV6hhuBnVQhjQOB7WB0NfXbj6g0T+S9GafoxzSSPOSMGivdRf3rfrXm1t0ZyF/SKEgNCrT61c/eIGFZjNIwQbXuNtzU+DlVhjOBk0ov05hSNqIRdi2VNEbt57NTJ+TIKgMSJsqWNGSm/pzIaaz1OA5sZ0zNUC96U/E/r5uZ8NzPuUwzg5LNF4WZICYh07/JgCtkRowtoUxxeythQ6ooMzadig2hsfjyX+Kd1C/q7u1prXlZpFGGAziEY2jAGTThBlrgAYMInuAFXh3hPDtvzvu8teQUM/vwC87HN3wHjXU=</latexit>

"
<latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit>

"
<latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit><latexit sha1_base64="QMlYJJ7r2wVM/fuoPMtySbfkxI8=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSQiqLeiF48VjC20oWy2k3bpZjfsTgol9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelApu0PO+ndLa+sbmVnm7srO7t39QPTx6MirTDAKmhNLtiBoQXEKAHAW0Uw00iQS0otHdzG+NQRuu5CNOUggTOpA85oyilTrdMdWQGi6U7FVrXt2bw10lfkFqpECzV/3q9hXLEpDIBDWm43sphjnVyJmAaaWbGUgpG9EBdCyVNAET5vOTp+6ZVfpurLQtie5c/T2R08SYSRLZzoTi0Cx7M/E/r5NhfB3mXKYZgmSLRXEmXFTu7H+3zzUwFBNLKNPc3uqyIdWUoU2pYkPwl19eJcFF/abuPVzWGrdFGmVyQk7JOfHJFWmQe9IkAWFEkWfySt4cdF6cd+dj0Vpyiplj8gfO5w8jspFa</latexit>

FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.
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<latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit><latexit sha1_base64="0p/xhwtC1DuAKrwsfIpCRdrcOVM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQplsN+3SzSbd3Qgl9E948aDi1d/jzX/j9gPR1gcDj/dmmJkXpoJr47pfTmFldW19o7hZ2tre2d0r7x886CRTlHk0EYlqhaiZ4JJ5hhvBWqliGIeCNcPBzcRvPjKleSLvzShlQYw9ySNO0Vip5YeofNrnnXLFrbpTkB9SWyQVmKPRKX/63YRmMZOGCtS6XXNTE+SoDKeCjUt+plmKdIA91rZUYsx0kE/vHZMTq3RJlChb0pCp+nsix1jrURzazhhNXy96E/E/r52Z6DLIuUwzwySdLYoyQUxCJs+TLleMGjGyBKni9lZC+6iQGhtRyYaw9PIy8c6qV1X37rxSv56nUYQjOIZTqMEF1OEWGuABBQFP8AKvztB5dt6c91lrwZnPHMIfOB/faJ6Pvw==</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

�
<latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit><latexit sha1_base64="35AhcGyCls1bwmtZJNqtyAP5y+E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9BLx4juCaQLGF2MpsdMo9lZlYIS37BiwcVr36RN//G2SSIJhY0FFXddHdFKWfG+v6XV1pZXVvfKG9WtrZ3dveq+wcPRmWa0IAornQnwoZyJmlgmeW0k2qKRcRpOxrdFH77kWrDlLy345SGAg8lixnBtpB6JGH9as2v+1OgH9JYJDWYo9WvfvYGimSCSks4Nqbb8FMb5lhbRjidVHqZoSkmIzykXUclFtSE+fTWCTpxygDFSruSFk3V3xM5FsaMReQ6BbaJWfQK8T+vm9n4MsyZTDNLJZktijOOrELF42jANCWWjx3BRDN3KyIJ1phYF0/FhbD08jIJzupXdf/uvNa8nqdRhiM4hlNowAU04RZaEACBBJ7gBV494T17b977rLXkzWcO4Q+8j29uEY4G</latexit>

A0⇤
<latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit><latexit sha1_base64="PF5u0shNoytuzsGJ2YUtSnjXsqY=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0UUF2FSNW12VTcuKxhbaGOZTCft0MmDmYlQQn/BjQsVt36RO//GSVtBRQ9cOJxzL/fe4yecSYXQh1FYWFxaXimultbWNza3yts7tzJOBaEuiXks2j6WlLOIuoopTtuJoDj0OW35o8vcb91TIVkc3ahxQr0QDyIWMIJVLp0f3h33yhVkWlXbrp5AZNpOre7YmiDbsc/q0DLRFBUwR7NXfu/2Y5KGNFKEYyk7FkqUl2GhGOF0UuqmkiaYjPCAdjSNcEill01vncADrfRhEAtdkYJT9ftEhkMpx6GvO0OshvK3l4t/eZ1UBXUvY1GSKhqR2aIg5VDFMH8c9pmgRPGxJpgIpm+FZIgFJkrHU9IhfH0K/ydu1XRMdH1aaVzM0yiCPbAPjoAFaqABrkATuICAIXgAT+DZCI1H48V4nbUWjPnMLvgB4+0TCEGNyA==</latexit>

A0
<latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit><latexit sha1_base64="Ykxb1xAbd1eqMVvQXRbw2GoOIj0=">AAAB6HicdVDLSsNAFJ34rPVVdelmsIiuwqRq2uyqblxWMbbQhjKZTtqhk0mYmQgl9A/cuFBx6ye582+cPgQVPXDhcM693HtPmHKmNEIf1sLi0vLKamGtuL6xubVd2tm9U0kmCfVJwhPZCrGinAnqa6Y5baWS4jjktBkOLyd+855KxRJxq0cpDWLcFyxiBGsj3ZwfdUtlZDsV162cQGS7XrXmuYYg13PPatCx0RRlMEejW3rv9BKSxVRowrFSbQelOsix1IxwOi52MkVTTIa4T9uGChxTFeTTS8fw0Cg9GCXSlNBwqn6fyHGs1CgOTWeM9UD99ibiX14701EtyJlIM00FmS2KMg51Aidvwx6TlGg+MgQTycytkAywxESbcIomhK9P4f/Er9ieja5Py/WLeRoFsA8OwDFwQBXUwRVoAB8QEIEH8ASeraH1aL1Yr7PWBWs+swd+wHr7BO+RjSw=</latexit>

e�
<latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit><latexit sha1_base64="eS2LtIJXQn7LP4Kg2TcklegVLIo=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgxbCRgHoLevEY0TWBZA2zk95kyOzsMjMrhCWf4MWDilf/yJt/4+QhxFdBQ1HVTXdXkAiujet+OLmFxaXllfxqYW19Y3OruL1zq+NUMfRYLGLVDKhGwSV6hhuBzUQhjQKBjWBwMfYb96g0j+WNGSboR7QnecgZNVa6xrujTrFUKbsTEPcX+bJKMEO9U3xvd2OWRigNE1TrVsVNjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWKVLwljZkoZM1PmJjEZaD6PAdkbU9PVPbyz+5bVSE576GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU5gP4X/iHZfPyu5VtVQ7n6WRhz3Yh0OowAnU4BLq4AGDHjzAEzw7wnl0XpzXaWvOmc3swjc4b59WM41c</latexit>

e+
<latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit><latexit sha1_base64="x8GRq/un8r5F95Dm3AzCp310aMU=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoMgCGEjAfUW9OIxomsCyRpmJ73JkNnZZWZWCEs+wYsHFa/+kTf/xslDiK+ChqKqm+6uIBFcG9f9cHILi0vLK/nVwtr6xuZWcXvnVsepYuixWMSqGVCNgkv0DDcCm4lCGgUCG8HgYuw37lFpHssbM0zQj2hP8pAzaqx0jXdHnWKpUnYnIO4v8mWVYIZ6p/je7sYsjVAaJqjWrYqbGD+jynAmcFRopxoTyga0hy1LJY1Q+9nk1BE5sEqXhLGyJQ2ZqPMTGY20HkaB7Yyo6euf3lj8y2ulJjz1My6T1KBk00VhKoiJyfhv0uUKmRFDSyhT3N5KWJ8qyoxNpzAfwv/EOy6fld2raql2PksjD3uwD4dQgROowSXUwQMGPXiAJ3h2hPPovDiv09acM5vZhW9w3j4BUy2NWg==</latexit>

Ar
<latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit><latexit sha1_base64="Lppey50Sn1vG/Fwqi6nS/nH9b3g=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKWxEUG9RLx4juEkgWcLsZDYZM49lZlYIS/7BiwcVr36QN//GSbIHTSxoKKq66e6KEs6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqWa0IAornQ7woZyJmlgmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXS3Qte6VK37VnwEtk1pOKpCj0St/dfuKpIJKSzg2plPzExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPLMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCLXFl5dJcFa9qvr355X6TZ5GEY7gGE6hBhdQhztoQAAEHuEZXuHNU96L9+59zFsLXj5zCH/gff4AeBuOlw==</latexit>
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FIG. 1. Dark trident production in the benchmark dark sector model, described in the text. Protons on target produce mesons
whose decays produce pairs of dark matter particles, � and �̄. Some of the dark matter particles will reach the detector (not
to scale) and will scatter with the argon nuclei that fill the detector. The scattering event can lead to the emission of one (or
several) dark photon(s) A0, which decays to a pair of charged leptons (electrons in the case of the figure).

associated to equally light mediators (see e.g. [16, 17]).⇤ We consider the simplest such model, described in detail
in Section II. The dark matter particle is a standard model singlet charged under a new U(1)D gauge interaction.
None of the standard model particles are charged under U(1)D but, assuming the U(1)D symmetry is broken, kinetic
mixing allows the new gauge boson – the dark photon – to interact with charged standard model particles.

In this scenario,† it is possible to produce dark photons in the near detectors of neutrino beam experiments and
have the dark photon decay predominantly and promptly into a lepton–antilepton pair, as depicted in Figure 1. First,
a dark matter particle � is produced at the target. It is very long-lived and weakly interacting so it easily finds its
way to the detector unperturbed, regardless of how far away it is. Second, the dark photon A0 is produced on-shell
by in the collision of a dark matter particle with a nucleus. The dark photon decays promptly in the detector. The
relevance of the dark trident channel depends dramatically on the parameters of the model. First, the branching ratio
of the dark photon into leptons must be large. This can only be achieved if the decay of the dark photon into dark
sector particles, including the dark matter particle, is forbidden, i.e., mA0 < 2m�. Second, the probability of emitting
a dark photon during � scattering must be large. This requires the dark coupling constant to be large or the dark
photon mass to be very small. Third, the dark matter production rate should not be too small. Here, the condition
mA0 < 2m� is a hindrance as it implies that dark matter production involves o↵-shell dark photon intermediate states.
The literature reveals [23, 24] that it is possible to produce enough dark matter particles when the dark photons are
o↵-shell, an issue we discuss in detail in Sec. III. Previous studies considered only leading-order dark-matter–nucleus
scattering as the detection signal. One narrow interpretation of our contribution is that we are exploring the benefits
of the rarer, but much more distinct, detection signal in the region of parameter space where dark matter production
is suppressed.

The dark trident signal provides ample experimental handles. In the remainder of this manuscript, we study the
phenomenology of the signal and show that, for our benchmark dark matter model, o↵-axis liquid argon detectors,
including the ones currently running or under construction at Fermilab, have improved sensitivity because neutrino
backgrounds can be suppressed [5]. The kinematics of dark trident events, including angular distributions, invariant
mass, as well as particle identification will be useful in further suppressing backgrounds.

II. A BENCHMARK MODEL

We consider the model where a fermionic dark matter particle � with mass M� interacts with those in the standard
model through a massive dark photon A0 with mass MA0 and its kinetic mixing with the photon. The Lagrangian

⇤ Dark matter models with light mediators have also been proposed in other contexts [18–20].
† This type of signal is not endemic to dark matter models. Frameworks in which a heavy sterile neutrino is produced in neutrino beams
and then proceeds to decay to a dark photon have been recently proposed to explain the MiniBooNE low energy excess [21, 22]. These
also lead to similar phenomenology.
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FIG. 4. The di↵erential distribution of � particle (left) and neutrino (right) production as a function of the particle energy
and production angle in arbitrary units. The model parameters used here are " = 10�3, M� = 30MeV and MA0 = 50MeV.
In the insert we show the energy-integrated � particle flux as a function of the production angle, 684meters away from the
NuMI target, due to ⇡0 (blue) and ⌘ (orange) decays as well as the o↵-axis angular distribution of the neutrino flux (gray).
The neutrino flux has been rescaled by 10�9. A larger fraction of �’s are produced o↵-axis as compared to neutrinos.

Detector MicroBooNE ICARUS SBND

O↵-axis angle (rad) 0.13 0.1 0.5

Distance from NuMI target (m) 684 789 409

Active LAr mass (ton) 89 476 112

� rate ⇥ detector mass (MicroBooNE units) 1 6.2 0.1

TABLE I. Parameters of the three Fermilab SBN liquid argon detectors with respect to the NuMI beamline (120 GeV protons).

where Rdet is the distance to the detector and Adet is its cross sectional area. For reference, in the mass range of
interest, approximately 10�5 of the � particles produced at NuMI pass through the MicroBooNE detector. The signal
event rate is proportional to the number of dark matter particles traversing the detector multiplied by the probability
that it interacts in the detector volume, which is proportional to the geometric depth of the detector and the number
density of scatterers. The area in Eq. (3.4) combines with the depth to yield a volume, which multiplied by the
number density is proportional to total mass. The figure of merit for the rate of any signal is thus proportional
to the � production rate at the detector’s angle times the detector mass. Table I also lists this figure of merit for
each detector, normalized to that of MicroBooNE. ICARUS has a relative advantage due to its larger mass while
SNBD sees a smaller dark matter flux because of the relatively large o↵-axis angle. In the following section, we
focus on the dark trident signal, its rate, and its various properties that are relevant for all of these detectors. A
detailed understanding of the idiosyncrasies of each individual experiment, required in order to properly compare the
sensitivity of the di↵erent LAr detectors along the Fermilab Booster Beam, is beyond the scope of this manuscript.

IV. DARK TRIDENT SIGNAL

The incoming beam of relativistic dark matter can scatter o↵ an argon nucleus via a t-channel dark photon exchange,
mimicking the neutral current interaction of a neutrino with argon. At higher order in the dark gauge coupling gD,
there are processes where this scatter is accompanied with additional dark photon emission. We consider here the
case where a single dark photon is radiated o↵ the initial or final-state � and leave the discussion of multiple emissions
to Section V. Since we consider the regime MA0 < 2M�, the emitted dark photon(s) will decay to e± or µ± pairs.
The case of single A0 emission the final state is a dark trident, the corresponding Feynman diagram depicted in Fig. 1

Useful to look off axis

Other places with detectors near (but not on) beam lines?
e.g. protoDUNE/LHC
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where Rdet is the distance to the detector and Adet is its cross sectional area. For reference, in the mass range of
interest, approximately 10�5 of the � particles produced at NuMI pass through the MicroBooNE detector. The signal
event rate is proportional to the number of dark matter particles traversing the detector multiplied by the probability
that it interacts in the detector volume, which is proportional to the geometric depth of the detector and the number
density of scatterers. The area in Eq. (3.4) combines with the depth to yield a volume, which multiplied by the
number density is proportional to total mass. The figure of merit for the rate of any signal is thus proportional
to the � production rate at the detector’s angle times the detector mass. Table I also lists this figure of merit for
each detector, normalized to that of MicroBooNE. ICARUS has a relative advantage due to its larger mass while
SNBD sees a smaller dark matter flux because of the relatively large o↵-axis angle. In the following section, we
focus on the dark trident signal, its rate, and its various properties that are relevant for all of these detectors. A
detailed understanding of the idiosyncrasies of each individual experiment, required in order to properly compare the
sensitivity of the di↵erent LAr detectors along the Fermilab Booster Beam, is beyond the scope of this manuscript.

IV. DARK TRIDENT SIGNAL

The incoming beam of relativistic dark matter can scatter o↵ an argon nucleus via a t-channel dark photon exchange,
mimicking the neutral current interaction of a neutrino with argon. At higher order in the dark gauge coupling gD,
there are processes where this scatter is accompanied with additional dark photon emission. We consider here the
case where a single dark photon is radiated o↵ the initial or final-state � and leave the discussion of multiple emissions
to Section V. Since we consider the regime MA0 < 2M�, the emitted dark photon(s) will decay to e± or µ± pairs.
The case of single A0 emission the final state is a dark trident, the corresponding Feynman diagram depicted in Fig. 1
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3

Figure 1. Each panel illustrates the string network (yellow strings), domain walls (red mesh), and energy density of the axion
field (blue-white intensity) before (left), during (middle), and after (right) the QCD phase transition (see animation).

by �̃ ⌘ �f
2
a/ma(⌘̂1)2. This parameter can be interpreted

as the squared mass of the radial PQ mode relative to the
axion mass, at conformal time ⌘̂1. In order for excitations
of the radial mode to be well-resolved in our simulation,
we require that the resolution of our simulation �x̄, with
x̄ = a1H1x and x the spatial coordinate, be such that
1/(⌘̂�̃

1/2�x̄) > 1, making simulations for realistic axion
parameters �̃ impossible. We break the relation between
�̃ and fa and consider �̃ = [1024, 1448, 3072, 3584, 5504]
in order to study the impact of this parameter.

We illustrate three important phases of the QCD-
epoch simulation in Fig. 1. The left-most panel is the
initial state discussed previously in the context of the
PQ-epoch simulation final-state. When ma(⌘̂) = 3H(⌘̂)
at ⌘̂ ⇡ 1.22, strings grow longer and become less nu-
merous, with domain walls forming on surfaces bounded
by the strings. This is illustrated in the middle panel,
with red colors indicating domain walls. As the tem-
perature continues to decrease with increasing ⌘̂, strings
and domain walls tighten and decrease in size until they
collapse. By ⌘̂ & 2.0, the network collapses in its en-
tirety. Shortly thereafter, we observe the formation of
oscillons [16, 20, 54]. We note that the oscillon field con-
figuration is relativistic, so that near the origin of the
oscillons the oscillation wavelength is ⇠ma(⌘̂)�1, which
is rapidly shrinking with increasing time. After the zero-
temperature mass is reached, oscillons stop shrinking and
slowly dissipate at varying rates until the full field enters
the linear regime. White regions in the right-most panel
of Fig. 1 denote regions of high axion energy density,
which are mostly inhabited by oscillons.

At the end of the simulation, the field has relaxed
into the linear regime (e.g., axion self-interactions are
unimportant), but the field remains mildly relativistic
because axion radiation is produced during the string-
network collapse and during the oscillon collapse. It is
therefore important to continue evolving the axion field
until a time nearer to matter-radiation equality to al-
low the field to become non-relativistic everywhere and
also to allow the compact but high-momentum overden-
sities to spread out. We perform this evolution analyti-

cally by exactly solving the linear axion equations of mo-
tion in Fourier space. We end this evolution shortly be-
fore matter-radiation equality (T ⇠ keV), at which time
proper velocities have frozen out but local radiation dom-
ination is preserved at all locations in our simulation box
so that gravitational e↵ects remain negligible.
Analysis and results.— We provide Supplementary
Data [55] containing the final state from our most real-
istic QCD-epoch simulation, after having performed the
evolution to near matter-radiation equality. Note that
the axion field after the QCD phase transition is highly
non-Gaussian and phase-correlated at small scales and
cannot accurately be reconstructed from the power spec-
trum. In fact considering that we find large overdensi-
ties � (� ⇠ 10), with � = (⇢ � ⇢̄)/⇢ and ⇢̄ (⇢) the aver-
age (local) DM density, the field could not possibly be
Gaussian at these scales, considering that Gaussian ran-
dom fields have symmetric over and under-densities but
under-densities with � < �1 would have negative DM
density.
We may try to estimate the present-day mass function

by performing a clustering analysis on the final states. In
particular, we expect that the large overdensities will de-
tach from the cosmic expansion, due to reaching locally
matter-radiation equality before the rest of the Universe,
and collapse onto themselves under gravity. Thus by clus-
tering the 3-D spatial energy density distribution from
the simulation slightly before matter-radiation equality
and quantifying the distribution of masses and overden-
sities that we find, we can make predictions for the spec-
trum of minihalo masses and concentrations today.
From the final-state we construct an overdensity field

�(x), and we identify overdensities as closed regions of
positive �. Under this definition 50% of the total mass is
in overdensities. In practice, we identify these regions by
first finding all positive local maxima, then recursively
identifying all neighboring grid sites that are larger than
20% of the corresponding local maxima. This thresh-
old is necessary to have a clear boundary between di↵er-
ent overdensities, though the final mass function is not
strongly dependent on the specific choice of 20%. Addi-

[Buschmann, Foster, Safdi]
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Axion star radius vs mass

FIG. 1. Line of equilibrium solutions of the non-relativistic
axion-star equations along the dilute branch for f = 1011 GeV
(blue), f = 1013 GeV (green), f = 1015 GeV (orange), con-
necting to the unstable branch along the critical line (red
dashed). Central density increases with the arrows. Also
shown is the meta-stable dense solution (dashed black). Note
that these results are obtained in the single-harmonic approx-
imation and thus the black dashed curve describing the dense
regime should not be trusted.

we can express the central amplitude as |⇥0|
2

⇠

M/(⇤4R3), and the total energy U can be rewritten as

U / �
GM2

R
+ ↵k

f2M

2⇤4R2
+

↵4��

4!

M2

⇤4R3
=

=
f2

m

"
�
�M̃2

R̃
+ ↵k

M̃

2R̃2
+

↵4��

4!

M̃2

R̃3

#
. (25)

In the last equality, we have used the scaling property of
the Schrödinger-Poisson equation, writing the mass and
the radius of the star in terms of dimensionless quantities,
M̃ = M(m/f2) and R̃ = mR. The natural scale for the
mass and the radius of the axion star are then

f2

m
= 3⇥ 10�20M�

✓
10�5 eV

m

◆3

, (26)

1

m
= 3⇥ 10�11R�

✓
10�5 eV

m

◆
, (27)

where M� and R� are respectively the mass and the ra-
dius of the Sun. The equilibrium configurations of the
axion star can be qualitatively obtained by minimizing
the energy density in Eq. (25) with respect to R̃, while
fixing the axion star mass or, equivalently, the total num-
ber of axions N = M/m. This gives a quadratic equation

whose solutions correspond to the radius of the star for
either the dilute branch (R̃+) or the critical branch (R̃�),
namely

R̃± =
↵k

2�M̃

0

@1±

s

1�
↵4|��|�M̃2

2↵2
k

1

A . (28)

The stability of the solution is determined by the sign of
@2U/@R2

��
R=R±

. Solutions in the dilute branch (⇢̃0 . �)

are stable, while those in the critical branch (� . ⇢̃0 . 1)
are unstable. Matching onto our numerical results from
section IIIA, we obtain

↵k = 9.9, ↵4 = 1.7, (29)

independent of the value of �.
The dilute branch of the axion star corresponds to the

equilibrium between the gradient energy and gravity. De-
pending on the value of the decay constant, equilibrium
configurations of this type populate the line with negative
slope in Fig. 1 with f = 1011 GeV (blue), f = 1013 GeV
(green), or f = 1015 GeV (orange), with the mass-radius
relation

R̃+

���
��!0

=
↵k

�M̃
. (30)

For configurations lying above this equilibrium line, the
gravitational pull overcomes gradient pressure, so these
configurations contract. On the contrary, configurations
lying below the mass-radius line in Eq. (30) are restored
to the equilibrium condition by the gradient pressure
term. Hence, a restoring force acts to vanish any de-
viation from the stable equilibrium.
The critical branch, the dashed red line in Fig. 1, corre-

sponds to the balance of the gradient and the quartic self-
interaction energy contributions, with mass-radius rela-
tion

R̃�

���
G!0

=
↵4|��|M̃

8↵k
. (31)

Deviations from this configuration are pushed either fur-
ther towards the dilute branch or to further contraction
and are hence unstable. A solution for the radius of the
axion star exists as long as the quantity below the square
root in Eq. (28) is positive, that is when the mass of the
star is smaller than the critical value

M̃⇤ =

s
2↵2

k

↵4|��|�
=

1.3⇥ 109p
���

✓
1011 GeV

f

◆
, (32)

which corresponds to the radius R̃⇤ = and to the core
amplitude

R̃⇤ =
↵k

2�M̃⇤
=

s
↵4|��|

8�
, (33)

|⇥⇤
0| =

p
32�↵k

↵4|��|
=

8.8⇥ 10�8

|��|

✓
f

1011 GeV

◆
. (34)

[Visinelli et al]
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TABLE I. Axion star masses, together with comoving r⇤, and corresponding halo masses for the three miniclusters at di↵erent
redshifts. The two axion stars in the second minicluster MC2-AS1 and MC2-AS2 merged giving MC2-AS3. Shown also are the
saturation mass from Eq. (10), the condensation times obtained from the mass growth of the axion stars (cf. Fig. 5 and Eq. (7))
and the dimensionless parameter from Eq. (8), where b and bvir are determined using the measured mean velocity and the virial
velocity of the host minicluster, respectively.

z M⇤ [10
�12M�] r⇤ [10

�3 pc] Mh [10�11M�] M⇤,sat [10
�12 M�] ⌧ [107 yr] b (bvir)

MC1-AS1 1277 5.04 1.36 5.98 5.96 9.64 0.11 (0.61)

MC2-AS1 642 3.17 1.10 16.6 � � �
MC2-AS2 604 2.65 1.24 5.53 � � �
MC2-AS3 534 3.83 0.76 17.7 4.51 15.1 0.11 (0.69)

MC3-AS1 899 3.91 1.74 5.29 4.74 4.54 0.10 (0.96)

throughout the simulation we chose an axion mass of
m = 10�8 eV and a box side length of L = 0.356 pc/h.

Furthermore, when a minicluster begins to form the
density field is interpolated onto a 10243 grid using the
conservative second-order interpolation algorithm taken
from [31].

We note that our choice for m is lower by approxi-
mately three orders of magnitude than the current best
fit to the dark matter abundance. Its role in our sim-
ulations is on the one hand to set the physical scales
for the box size (which depends only weakly on m, cf.
Eq. (1)) and the axion star radius r⇤ ⇠ m

�2. On the
other hand, the axion mass a↵ects both the condensa-
tion time ⌧ ⇠ m

3 and the mass increase of the axion star
(cf. Eqs. (7) and (8)). Thus, the mass growth is less
noticeable for higher axion masses. As we are primar-
ily concerned with the formation and early evolution of
individual axion stars, leaving questions about the statis-
tical distribution of their masses and densities for future
work, we can justify our choice with the scaling symmetry
of Eq. (3) and the assumption that the structure of ini-
tial density perturbations depends only weakly on scale.
Under these conditions, we argue that our main results
are qualitatively valid as well for axion masses consistent
with the dark matter abundance.

All of our simulations start at redshift z = 7⇥105 using
⌦m,0 = ⌦a,0 = 0.32, ⌦r,0 = 9.4⇥ 10�5, ⌦⇤,0 = 0.679906,
and H0 = 100h km s�1 Mpc�1 with h = 0.67.

III. SIMULATION RESULTS

We present the simulations of three separate miniclus-
ters (see Table I). One of the clusters consisted of two
local density maxima that each produced an axion star
which subsequently merged (see the discussion at the end
of this section). Hence, we observed the evolution of five
axion stars in total.

The overall structure of all miniclusters and their cen-
tral axion stars is closely analogous to dark matter halos
that form in fuzzy dark matter (FDM) simulations from
cosmological initial conditions [28, 32]. Outside of the ax-
ion stars, the miniclusters consist of incoherent granular

density fluctuations produced by wave interference. Ad-
ditionally, the axion stars are surrounded by pronounced
density waves. Figure 1 shows a representative snapshot.
The axion stars form roughly during a few free-fall

times after the collapse of the minicluster. Their exact
formation time is ambiguous owing to the violent oscilla-
tions of proto-axion stars discussed below. We define an
axion star by the existence of a self-bound, cored central
density whose angle-averaged profile is well described by
an approximate Bose star solution (e.g. [33]):

⇢⇤(r) ' ⇢0

"
1 + 0.091

✓
r

r⇤

◆2
#�8

,

⇢0 = 1.9⇥ 10�6
a
�1

⇥
 
10�8 eV

m

!2  
10�3pc

r⇤

!4
M�
pc3

, (4)

FIG. 1. The left panel displays the projected density of a
typical simulation in comoving units. The large box shows
the full simulation domain. A zoom-in of the region where
the axion star has formed is shown in the inlay. The granular
structure within a radius of 0.021 pc/h can be more clearly
seen in the slice plot in the upper right panel. A volume
rendering of the axion star is shown in the lower right panel.

[Eggemeier and Niemeyer]
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FIG. 4. Oscillation of the axion star MC1-AS1. In the upper
panel, one can see the (physical) axion star density fluctua-
tions. The blue colored region marks the data which was used
for the Fourier transformation which is shown in the lower
panel. Before t = 105 yr the axion star is still forming, which
is why this was not considered in the Fourier transformation.
The boundaries of the green colored region are the expected
quasi-normal frequencies (cf. Eq. (6)) for the maximum and
the minimum of the axion star density in the blue colored
region, respectively. The green line represents the frequency
peak at the quasi-normal frequency f1 = 1.26 ⇥ 10�4 yr�1

and the red line the second dominating frequency peak at
f2 = 2.54⇥ 10�4 yr�1.

FIG. 5. Evolution of the masses of three axion stars relative
to their initial mass, evaluated at the earliest time the soliton
profile Eq. (4) provided a good fit, compared to Eq. (7).

of the total initial mass was radiated away by gravita-
tional cooling. This is consistent with simulations of bi-
nary mergers of boson stars giving � ⇠ 0.7 [37]. The
additional mass loss in the present case may be a conse-
quence of the highly excited state of the progenitor axion
stars.

IV. DISCUSSION

Our simulations, in particular the confirmation of the
time-dependent mass growth of the axion stars obeying
Eqs. (7) and (8) observed by Levkov et al. [27], provide
further evidence that the mass evolution of axion stars in
miniclusters can be explained in terms of a kinetic process
of wave condensation [38] (we will comment about the
formation itself below). We can use this framework to
predict the mass at which the growth of the axion star
saturates by forming a local cloud of field fluctuations
whose temperature exceeds the virial temperature of the
host halo. This relation turns out to coincide exactly
with the core-halo mass relation found empirically for
FDM solitonic cores [33].
Immediately after an axion star has formed, the state

of its ambient axion field is governed by the virial temper-
ature of the minicluster, i.e. v ' vvir,mc in Eq. (8). After
it has grown to a critical mass, the axion star forms a
hot axion atmosphere with the star’s virial temperature,
at which point ⌧ itself becomes dependent on M⇤. This
causes the mass growth to saturate and slow down sub-
stantially.
The transition takes place when vvir,mc ' vvir,⇤ where

the virial velocity in the gravitational potential of the
axion star is approximately given by [39]

vvir,⇤(M⇤) '
GM⇤m

~ . (9)

Approximating the minicluster as a uniform
sphere with (physical) radius Rh and mass
Mh = (4⇡/3)R3

h⇣(z)⇢m,0/a
3 (with ⇣(z � 1) ' 18⇡2), its

virial velocity is v
2
vir,mc = 3GMh/10Rh. The saturation

criterion is therefore met when

M⇤,sat =

✓
~
m

◆ ✓
3

10 aG

◆1/2 ✓
4⇡ ⇣(z) ⇢m,0

3

◆1/6

M
1/3
h

(10)
(M⇤  Mh).
Equation (10) coincides exactly with the relation found

in [33] for the final axion star mass. However, ongoing
condensation predicts that the axion star mass continues
to grow, albeit at a drastically reduced rate. Inserting
vvir,⇤(M⇤) into Eq. (8) and assuming that the power law
growth continues to hold, the axion star mass will even-
tually follow

M⇤(t) ' M⇤,sat

✓
t

⌧sat

◆1/8

, (11)

where ⌧sat follows from evaluating Eq. (8) with v =
vvir,⇤(M⇤,sat). For many purposes, the axion star mass
can therefore be estimated by Eq. (10) but secular growth
may be important in some cases. Simulations will have
to verify if the long-term mass growth asymptotically ap-
proaches Eq. (11).
We finish with some remarks on the validity of the

wave condensation formalism. The kinetic regime, in

Stable solutions: gravity/self-
interaction vs gradient energy 

(“Heisenberg pressure”)
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Axion star radius vs mass

FIG. 1. Line of equilibrium solutions of the non-relativistic
axion-star equations along the dilute branch for f = 1011 GeV
(blue), f = 1013 GeV (green), f = 1015 GeV (orange), con-
necting to the unstable branch along the critical line (red
dashed). Central density increases with the arrows. Also
shown is the meta-stable dense solution (dashed black). Note
that these results are obtained in the single-harmonic approx-
imation and thus the black dashed curve describing the dense
regime should not be trusted.

we can express the central amplitude as |⇥0|
2

⇠

M/(⇤4R3), and the total energy U can be rewritten as

U / �
GM2

R
+ ↵k

f2M

2⇤4R2
+

↵4��

4!

M2

⇤4R3
=

=
f2

m

"
�
�M̃2

R̃
+ ↵k

M̃

2R̃2
+

↵4��

4!

M̃2

R̃3

#
. (25)

In the last equality, we have used the scaling property of
the Schrödinger-Poisson equation, writing the mass and
the radius of the star in terms of dimensionless quantities,
M̃ = M(m/f2) and R̃ = mR. The natural scale for the
mass and the radius of the axion star are then

f2

m
= 3⇥ 10�20M�

✓
10�5 eV

m

◆3

, (26)

1

m
= 3⇥ 10�11R�

✓
10�5 eV

m

◆
, (27)

where M� and R� are respectively the mass and the ra-
dius of the Sun. The equilibrium configurations of the
axion star can be qualitatively obtained by minimizing
the energy density in Eq. (25) with respect to R̃, while
fixing the axion star mass or, equivalently, the total num-
ber of axions N = M/m. This gives a quadratic equation

whose solutions correspond to the radius of the star for
either the dilute branch (R̃+) or the critical branch (R̃�),
namely

R̃± =
↵k

2�M̃

0

@1±

s

1�
↵4|��|�M̃2

2↵2
k

1

A . (28)

The stability of the solution is determined by the sign of
@2U/@R2

��
R=R±

. Solutions in the dilute branch (⇢̃0 . �)

are stable, while those in the critical branch (� . ⇢̃0 . 1)
are unstable. Matching onto our numerical results from
section IIIA, we obtain

↵k = 9.9, ↵4 = 1.7, (29)

independent of the value of �.
The dilute branch of the axion star corresponds to the

equilibrium between the gradient energy and gravity. De-
pending on the value of the decay constant, equilibrium
configurations of this type populate the line with negative
slope in Fig. 1 with f = 1011 GeV (blue), f = 1013 GeV
(green), or f = 1015 GeV (orange), with the mass-radius
relation

R̃+

���
��!0

=
↵k

�M̃
. (30)

For configurations lying above this equilibrium line, the
gravitational pull overcomes gradient pressure, so these
configurations contract. On the contrary, configurations
lying below the mass-radius line in Eq. (30) are restored
to the equilibrium condition by the gradient pressure
term. Hence, a restoring force acts to vanish any de-
viation from the stable equilibrium.
The critical branch, the dashed red line in Fig. 1, corre-

sponds to the balance of the gradient and the quartic self-
interaction energy contributions, with mass-radius rela-
tion

R̃�

���
G!0

=
↵4|��|M̃

8↵k
. (31)

Deviations from this configuration are pushed either fur-
ther towards the dilute branch or to further contraction
and are hence unstable. A solution for the radius of the
axion star exists as long as the quantity below the square
root in Eq. (28) is positive, that is when the mass of the
star is smaller than the critical value

M̃⇤ =

s
2↵2

k

↵4|��|�
=

1.3⇥ 109p
���

✓
1011 GeV

f

◆
, (32)

which corresponds to the radius R̃⇤ = and to the core
amplitude

R̃⇤ =
↵k

2�M̃⇤
=

s
↵4|��|

8�
, (33)

|⇥⇤
0| =

p
32�↵k

↵4|��|
=

8.8⇥ 10�8

|��|

✓
f

1011 GeV

◆
. (34)

[Visinelli et al]
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FIG. 2. (a) The central energy density ⇢(t, 0) of the collapsing
star with f2

a = 5 · 10�8 M2
pl. The region corresponding to the

second explosion is magnified in the inset. (b), (c), (d) The
density profiles ⇢(t, r) of this star at fixed t.

Fig. 2a. One observes that the initial self-similar growth
of the density at t < t⇤ = 0 leads to an “explosion” —
a period of violent oscillations at t ⇡ 0 accompanied by
strong emission of the outgoing high-frequency waves in
Figs. 2b,c, see Supplemental Material for the movie. The
oscillations are governed by nonlinear interaction [24] of
the relativistically infalling condensate at mr . 1. In
terms of particle physics this is a relativistic collision of
many condensate particles in the star center producing
an outgoing flux of relativistic ALP. The particle number
is strongly violated in this process.

The outgoing relativistic flux rapidly makes the star
center diluted. Then after the first explosion the process
repeats itself: the central density starts to grow until
the second period of violent oscillations occurs, etc, see
Figs. 2a,c,d. To explain this behavior, we recall that the
self-similar solution studied above is the attractor of the
nonrelativistic evolution. This means that the nonrel-
ativistic condensate outside of the diluted core should
once again develop the universal singular profile (5) as
t ! t0⇤. We support this observation by noting that
the central energy density of the self-similar solution
| | = |�⇤(y)|/mrg4 behaves as

⇢(t, 0)/m2f2
a = |@y�⇤(0)|2/[g24m(t0⇤ � t)] , (8)

with @y�⇤(0) ⇡ 3.99. In the inset of Fig. 2a we demon-
strate that the function ⇢(t, 0) at the eve of the second
explosion is well fitted by Eq. (8) (shown by the dashed
line) with one adjustable parameter t0⇤. We conclude that
the collapsing star indeed repeatedly develops singular
profiles (5) triggering scattering of the relativistic ALP
in the star center.

5. Emission spectrum. Since the wave collisions in
the star center always start from the approximately uni-
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FIG. 3. (a) The spectra dE/dk of emitted particles per one
explosion. The graphs are averaged over the sensitivity in-
tervals �k = 0.1m for visualization purposes. (b), (c) The
portion of mass E/Mcr leaving the collapsing star during its
full lifetime and the fraction of kinetic energy Ekin/E within
the outgoing particle stream as functions of the ALP scale fa.

versal initial data (5), their dynamics and the spectra
of the emitted ALP are almost the same. To calculate
the spectra, we consider the spherical axion waves freely
propagating away from the star at large r: a(t, r) ⇡
Re

R +1
0 dk Ak eikr�i!kt/r, where !2

k = k2 + m2. We
numerically compute the wave amplitudes Ak using the
time Fourier transforms of the field a(t, R) and its deriva-
tive @ra(t, R) at large r = R. Then the spectrum or,
more exactly, the distribution of the total emitted en-
ergy E over the momenta k of the outgoing particles, is
dE/dk = 4⇡2!2

k |Ak|2.
In Fig. 3a we plot the spectra emitted by two collaps-

ing stars, each divided by the number of explosions dur-
ing the collapse N⇤. The spectra are wide, with several
almost equidistant peaks — these may appear due to
multiple re-scattering of the outgoing ALP o↵ the in-
falling condensate [25]. The two graphs in Fig. 3a coin-
cide although the respective processes proceed at essen-
tially di↵erent fa and involve N⇤ = 3 and 7 explosions.
This confirms that the explosions are identical: the total
spectrum is given by the one in Fig. 3a multiplied by N⇤.
However, the number of explosions N⇤ and therefore

the total emitted energy E depend on the potential V.
Figure 3b shows that E is an almost linear function of
fa/Mpl. Extrapolating it to phenomenologically relevant
values fa ⌧ Mpl, we find that the collapsing stars in the
model (7) lose roughly 30% of their mass, E ⇠ 0.3Mcr.

6. Discussion. To summarize, the Bose star collapse
involves two alternating processes: the self-similar evolu-
tion approaching the singular profile (5) and ALP scat-
tering in the star center accompanied by strong emission
of relativistic particles. The first process is described, af-
ter the appropriate field and coordinate rescalings, by the
universal nonrelativistic solution. The subsequent scat-
tering, although non-universal by itself [26], starts from
the universal profile (5) at each cycle and therefore pro-
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FIG. 2. (a) The central energy density ⇢(t, 0) of the collapsing
star with f2

a = 5 · 10�8 M2
pl. The region corresponding to the

second explosion is magnified in the inset. (b), (c), (d) The
density profiles ⇢(t, r) of this star at fixed t.

Fig. 2a. One observes that the initial self-similar growth
of the density at t < t⇤ = 0 leads to an “explosion” —
a period of violent oscillations at t ⇡ 0 accompanied by
strong emission of the outgoing high-frequency waves in
Figs. 2b,c, see Supplemental Material for the movie. The
oscillations are governed by nonlinear interaction [24] of
the relativistically infalling condensate at mr . 1. In
terms of particle physics this is a relativistic collision of
many condensate particles in the star center producing
an outgoing flux of relativistic ALP. The particle number
is strongly violated in this process.

The outgoing relativistic flux rapidly makes the star
center diluted. Then after the first explosion the process
repeats itself: the central density starts to grow until
the second period of violent oscillations occurs, etc, see
Figs. 2a,c,d. To explain this behavior, we recall that the
self-similar solution studied above is the attractor of the
nonrelativistic evolution. This means that the nonrel-
ativistic condensate outside of the diluted core should
once again develop the universal singular profile (5) as
t ! t0⇤. We support this observation by noting that
the central energy density of the self-similar solution
| | = |�⇤(y)|/mrg4 behaves as

⇢(t, 0)/m2f2
a = |@y�⇤(0)|2/[g24m(t0⇤ � t)] , (8)

with @y�⇤(0) ⇡ 3.99. In the inset of Fig. 2a we demon-
strate that the function ⇢(t, 0) at the eve of the second
explosion is well fitted by Eq. (8) (shown by the dashed
line) with one adjustable parameter t0⇤. We conclude that
the collapsing star indeed repeatedly develops singular
profiles (5) triggering scattering of the relativistic ALP
in the star center.

5. Emission spectrum. Since the wave collisions in
the star center always start from the approximately uni-
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FIG. 3. (a) The spectra dE/dk of emitted particles per one
explosion. The graphs are averaged over the sensitivity in-
tervals �k = 0.1m for visualization purposes. (b), (c) The
portion of mass E/Mcr leaving the collapsing star during its
full lifetime and the fraction of kinetic energy Ekin/E within
the outgoing particle stream as functions of the ALP scale fa.

versal initial data (5), their dynamics and the spectra
of the emitted ALP are almost the same. To calculate
the spectra, we consider the spherical axion waves freely
propagating away from the star at large r: a(t, r) ⇡
Re

R +1
0 dk Ak eikr�i!kt/r, where !2

k = k2 + m2. We
numerically compute the wave amplitudes Ak using the
time Fourier transforms of the field a(t, R) and its deriva-
tive @ra(t, R) at large r = R. Then the spectrum or,
more exactly, the distribution of the total emitted en-
ergy E over the momenta k of the outgoing particles, is
dE/dk = 4⇡2!2

k |Ak|2.
In Fig. 3a we plot the spectra emitted by two collaps-

ing stars, each divided by the number of explosions dur-
ing the collapse N⇤. The spectra are wide, with several
almost equidistant peaks — these may appear due to
multiple re-scattering of the outgoing ALP o↵ the in-
falling condensate [25]. The two graphs in Fig. 3a coin-
cide although the respective processes proceed at essen-
tially di↵erent fa and involve N⇤ = 3 and 7 explosions.
This confirms that the explosions are identical: the total
spectrum is given by the one in Fig. 3a multiplied by N⇤.
However, the number of explosions N⇤ and therefore

the total emitted energy E depend on the potential V.
Figure 3b shows that E is an almost linear function of
fa/Mpl. Extrapolating it to phenomenologically relevant
values fa ⌧ Mpl, we find that the collapsing stars in the
model (7) lose roughly 30% of their mass, E ⇠ 0.3Mcr.

6. Discussion. To summarize, the Bose star collapse
involves two alternating processes: the self-similar evolu-
tion approaching the singular profile (5) and ALP scat-
tering in the star center accompanied by strong emission
of relativistic particles. The first process is described, af-
ter the appropriate field and coordinate rescalings, by the
universal nonrelativistic solution. The subsequent scat-
tering, although non-universal by itself [26], starts from
the universal profile (5) at each cycle and therefore pro-
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Axion star radius vs mass

FIG. 1. Line of equilibrium solutions of the non-relativistic
axion-star equations along the dilute branch for f = 1011 GeV
(blue), f = 1013 GeV (green), f = 1015 GeV (orange), con-
necting to the unstable branch along the critical line (red
dashed). Central density increases with the arrows. Also
shown is the meta-stable dense solution (dashed black). Note
that these results are obtained in the single-harmonic approx-
imation and thus the black dashed curve describing the dense
regime should not be trusted.

we can express the central amplitude as |⇥0|
2

⇠

M/(⇤4R3), and the total energy U can be rewritten as

U / �
GM2

R
+ ↵k

f2M

2⇤4R2
+

↵4��

4!

M2

⇤4R3
=

=
f2

m

"
�
�M̃2

R̃
+ ↵k

M̃

2R̃2
+

↵4��

4!

M̃2

R̃3

#
. (25)

In the last equality, we have used the scaling property of
the Schrödinger-Poisson equation, writing the mass and
the radius of the star in terms of dimensionless quantities,
M̃ = M(m/f2) and R̃ = mR. The natural scale for the
mass and the radius of the axion star are then

f2

m
= 3⇥ 10�20M�

✓
10�5 eV

m

◆3

, (26)

1

m
= 3⇥ 10�11R�

✓
10�5 eV

m

◆
, (27)

where M� and R� are respectively the mass and the ra-
dius of the Sun. The equilibrium configurations of the
axion star can be qualitatively obtained by minimizing
the energy density in Eq. (25) with respect to R̃, while
fixing the axion star mass or, equivalently, the total num-
ber of axions N = M/m. This gives a quadratic equation

whose solutions correspond to the radius of the star for
either the dilute branch (R̃+) or the critical branch (R̃�),
namely

R̃± =
↵k

2�M̃

0

@1±

s

1�
↵4|��|�M̃2

2↵2
k

1

A . (28)

The stability of the solution is determined by the sign of
@2U/@R2

��
R=R±

. Solutions in the dilute branch (⇢̃0 . �)

are stable, while those in the critical branch (� . ⇢̃0 . 1)
are unstable. Matching onto our numerical results from
section IIIA, we obtain

↵k = 9.9, ↵4 = 1.7, (29)

independent of the value of �.
The dilute branch of the axion star corresponds to the

equilibrium between the gradient energy and gravity. De-
pending on the value of the decay constant, equilibrium
configurations of this type populate the line with negative
slope in Fig. 1 with f = 1011 GeV (blue), f = 1013 GeV
(green), or f = 1015 GeV (orange), with the mass-radius
relation

R̃+

���
��!0

=
↵k

�M̃
. (30)

For configurations lying above this equilibrium line, the
gravitational pull overcomes gradient pressure, so these
configurations contract. On the contrary, configurations
lying below the mass-radius line in Eq. (30) are restored
to the equilibrium condition by the gradient pressure
term. Hence, a restoring force acts to vanish any de-
viation from the stable equilibrium.
The critical branch, the dashed red line in Fig. 1, corre-

sponds to the balance of the gradient and the quartic self-
interaction energy contributions, with mass-radius rela-
tion

R̃�

���
G!0

=
↵4|��|M̃

8↵k
. (31)

Deviations from this configuration are pushed either fur-
ther towards the dilute branch or to further contraction
and are hence unstable. A solution for the radius of the
axion star exists as long as the quantity below the square
root in Eq. (28) is positive, that is when the mass of the
star is smaller than the critical value

M̃⇤ =

s
2↵2

k

↵4|��|�
=

1.3⇥ 109p
���

✓
1011 GeV

f

◆
, (32)

which corresponds to the radius R̃⇤ = and to the core
amplitude

R̃⇤ =
↵k

2�M̃⇤
=

s
↵4|��|

8�
, (33)

|⇥⇤
0| =

p
32�↵k

↵4|��|
=

8.8⇥ 10�8

|��|

✓
f

1011 GeV

◆
. (34)

[Visinelli et al]
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FIG. 2. (a) The central energy density ⇢(t, 0) of the collapsing
star with f2

a = 5 · 10�8 M2
pl. The region corresponding to the

second explosion is magnified in the inset. (b), (c), (d) The
density profiles ⇢(t, r) of this star at fixed t.

Fig. 2a. One observes that the initial self-similar growth
of the density at t < t⇤ = 0 leads to an “explosion” —
a period of violent oscillations at t ⇡ 0 accompanied by
strong emission of the outgoing high-frequency waves in
Figs. 2b,c, see Supplemental Material for the movie. The
oscillations are governed by nonlinear interaction [24] of
the relativistically infalling condensate at mr . 1. In
terms of particle physics this is a relativistic collision of
many condensate particles in the star center producing
an outgoing flux of relativistic ALP. The particle number
is strongly violated in this process.

The outgoing relativistic flux rapidly makes the star
center diluted. Then after the first explosion the process
repeats itself: the central density starts to grow until
the second period of violent oscillations occurs, etc, see
Figs. 2a,c,d. To explain this behavior, we recall that the
self-similar solution studied above is the attractor of the
nonrelativistic evolution. This means that the nonrel-
ativistic condensate outside of the diluted core should
once again develop the universal singular profile (5) as
t ! t0⇤. We support this observation by noting that
the central energy density of the self-similar solution
| | = |�⇤(y)|/mrg4 behaves as

⇢(t, 0)/m2f2
a = |@y�⇤(0)|2/[g24m(t0⇤ � t)] , (8)

with @y�⇤(0) ⇡ 3.99. In the inset of Fig. 2a we demon-
strate that the function ⇢(t, 0) at the eve of the second
explosion is well fitted by Eq. (8) (shown by the dashed
line) with one adjustable parameter t0⇤. We conclude that
the collapsing star indeed repeatedly develops singular
profiles (5) triggering scattering of the relativistic ALP
in the star center.

5. Emission spectrum. Since the wave collisions in
the star center always start from the approximately uni-
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FIG. 3. (a) The spectra dE/dk of emitted particles per one
explosion. The graphs are averaged over the sensitivity in-
tervals �k = 0.1m for visualization purposes. (b), (c) The
portion of mass E/Mcr leaving the collapsing star during its
full lifetime and the fraction of kinetic energy Ekin/E within
the outgoing particle stream as functions of the ALP scale fa.

versal initial data (5), their dynamics and the spectra
of the emitted ALP are almost the same. To calculate
the spectra, we consider the spherical axion waves freely
propagating away from the star at large r: a(t, r) ⇡
Re

R +1
0 dk Ak eikr�i!kt/r, where !2

k = k2 + m2. We
numerically compute the wave amplitudes Ak using the
time Fourier transforms of the field a(t, R) and its deriva-
tive @ra(t, R) at large r = R. Then the spectrum or,
more exactly, the distribution of the total emitted en-
ergy E over the momenta k of the outgoing particles, is
dE/dk = 4⇡2!2

k |Ak|2.
In Fig. 3a we plot the spectra emitted by two collaps-

ing stars, each divided by the number of explosions dur-
ing the collapse N⇤. The spectra are wide, with several
almost equidistant peaks — these may appear due to
multiple re-scattering of the outgoing ALP o↵ the in-
falling condensate [25]. The two graphs in Fig. 3a coin-
cide although the respective processes proceed at essen-
tially di↵erent fa and involve N⇤ = 3 and 7 explosions.
This confirms that the explosions are identical: the total
spectrum is given by the one in Fig. 3a multiplied by N⇤.
However, the number of explosions N⇤ and therefore

the total emitted energy E depend on the potential V.
Figure 3b shows that E is an almost linear function of
fa/Mpl. Extrapolating it to phenomenologically relevant
values fa ⌧ Mpl, we find that the collapsing stars in the
model (7) lose roughly 30% of their mass, E ⇠ 0.3Mcr.

6. Discussion. To summarize, the Bose star collapse
involves two alternating processes: the self-similar evolu-
tion approaching the singular profile (5) and ALP scat-
tering in the star center accompanied by strong emission
of relativistic particles. The first process is described, af-
ter the appropriate field and coordinate rescalings, by the
universal nonrelativistic solution. The subsequent scat-
tering, although non-universal by itself [26], starts from
the universal profile (5) at each cycle and therefore pro-
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FIG. 2. (a) The central energy density ⇢(t, 0) of the collapsing
star with f2

a = 5 · 10�8 M2
pl. The region corresponding to the

second explosion is magnified in the inset. (b), (c), (d) The
density profiles ⇢(t, r) of this star at fixed t.

Fig. 2a. One observes that the initial self-similar growth
of the density at t < t⇤ = 0 leads to an “explosion” —
a period of violent oscillations at t ⇡ 0 accompanied by
strong emission of the outgoing high-frequency waves in
Figs. 2b,c, see Supplemental Material for the movie. The
oscillations are governed by nonlinear interaction [24] of
the relativistically infalling condensate at mr . 1. In
terms of particle physics this is a relativistic collision of
many condensate particles in the star center producing
an outgoing flux of relativistic ALP. The particle number
is strongly violated in this process.

The outgoing relativistic flux rapidly makes the star
center diluted. Then after the first explosion the process
repeats itself: the central density starts to grow until
the second period of violent oscillations occurs, etc, see
Figs. 2a,c,d. To explain this behavior, we recall that the
self-similar solution studied above is the attractor of the
nonrelativistic evolution. This means that the nonrel-
ativistic condensate outside of the diluted core should
once again develop the universal singular profile (5) as
t ! t0⇤. We support this observation by noting that
the central energy density of the self-similar solution
| | = |�⇤(y)|/mrg4 behaves as

⇢(t, 0)/m2f2
a = |@y�⇤(0)|2/[g24m(t0⇤ � t)] , (8)

with @y�⇤(0) ⇡ 3.99. In the inset of Fig. 2a we demon-
strate that the function ⇢(t, 0) at the eve of the second
explosion is well fitted by Eq. (8) (shown by the dashed
line) with one adjustable parameter t0⇤. We conclude that
the collapsing star indeed repeatedly develops singular
profiles (5) triggering scattering of the relativistic ALP
in the star center.

5. Emission spectrum. Since the wave collisions in
the star center always start from the approximately uni-
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FIG. 3. (a) The spectra dE/dk of emitted particles per one
explosion. The graphs are averaged over the sensitivity in-
tervals �k = 0.1m for visualization purposes. (b), (c) The
portion of mass E/Mcr leaving the collapsing star during its
full lifetime and the fraction of kinetic energy Ekin/E within
the outgoing particle stream as functions of the ALP scale fa.

versal initial data (5), their dynamics and the spectra
of the emitted ALP are almost the same. To calculate
the spectra, we consider the spherical axion waves freely
propagating away from the star at large r: a(t, r) ⇡
Re

R +1
0 dk Ak eikr�i!kt/r, where !2

k = k2 + m2. We
numerically compute the wave amplitudes Ak using the
time Fourier transforms of the field a(t, R) and its deriva-
tive @ra(t, R) at large r = R. Then the spectrum or,
more exactly, the distribution of the total emitted en-
ergy E over the momenta k of the outgoing particles, is
dE/dk = 4⇡2!2

k |Ak|2.
In Fig. 3a we plot the spectra emitted by two collaps-

ing stars, each divided by the number of explosions dur-
ing the collapse N⇤. The spectra are wide, with several
almost equidistant peaks — these may appear due to
multiple re-scattering of the outgoing ALP o↵ the in-
falling condensate [25]. The two graphs in Fig. 3a coin-
cide although the respective processes proceed at essen-
tially di↵erent fa and involve N⇤ = 3 and 7 explosions.
This confirms that the explosions are identical: the total
spectrum is given by the one in Fig. 3a multiplied by N⇤.
However, the number of explosions N⇤ and therefore

the total emitted energy E depend on the potential V.
Figure 3b shows that E is an almost linear function of
fa/Mpl. Extrapolating it to phenomenologically relevant
values fa ⌧ Mpl, we find that the collapsing stars in the
model (7) lose roughly 30% of their mass, E ⇠ 0.3Mcr.

6. Discussion. To summarize, the Bose star collapse
involves two alternating processes: the self-similar evolu-
tion approaching the singular profile (5) and ALP scat-
tering in the star center accompanied by strong emission
of relativistic particles. The first process is described, af-
ter the appropriate field and coordinate rescalings, by the
universal nonrelativistic solution. The subsequent scat-
tering, although non-universal by itself [26], starts from
the universal profile (5) at each cycle and therefore pro-
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FIG. 1. The exclusion plot of axion parameters in the scenario of enhanced small scale structures. The colored region represents
the exclusion region with di↵erent characteristic structure masses while the light purple and pink region represents the canonical
structure where the axion is at its zero-temperature mass when it starts to oscillate and imprint white-noise fluctuations between
di↵erent horizon patches. Above the red dashed line, the Jeans scale is smaller than the size of dense axion stars at matter-
radiation equality, leading to O(1) formation of dense axion stars even without the enhanced structure formation on small
scales. Our analysis is no longer applicable here but we still expect this region to be excluded for the same reason. Our
constraints do not rely on non-gravitational couplings with the Standard Model sector. Therefore we only show the constraints
from the black hole superradiance for comparison. The parameter space of QCD axion is also labeled for reference. This plot
is generated with the Python notebooks in Ref. [34].

Eqs. (5) and (6). After their initial condensation, axion
stars can accrete axions from the surrounding minihalo
and continue to grow in mass [35, 39] with mass scaling
as M⇤ /

p
t/⌧gr � 1. However, since a dilute star shrinks

in size as its mass grows (10) there will come a time when
its radius is comparable to the de Broglie wavelength of
the axions in the surrounding halo and the axions will
no longer be able to e↵ectively scatter o↵ the axion star.
For gradient pressure supported objects, which shrink as
they grow , there is an intrinsic tension in the capture
process between the de Broglie wavelength and escape
speed meaning that at some point the growth substan-
tially slows. By equating the radius of the axion star to
the de Broglie wavelength of axions in the minihalo, of
mass Mh and density ⇢a, moving at the virial speed, the
mass at which this growth saturates can be estimated
[35, 36] to be

M
sat
⇤ ⇠ ⇢

1/6
a G

�1/2
N m

�1
a M

1/3
h . (15)

Growth beyond this mass can occur but at a consider-
ably reduced rate. Assuming that power law growth still
applies but with the speed of the captured axions now
determined by the axion star’s radius rather than the
minihalo’s virial speed i.e. ⌧ ⇠ v

6
⇠ M

6
⇤ the growth is

slowed to M⇤ / (t/⌧sat)1/8, where the saturation time is
when the speed of captured axions becomes larger than
the halo virial speed, ⌧sat = ⌧gr(vhalo). Recently this
predicted behavior of t

1/2 followed by t
1/8 growth, was

confirmed in numerical simulations [39]. Objects with
the density profile of a minihalo containing an axion star
in its core were identified in simulation and tracked from
t ⇠ ⌧sat/10 when their mass was to M⇤ ⇠ M

sat
⇤ /

p
10 to

t � ⌧sat, we assume this growth pattern in what follows.

If the formation rate of axion stars is su�ciently large
and axinovae are turned on, a single axion minihalo may
form multiple stars within a Hubble time. This will re-
quire the critical mass to be smaller than the saturation
mass. On the other hand, the timescale to form an ax-
ion star at critical mass is not as large as ⌧gr due to the
growth behavior of axion stars that goes as M / t

1/2.
Therefore, we expect the time we need to form a criti-
cal star is tcrit = ⌧gr(Mmax

⇤ /Msat)2. The question arises
as we evaluate the velocity in the expression of ⌧gr in
Eq. (12): which radius to use? There are a few possi-
ble choices here. One obvious option is the scale radius
rs, which can guarantee the majority of the axion mini-
halo can form a gravitational condensate and it is our
choice for this work. The second option is to use the ra-

“Recurrent axinova” ~ late decaying dark matter

[PF, Weiner, Xiao]
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DM exists!  We need to find and measure it 

DM is probably not your advisors model 

Dark matter may sit in a larger dark sector  
(why does SM get to have all the fun?) 

Finding it requires all the tools we have — TH and EXP 

No Conclusions…yet

“Stupidity is coming to a conclusion”
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Exciting, creative time both experimentally and theoretically
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