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Rτ = NC SEW (1 + δP + δNP) Braaten-Narison-Pich ’92

= 6πi

∮

|x|=1

(1 − x)2
[

(1 + 2x) Π(0+1)(m2
τx)− 2x Π(0)(m2

τx)
]

δP = aτ + 5.20 a2τ + 26 a3τ + 127 a4τ + · · · ≈ 20% Baikov-Chetyrkin-Kühn ’08

aτ ≡ αs(m
2
τ )/π , SEW = 1.0201 (3) Marciano-Sirlin, Braaten-Li, Erler

δNP = −0.0064± 0.0013 (Fitted from data) Davier et al ’14
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1) The dominant corrections come from the contour integration

Large running of αs along the circle s = m2
τ e iφ , φ ∈ [−π, π]

n 1 2 3 4 5

Kn 1 1.6398 6.37101 49.0757 ? Baikov-Chetyrkin-Kühn ’08

rn 1 5.2023 26.3659 127.079 307.78 + K5 Le Diberder-Pich ’92

rn−Kn 0 3.5625 19.9949 78.0029 307.78
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2) CIPT gives rise to a well-behaved perturbative series

aτ = 0.11 A(1)(αs) A(2)(αs) A(3)(αs) A(4)(αs) δP

βn>1 = 0 0.14828 0.01925 0.00225 0.00024 0.20578
βn>2 = 0 0.15103 0.01905 0.00209 0.00020 0.20537
βn>3 = 0 0.15093 0.01882 0.00202 0.00019 0.20389
βn>4 = 0 0.15058 0.01865 0.00198 0.00018 0.20273
βn>5 = 0 0.15041 0.01859 0.00197 0.00018 0.20232

O(a4τ ) FOPT 0.16115 0.02431 0.00290 0.00015 0.22665

FOPT overestimates δP by 11%
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• Strong power suppression at s0 = m2
τ : ∼ (ΛQCD/mτ )

D , D ≥ 4

O4,V/A ≈ 4π2
{

1
12π

〈αsGG〉+ (mu +md) 〈q̄q〉
}

≈ [(6.7± 3.2) − 0.6] · 10−3 ×m4
τ
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Rτ suitable for a precise αs determination
Im(s)

m

Re(s)

2
τ

Rτ = 6πi

∮

|x|=1
(1− x)2

[

(1 + 2x)Π(0+1)(m2
τ x)− 2x Π(0)(m2

τ x)
]

Π
(J)
J (s) ≈ Π

(J)
J (s)OPE =

∑

D

O
(J)
D,J

(−s)D/2

• Known to O(α4
s ). Sizeable δP ∼ 20%. Strong sensitivity to αs

• mτ large enough to safely use the OPE. Flat V + A distribution

• OPE only valid away from real axis: (1− x)2 pinched at s = m2
τ

• mu,d = 0 s Π(0) = 0 Rτ,V+A = 6πi

∮

|x|=1
(1− 3x2 + 2x3) Π

(0+1)
ud,V+A

(m2
τ x)

δNP ∼ 1/m6
τ

Strong suppression of non-perturbative effects

• D = 6 OPE contributions have opposite sign for V & A. Cancellation

• δNP can be determined from data: δNP = −0.0064± 0.0013 Davier et al

Rτ αs(m
2
τ ) = 0.331 ± 0.013 Pich 2014
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ALEPH Spectral Functions Davier et al. 2014

V A

V+A

αs (m
2
τ ) = 0.329

Parton Model
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Detailed analysis of ALEPH data
Rodŕıguez-Sánchez, Pich, arXiv:1605.06830

Method (V + A)
αs(m2

τ
)

CIPT FOPT Average

ALEPH moments 1 0.339 + 0.019
− 0.017 0.319 + 0.017

− 0.015 0.329 + 0.020
− 0.018

Mod. ALEPH moments 2 0.338 + 0.014
− 0.012 0.319 + 0.013

− 0.010 0.329 + 0.016
− 0.014

A(2,m) moments 3 0.336 + 0.018
− 0.016 0.317 + 0.015

− 0.013 0.326 + 0.018
− 0.016

s0 dependence 4 0.335± 0.014 0.323± 0.012 0.329± 0.013

Borel transform 5 0.328 + 0.014
− 0.013 0.318 + 0.015

− 0.012 0.323 + 0.015
− 0.013

Combined value 0.335± 0.013 0.320± 0.012 0.328± 0.013

αs(M
2
Z) = 0.1197 ± 0.0015

1) ωkl (x) = (1 + 2x) (1 − x)2+k x l (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

2) ω̃kl (x) = (1 − x)2+k x l (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

3) ω(2,m)(x) = (1 − x)2
∑m

k=0(k + 1) xk = 1 − (m + 2) xm+1 + (m + 1)xm+2 , 1 ≤ m ≤ 5

4) ω(2,m)(x) 0 ≤ m ≤ 2 , 1 single moment in each fit

5) ω
(1,m)
a (x) = (1 − xm+1) e−ax 0 ≤ m ≤ 6
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αs determination with ALEPH-like fit
Rodŕıguez-Sánchez, A.P.

ωkl (x) = (1−x)2+k
x
l (1+2x) , x = s/m2

τ , (k, l) = (0, 0), (1, 0), (1, 1), (1, 2), (1, 3)

Channel αs(m
2
τ ) 〈αs

π GG〉 O6 O8

(10−3
GeV

4) (10−3
GeV

6) 10−3
GeV

8)

V (FOPT) 0.328 + 0.013
− 0.007 8 + 7

− 14 −3.2 + 0.8
− 0.5 5.0 + 0.4

− 0.7

V (CIPT) 0.352 + 0.013
− 0.011 −8 + 7

− 7 −3.5 + 0.3
− 0.3 4.9 + 0.4

− 0.5

A (FOPT) 0.304 + 0.010
− 0.007 −15 + 5

− 8 4.4 + 0.5
− 0.4 −5.8 + 0.3

− 0.4

A (CIPT) 0.320 + 0.011
− 0.010 −25 + 5

− 5 4.3 + 0.2
− 0.2 −5.8 + 0.3

− 0.3

V+A (FOPT) 0.319 + 0.010
− 0.006 −3 + 6

− 11 1.3 + 1.4
− 0.8 −0.8 + 0.4

− 0.7

V+A (CIPT) 0.339 + 0.011
− 0.009 −16 + 5

− 5 0.9 + 0.3
− 0.4 −1.0 + 0.5

− 0.7

• High sensitivity to αs . Bad sensitivity to power corrections

• Cancellation in O6,V+A confirmed. V + A more reliable

• K5 = 275 ± 400, µ2 = (0.5, 2)m2
τ

• Best values taken from V + A. Errors increased with sensitivity to O10

αs(m
2
τ )

CIPT = 0.339 + 0.019
− 0.017

αs (m
2
τ )

FOPT = 0.319+ 0.017
− 0.015

αs(m
2
τ ) = 0.329+0.020

− 0.018

Good agreement with Davier et al.: αs(m
2
τ ) = 0.332 ± 0.012 (arXiv:1312.1501)
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Non-Perturbative Contributions Neglected
Rodŕıguez-Sánchez, A.P.

ω
(1,m)

(x) = 1−x
m+1

O2m+4

ω(2,m)(x) = (1 − x)2
∑m

k=0(k + 1) xk = 1 − (m + 2) xm+1 + (m + 1) xm+2 O2m+4,2m+6

Moment αs (m
2
τ ) Moment αs(m

2
τ )

(n,m) FOPT CIPT (n,m) FOPT CIPT

(1,0) 0.315 +0.012
−0.007 0.327+0.012

−0.009 (2,0) 0.311 +0.015
−0.011 0.314+0.013

−0.009

(1,1) 0.319 +0.010
−0.006 0.340+0.011

−0.009 (2,1) 0.311 +0.011
−0.006 0.333+0.009

−0.007

(1,2) 0.322 +0.010
−0.008 0.343+0.012

−0.010 (2,2) 0.316 +0.010
−0.005 0.336+0.011

−0.009

(1,3) 0.324 +0.011
−0.010 0.345+0.013

−0.011 (2,3) 0.318 +0.010
−0.006 0.339+0.011

−0.008

(1,4) 0.326 +0.011
−0.011 0.347+0.013

−0.012 (2,4) 0.319 +0.009
−0.007 0.340+0.011

−0.009

(1,5) 0.327 +0.015
−0.013 0.348+0.014

−0.012 (2,5) 0.320 +0.010
−0.008 0.341+0.011

−0.009

V+A

Exp.
errors
only

A(2,m)(s0) , FOPT A(2,m)(s0) , CIPT

Amazing
stability

Power corrections
don’t show up
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Experiment vs. (pinched) Perturbation Theory (only)
Rodŕıguez-Sánchez, A.P.

ω(n,0)(s = s0x) = (1 − x)n OD≤2 (n+1) , αs (m
2
τ ) = 0.329+ 0.020

− 0.018

n=0 n=1

n=2 n=3

A. Pich αs from τ data 12



Models of Duality Violation
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1) Boito et al.: ŝ0 ∼ 1.55 GeV
2 , ω(x) = 1 (no OPE corrections)

• Fit s0 dependence: {A(00)(s0) , ρ(s0 +∆s0) , · · · , ρ(s0 + (n− 1)∆s0)}

• Direct fit of ρ(s)exp above ŝ0 δ, γ, α, β OPE not valid
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V/A(ŝ0) O2n

A. Pich αs from τ data 13



Models of Duality Violation
∆A

ω
J (s0) =

i

2

∮

|s|=s0

ds

s0
ω(s)

{

ΠJ (s) − ΠJ (s)
OPE

}

= −π

∫ ∞

s0

ds

s0
ω(s) ∆ρ

DV

J (s)

Ansatz: ∆ρDV

J (s) = e−(δ
J
+γ

J
s) sin (α

J
+ β

J
s) , s > ŝ0
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Rodŕıguez-Sánchez, A.P.

FOPT , V
(larger errors in A)

Bad fit (instabilities)

Model dependence?

Boito et al. value
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Ansatz: ∆ρDV

V/A(s) = sλV/A e−(δV/A+γV/A s) sin (αV/A + βV/A s) , s > ŝ0

2) λ ≥ 0: ŝ0 ∼ 1.55 GeV
2 , ω(x) = 1 Rodŕıguez-Sánchez, A.P.

λV αs (m2
τ )

FOPT δV γV αV βV p-value

0 0.298 ± 0.010 3.6± 0.5 0.6± 0.3 −2.3± 0.9 4.3± 0.5 5.3%

1 0.300 ± 0.012 3.3± 0.5 1.1± 0.3 −2.2± 1.0 4.2± 0.5 5.7%

2 0.302 ± 0.011 2.9± 0.5 1.6± 0.3 −2.2± 0.9 4.2± 0.5 6.0%

4 0.306 ± 0.013 2.3± 0.5 2.6± 0.3 −1.9± 0.9 4.1± 0.5 6.6%

8 0.314 ± 0.015 1.0± 0.5 4.6± 0.3 −1.5± 1.1 3.9± 0.6 7.7%

• Fitted α is model dependent

• λ = 0 (Boito) gives the worse fit

• Fit quality & α increase with λ

closer to data at s < ŝ0
• ∆ŝ0 3 times larger errors

Not competitive & unreliable

Fitted region

Boito

Boito
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Summary

Precise determination of αs(m2
τ ): Rodŕıguez-Sánchez, Pich, 1605.06830

Method (V + A)
αs(m2

τ
)

CIPT FOPT Average

ALEPH moments 1 0.339 + 0.019
− 0.017 0.319 + 0.017

− 0.015 0.329 + 0.020
− 0.018

Mod. ALEPH moments 2 0.338 + 0.014
− 0.012 0.319 + 0.013

− 0.010 0.329 + 0.016
− 0.014

A(2,m) moments 3 0.336 + 0.018
− 0.016 0.317 + 0.015

− 0.013 0.326 + 0.018
− 0.016

s0 dependence 4 0.335± 0.014 0.323± 0.012 0.329± 0.013

Borel transform 5 0.328 + 0.014
− 0.013 0.318 + 0.015

− 0.012 0.323 + 0.015
− 0.013

Combined value 0.335± 0.013 0.320± 0.012 0.328± 0.013

Good agreement with other analyses:

αs(m2
τ ) =

{

0.332± 0.012 (0.341CIPT , 0.324FOPT) Davier et al, 1312.1501

0.327± 0.024 (0.330PV , 0.349CIPT , 0.313FOPT) Ayala et al, 2112.01992
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αs at N3LO from τ and Z

1 2 5 10 20 50 100 200
0.1

0.2

0.3

0.4

0.5

E HGeVL

Α
sH

E
L

αs(m
2
τ ) = 0.328± 0.013

αs(M
2
Z ) = 0.1197± 0.0015

αs(M
2
Z )Z width = 0.1199± 0.0029

A very precise test of

Asymptotic Freedom

ατ
s (M

2
Z )− αZ

s (M
2
Z ) =

0.0002± 0.0015τ ± 0.0029Z
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Prospects for Future Improvements

• Experiment: Improved measurement of the Spectral Functions

Higher statistics & better systematics

More precise assessment of the small non-perturbative corrections

Improved determination of |Vus| from Cabibbo-suppressed decays

• Theory: Better understanding of higher-order corrections

K5 , CIPT vs FOPT

A. Pich αs from τ data 17




