
αs from lattice QCD

Alberto Ramos <alberto.ramos@ific.uv.es>
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Lattice determination of αs
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Run to a convenient scale (i.e. MZ), possibly crossing c, b quark thresholds

αs(Q) −→ αs(MZ)

Uncertainties in αs(MZ):
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Exponentially hard problem!
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Perturbative uncertainties are difficult to estimate
[ALPHA ’16, ALPHA ’18]
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“Non-perturbative extrapolation”
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Perturbative uncertainties by scale variation method
[L. Del Debbio, A. Ramos. Phys.Rep. (2021) 970 [arXiv:2101.04762]]

O(Q)
Q→∞∼ αs(sQ) +

N∑
n=2

cn(s)αn
s (sQ) + αN+1

s (sQ) +
�

��
(

Λ

Q

)p
+ . . .

I Vary s around a reference value sref , and see how extracted αs(MZ) changes
I Some preferred values for sref : sref = 1, sref s.t. c2(sref) = 0
I “Easy”: Only input needed is Q, cn(1)

Dependence on s is spurious
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Perturbative uncertainties by scale variation method
[L. Del Debbio, A. Ramos. Phys.Rep. (2021) 970 [arXiv:2101.04762]]
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Perturbative uncertainties by scale variation method
[L. Del Debbio, A. Ramos. Phys.Rep. (2021) 970 [arXiv:2101.04762]]
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Perturbative uncertainties by scale variation method
[L. Del Debbio, A. Ramos. Phys.Rep. (2021) 970 [arXiv:2101.04762]]

I All αs(MZ) extractions can be evaluated on equal-footing.
I Maybe also non-lattice extractions??
I Freely available software:

https://igit.ific.uv.es/alramos/scaleerrors.jl

I This method can fail!: No substitute for “non-perturbative” extrapolation

Scale variation approach to perturbative uncertainties
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The solution: Finite size scaling [Lüscher, Weisz, Wolff ’91]

r

q q

L

r

q q

L

r
q q

L

I Coupling α(Q) depends on no other scale but L (Notation: α(L), α(1/L)).
I Small L =⇒ small α(L)

I a� 1/Q easily achieved: L/a ∼ 10− 40
I Step scaling function: How much changes the coupling when we change the

renormalization scale:
σ(u) = g2(Q/2)

∣∣∣
g2(Q)=u

achieved by simple changing L/a→ 2L/a!
I 1/L is a IR cutoff⇒ simulate directly mq = 0
I We need dedicated simulations of the femto-universe

Finite volume renormalization schemes: fix QL = constant
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Results for αs(MZ) [ALPHA ’17. Phys.Rev.Lett (2017) 119. [arXiv:1706.03821]]

0

0.2

0.4

0.6

0.8

1

0.1 1 10 100

µ0 µPTµhad

α
(µ
)

µ[GeV]

Schrödinger Functional
Gradient flow
3-loop (SF)
3-loop (MS)
4-loop (MS)
5-loop (MS)

I Non-perturbative running from 200 MeV to 140 GeV
I Many technical improvements:

I Gradient flow couplings
I Symanzik analysis of cutoff effects
I . . .

αs(MZ) = 0.11852(84) [0.7%] .
6/16



Motivation Step scaling The decoupling method Conclusions

3M: A universe with three heavy degenerate quarks (M � Λ)

Sfund[Aµ, ψ, ψ̄] =

∫
d4x

{
− 1

2g2 Tr (FµνFµν) +
3∑

i=1
ψ̄i(γµDµ + M)ψi

}Alice uses fundamental theory

Seff [Aµ] = − 1
2g2

eff

∫
d4x {Tr (FµνFµν)}+

1
M2

∑
k
ωk

∫
d4xL(6)

k + . . .

Bob uses effective theory
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eff
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+

1
M2

∑
k
ωk

∫
d4xL(6)

k + . . .

Bob uses effective theory

I Dimensionless “low energy quantities”
√
t0/r0,w0/

√
8t0, r0/w0, . . . from

effective theory
µfund

1 (M)

µfund
2 (M)

=
µ1
µ2

+O
(
µ2

M2

)
Decoupling

7/16



Motivation Step scaling The decoupling method Conclusions

Renormalization in 3M: Alice determines the strong coupling

Λ

µ
=
[
b0ḡ2(µ)

]− b1
2b20 e

− 1
2b0 ḡ2(µ) exp

{
−
∫ ḡ(µ)

0
dx
[

1
β(x)

+
1

b0x3 −
b1

b2
0x

]}
.

I Determine non-perturbatively the β-function in the fundamental (Nf = 3)
theory, mass-less scheme.

I Integral up to ḡ(3)(µmassless) (in a mass-less scheme!) gives:

Λ(3)

µmassless

I Only needs to compute a dimensionless ratio with a physical scale

µmassless
µref(M)

I Result
Λ(3)

µref(M)
=

Λ(3)

µmassless
× µmassless
µref(M)
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Renormalization in 3M: Bob determines the strong coupling

Λ

µ
=
[
b0ḡ2(µ)

]− b1
2b20 e

− 1
2b0 ḡ2(µ) exp

{
−
∫ ḡ(µ)

0
dx
[

1
β(x)

+
1

b0x3 −
b1

b2
0x

]}
.

I Determine non-perturbatively the β-function in the effective (Nf = 0) theory.
I Integral up to ḡ(0)(µref) gives:

Λ(0)

µref

I Match across quark threshold to convert to Λ(3) (using perturbation theory)

Λ(3)

µref
=

Λ(0)

µref
× 1

P(Λ/M)
.

I Matching factor P(Λ/M) [ALPHA 1809.03383]:
I Known in perturbation theory up to three-loops. Power series in α(m?)
I “Good” PT: corrections very small even at m?c .
I Perspective: we simulate M ∈ [5− 10] GeV
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Relation between Alice and Bob computation

Relation between Alice and Bob results:

Λ(3)

µref(M)
=

Λ(0)

µref
× 1

P(Λ/M)
+O(α3(m?)) +O

(
µ2

dec
M2

)

Bob is telling us that Λ(3) can be computed from Λ(0)

Λ(3) = lim
M→∞

µref(M)× Λ(0)

µref
× 1

P(Λ/M)

We need
I Running in pure gauge: Λ(0)

µref

I A scale in a world with degenerate massive quarks: µref(M) in fm/MeV.
Lattice QCD can simulate unphysical worlds

µref(M) = µ
phys
ref ×

µref(M)

µ
phys
ref

with, for example: µphys
ref = 1√

8tphys
0

= 0.415(4)(2) fm from [Bruno et al. ’17]
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Non-perturbative renormalization by decoupling

Master relation

Λ(Nf)

µdec(M)
=

Λ(0)

µdec
× 1

P(Λ/M)
+O(α3(m?)) +O

(
µ2

dec
M2

)

With a proper limit:

Λ(Nf) = lim
M→∞

µdec(M)× Λ(0)

µdec
× 1

P(Λ/M)

Where
I Pure gauge running: Λ(0)/µdec
I A scale with Nf massive degenerate quarks: µdec(M)

µdec(M)

µ
phys
dec

= lim
a→0

aµdec(M)

aµphys
dec

is a difficult extrapolation (M wants to be large, aM wants to be small).

NOTE: this is not completely trivial: still a multi-scale problem
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Non-perturbative renormalization by decoupling

Master relation

Λ(Nf)

µdec(M)
=

Λ(0)

µdec
× 1

P(Λ/M)
+O(α3(m?)) +O

(
µ2

dec
M2

)

With a proper limit:

Λ(Nf) = lim
M→∞

µdec(M)× Λ(0)

µdec
× 1

P(Λ/M)

Where
I Pure gauge running: Λ(0)/µdec
I A scale with Nf massive degenerate quarks: µdec(M)

I We will use M ≈ 5− 10 GeV
I CorrectionsO(α3(m?)) completely negligible
I “Exponential improvement”:

I Computational cost =⇒ (L/a)7

I Uncertainties decrease as =⇒ (L/a)2

Why is this better?
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Results for αs(MZ): Continuum extrapolation

ḡ2
zi = ci + p1[αs(a−1)]Γ1

( a
L

)2
+ p2[αs(a−1)]Γ1 (aM)2

I No (aM/L2) terms [Mattia Dalla Brida’s talk]

I log a corrections to a2 scaling [Husung, Mardquat, Sommer, ’21]
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Where we stand?

Λ(3) = µdec(M)× Λ(0)

µdec
× 1

P(Λ/M)
+�����O(α3(m?)) +

����O
(µdec

M

)
+O

(
µ2

dec
M2

)

I We have µdec(M) = 788(15) MeV.
I We have continuum values of the massive coupling (3-degenerate quarks):

ḡ2
zi for zi = 1.972, 4, 6, 8, 12 (M ≈ 1.6− 9.5 GeV) .

I Decoupling tells us:
ḡ2
zi ∼ Pure gauge coupling!

(i.e. up to heavy mass corrections we have the value of the pure gauge
coupling

I Thanks to [M. Dalla Brida, A. Ramos ’19] we have Λ(0)

µdec

I P(Λ/M) easily evaluated in P.T.
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M →∞ Extrapolation: Λ
(3)
est = Λ(3) + 1

z2 [αs(m?)]Γ
′

z ≥ 4 z ≥ 6

c Λ
(3)
MS

χ2 〈χ2〉 χ2/〈χ2〉 Λ
(3)
MS

χ2 〈χ2〉 χ2/〈χ2〉
0.30 339.2(9.9) 0.22 0.03 7.33 335(10) 0.025 0.013 1.88
0.33 337.2(9.9) 0.18 0.04 4.78 333(10) 0.020 0.017 1.15
0.36 336(10) 0.15 0.05 3.17 332(10) 0.015 0.022 0.68
0.39 335(10) 0.12 0.06 2.09 331(11) 0.010 0.028 0.36
0.42 334(10) 0.10 0.07 1.45 331(11) 0.007 0.035 0.20
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Final result

Λ
(3)
MS

= 332(10) MeV; αs(MZ) = 0.1179(7) .
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This work
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Conclusions
I Extraction of αs on the lattice is a very hard multi-scale problem

I Computational cost =⇒ (L/a)7

I Perturbative uncertainties =⇒ log(L/a)#

I Perturbative uncertainties hard to estimated with data in a limited range of
scales

I Still, several determinations (with compromises) achieve/will achieve
δαs ≈ 1− 2%

I Perturbative uncertainties using scale variation are a guide: Common
framework to all approaches? [L. Del Debbio, A. Ramos Phys.Rep.(2021)190]

I One real solution: Step scaling
I Non-perturbative running from 200 MeV to 140 GeV: αs(MZ) = 0.1185(8) [0.7%]

I Exponential improvement (still a multi-scale problem): Decoupling of heavy
quarks
I Perturbative uncertainties negligible (M ≈ 10 GeV)
I Non-perturbative corrections can be extrapolated
I Relies on pure gauge determinations of Λ(0)

I Precise result: αs(MZ) = 0.1179(7) [0.6%]

I δαs(MZ) ≈ 0.4% certainly possible (uncertainties dominated by pure gauge
(!!) and low energy running (!)).

I δαs(MZ) < 0.3% requires serious thinking.
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I Perturbative uncertainties negligible (M ≈ 10 GeV)
I Non-perturbative corrections can be extrapolated
I Relies on pure gauge determinations of Λ(0)

I Precise result: αs(MZ) = 0.1179(7) [0.6%]

I δαs(MZ) ≈ 0.4% certainly possible (uncertainties dominated by pure gauge
(!!) and low energy running (!)).

I δαs(MZ) < 0.3% requires serious thinking.

Future belongs to dedicated approaches, not to beating an exponentially hard prob-
lem with your machines

Many thanks!

Personal opinion

16/16


	Motivation
	Step scaling
	The decoupling method
	Conclusions

