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INTENSITY FRONTIER

NUCLEI AT THE INTENSITY FRONTIER
▸ Nuclei are vital to experiments


▸ Dark matter direct detection


▸ Long baseline neutrino 
experiments (DUNE)


▸ Lepton flavour violation: μ2e


▸ Precision spectroscopy


▸ Electric dipole moments of 
neutrons and nuclei


▸ Neutrinoless double beta decay   



INTENSITY FRONTIER

LONG BASELINE NEUTRINO EXPERIMENTS
▸ Deep Underground Neutrino 

Experiment


▸ Flagship facility for US HEP for next 
decades 


▸ Determine neutrino mass hierarchy 
and extract mixing parameters


▸ Neutrino scattering on argon target


▸ Need fluxes/energies to high 
accuracy


▸ Need to know  neutrino interactions 
with argon over a wide range of 
energies

Diwan et al, Ann. Rev. Nucl. Part. Sci. 66, 47 (2016)
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INTENSITY FRONTIER

DOUBLE BETA DECAY
▸ Double β-decay


▸ Neutrinoful case is rarest process 
observed


▸ Neutrinoless case


▸ Majorana particles? Lepton number 
violation? Baryon–antibaryon 
asymmtery?


▸ Rates depend on nuclear matrix elements


▸ Currently quite uncertain


▸ Important for design of future DBD 
search experiments
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▸ DM direct detection experiments search for recoil of 
nucleus from DM scattering


▸ One popular class of DM interactions is through 
scalar exchange 


▸ Direct detection depends on nuclear matrix element 
 

▸ At hadronic/nuclear level

INTENSITY FRONTIER

DARK MATTER INTERACTIONS
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INTENSITY FRONTIER

THE WEALTH OF NUCLEI

▸ Nuclei are often used as targets 


▸ High density


▸ Can be assembled in bulk


▸ But nuclei are complex strongly 
interacting systems


▸ Theoretical understanding  
a challenge


▸ Direct lattice QCD? Too hard!


▸ Effective field theory Z
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INTENSITY FRONTIER

INTERACTIONS WITH NUCLEI
▸ Single nucleon coupling dominates


▸ Determine from nucleon matrix 
element calculations


▸ Two nucleon contributions are sub-
leading


▸ Study A=2,3,4,.. systems


▸ Match LQCD and EFT


▸ Determine nuclear effects

One nucleon interaction

Two nucleon interaction



LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

LATTICE QCD
▸ Strong coupling definition of QCD 


▸ Numerical tool for nonperturbative QCD 
calculations


▸ Discretise and compactify spacetime


▸ Integration over 1012 degrees of 
freedom in current calculations using 
importance sampling Monte Carlo


▸ Understand effects of discretisation 
and compactification and finite 
statistics
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

FINITE VOLUME EFFECTS

⇡
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▸ Major issue for LQCD calculations of nuclei is 
finite volume (FV) effects


▸ Well-known Lüscher method to understand FV 
effects in B=2 spectrum (and now B=3)


▸ Less well-developed technologies for effects on 
matrix elements


▸ Alternative: direct matching between LQCD 
and EFT in the same FV


▸ Use EFT to extrapolate to infinite volume


▸ Spectroscopy and matrix elements 


▸ Pionless EFT for simplicity



▸ Leading order pionless EFT Hamiltonian  

▸ Two- and three-body interactions 

▸ Implement with Gaussian regulator with shifted copies to satisfy 
periodic boundary conditions

Three body low energy constant

LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

PIONLESS EFT

Regulator scale
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Two body low energy constants
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

VARIATIONAL METHOD

▸ For any wavefunction, the variational method can bound energies of 
eigenstates 
 
 

▸ Find wave functions that provide the most stringent bounds


▸ Some increasingly large set of basis functions


▸ Wavefunction as a neural network (ongoing)


▸ Correlated Gaussians in many-particle coordinate space


▸ Computationally efficient (integrals analytic) and expressive

Eh  E [ h] =

R
 h(x)⇤H h(x)dxR
 h(x)⇤ h(x)dx
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▸ 3n spatial coordinates:                                with


▸ Wavefunction built from correlated shifted Gaussians in each 
Cartesian direction


▸ Impose periodicity:


▸ Symmetrise spatial wavefunction under particle interchange
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

CORRELATED GAUSSIANS

Symmetric matrix

Vector

Diagonal matrix

X. Y. Yin and D. Blume, Phys. Rev. A 87, 063609 (2013) 

Wavefunction parameters 

x = (r1, . . . , rn)
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

PIONLESS EFT

▸ Focus on nuclei up to 4He in s-wave


▸ Spatially symmetric, antisymmetric in spin-flavour  
 
 
 
 
where eg  
 
 
 

▸ General ansatz with parameters: 

 (N)
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

STOCHASTIC VARIATIONAL METHOD
▸ Wavefunction ansatz contains linear and nonlinear parameters


▸ Linear parameters can be optimised via an eigenvalue problem


▸ Nonlinear parameters optimised stochastically [Varga & Suzuki 1995]


1. Propose a new Gaussian term with stochastically chosen 
parameters


2. Calculate matrix elements of Hamiltonian between terms in set 
 

3. Solve generalised eigenvalue problem to determine coefficient

[H]ij ⌘
Z
 i(x)

⇤ h�h|H|�hi j(x)dx [N]ij ⌘
Z
 i(x)

⇤ j(x)dx
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

STOCHASTIC VARIATIONAL METHOD
▸ Energy bound 

 
 
 

▸ Integrals can be performed analytically

Eh  E [ h] =

R
 h(x)⇤H h(x)dxR
 h(x)⇤ h(x)dx
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Objects built from the parameters 

[N]ij ⌘
Z
 sym

L (Ai, Bi,di;x)
⇤ sym
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i
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

STOCHASTIC VARIATIONAL METHOD

▸ Match onto LQCD FV energies to  
determine nuclear wave functions 


▸ 2 and 3-body energies fix NN and 
NNN contact interactions


▸ Determines infinite volume bindings


▸ NB: all LQCD calculations here at 
unphysically large quark masses

[WD, P Shanahan. 2102.04329]
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

MATRIX ELEMENTS
▸ Given EFT wavefunctions, matrix 

elements are easily computed


▸ LQCD matching determines EFT 
counterterms


▸ Enables infinite volume 
prediction for matrix elements 


▸ Example: isovector momentum 
fraction

R
h
On,3 ⌘

Ah

(Zh �Nh) hxni3

D
 h

���O(n)
3

��� h

E

h h |  hi

=

✓
1 +

↵n,3

(Zh �Nh) hxni3

hh(⇤, L)

◆
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Two body counterterm

From wavefucntions
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LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

MAGNETIC MOMENTS
▸ Eg: magnetic moments

12
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FIG. 9. The dependence of the various magnetic moment di↵erences on the appropriate combinations of the two-body
counterterms L1,2 is shown in the upper row and the lower left panel. The lower right panel shows the combined constraints
implied by agreement with the LQCD results of Ref. [40]. The details of the curves and points in the figure are as in Fig 7.

FIG. 10. The infinite-volume extrapolations of the magnetic
moment di↵erences for d, 3H and 3He.

and

R
h
S,3 ⌘

1

gS,3

h h|S3| hi

h h| hi
=

 
2Th

3
�

fh
S,3

gS,3
hh(⇤, L)

!
,

(50)

where Ah denotes the atomic number of the nucleus, Th
3

is its third component of isospin, and

fh
S,0 =

8
><

>:

eC0 + eC1, h = d
eC0 � 3 eC1, h = pp
eC0 �

eC1, h = 3H

, fh
S,3 =

(
eCV , h = pp
eCV , h = 3H

.

(51)

The quantity
eeCV = eCV /gS,3 is constrained by compar-

ing Eq. (55) to LQCD calculations of ratios of isovector
scalar current matrix elements in di↵erent nuclei from
Ref. [39]. The results of this comparison are shown in

Fig. 11. Determinations of
eeCV from both the pp and

3H systems are consistent, with 3H providing a consider-
ably more stringent constraint. The extracted values of
the LEC are also used to extrapolate the LQCD matrix
elements to infinite volume, as shown in the figure and
presented in Table IV.
Similarly Fig. 12 compares LQCD calculations of the

ratio of the scalar isoscalar current matrix element in nu-
clei to that in the proton to the expectations of Eq. (49)
for the deuteron, diproton and 3H. The three states pro-
vide su�cient information to constrain the LEC ratios
eeC0,1 = eC0,1/gS,0 and the constrained values are used to
extrapolate the LQCD matrix elements to infinite volume
as shown in Fig. 13 and presented in Table IV. As noted

JEM
i =

e

2MN
N † (0 + ⌧31) �iN
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<latexit sha1_base64="c2yQFlrudKJJ/+bf/3IjVLoJmUY=">AAAB/HicdVDLSsNAFJ3UV62vapduBovgKiRVrO6KbrqsYB/Q1DCZ3rZDZ5IwMxFCqL/ixoUibv0Qd/6N04fg88CFwzn3cu89QcyZ0o7zbuWWlldW1/LrhY3Nre2d4u5eS0WJpNCkEY9kJyAKOAuhqZnm0IklEBFwaAfjy6nfvgWpWBRe6zSGniDDkA0YJdpIfrHk9YFrgj2R+Fk2uTmuw8Qvlh276rjnpy7+TVzbmaGMFmj4xTevH9FEQKgpJ0p13UqsexmRmlEOk4KXKIgJHZMhdA0NiQDVy2bHT/ChUfp4EElTocYz9etERoRSqQhMpyB6pH56U/Evr5vowVkvY2GcaAjpfNEg4VhHeJoE7jMJVPPUEEIlM7diOiKSUG3yKpgQPj/F/5NWxXYd2706KdcuFnHk0T46QEfIRVVUQ3XUQE1EUYru0SN6su6sB+vZepm35qzFTAl9g/X6AQWplQQ=</latexit><latexit sha1_base64="gs7H+a3Cg9pfZdh1ThtOGDZPD7A=">AAACIXicjVDLSgMxFM3UV62vapdugkVwNcxUsboruulSwT6gU4dMetuGJjNDkhGGod/iwo2/4kakO/FnTB+CT/BA4HDOudzcE8ScKe04r1ZuaXlldS2/XtjY3NreKe7uNVWUSAoNGvFItgOigLMQGpppDu1YAhEBh1Ywupz6rTuQikXhjU5j6AoyCFmfUaKN5BdLXg+4JtgTiZ9l49vjOoz9Ytmxq457furin8S1nRnKaIH/xf3ixOtFNBEQasqJUh23EutuRqRmlMO44CUKYkJHZAAdQ0MiQHWz2YVjfGiUHu5H0rxQ45n6eSIjQqlUBCYpiB6q795U/M3rJLp/1s1YGCcaQjpf1E841hGe1oV7TALVPDWEUMnMXzEdEkmoNqUWzOkf9+G/SbNiu47tXp+UaxeLzvJoHx2gI+SiKqqhOrpCDURRiu7RI3q2Hqwn68WazKM5azFTQl9gvb0D4LmcxQ==</latexit><latexit sha1_base64="gs7H+a3Cg9pfZdh1ThtOGDZPD7A=">AAACIXicjVDLSgMxFM3UV62vapdugkVwNcxUsboruulSwT6gU4dMetuGJjNDkhGGod/iwo2/4kakO/FnTB+CT/BA4HDOudzcE8ScKe04r1ZuaXlldS2/XtjY3NreKe7uNVWUSAoNGvFItgOigLMQGpppDu1YAhEBh1Ywupz6rTuQikXhjU5j6AoyCFmfUaKN5BdLXg+4JtgTiZ9l49vjOoz9Ytmxq457furin8S1nRnKaIH/xf3ixOtFNBEQasqJUh23EutuRqRmlMO44CUKYkJHZAAdQ0MiQHWz2YVjfGiUHu5H0rxQ45n6eSIjQqlUBCYpiB6q795U/M3rJLp/1s1YGCcaQjpf1E841hGe1oV7TALVPDWEUMnMXzEdEkmoNqUWzOkf9+G/SbNiu47tXp+UaxeLzvJoHx2gI+SiKqqhOrpCDURRiu7RI3q2Hqwn68WazKM5azFTQl9gvb0D4LmcxQ==</latexit><latexit sha1_base64="gs7H+a3Cg9pfZdh1ThtOGDZPD7A=">AAACIXicjVDLSgMxFM3UV62vapdugkVwNcxUsboruulSwT6gU4dMetuGJjNDkhGGod/iwo2/4kakO/FnTB+CT/BA4HDOudzcE8ScKe04r1ZuaXlldS2/XtjY3NreKe7uNVWUSAoNGvFItgOigLMQGpppDu1YAhEBh1Ywupz6rTuQikXhjU5j6AoyCFmfUaKN5BdLXg+4JtgTiZ9l49vjOoz9Ytmxq457furin8S1nRnKaIH/xf3ixOtFNBEQasqJUh23EutuRqRmlMO44CUKYkJHZAAdQ0MiQHWz2YVjfGiUHu5H0rxQ45n6eSIjQqlUBCYpiB6q795U/M3rJLp/1s1YGCcaQjpf1E841hGe1oV7TALVPDWEUMnMXzEdEkmoNqUWzOkf9+G/SbNiu47tXp+UaxeLzvJoHx2gI+SiKqqhOrpCDURRiu7RI3q2Hqwn68WazKM5azFTQl9gvb0D4LmcxQ==</latexit>

L1 � L2[fm
4]

<latexit sha1_base64="nZzF/75BD3KW9sQq0azZ29r4VmQ=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4cZiUYnVXdOOiiwr2AdPpkEkzbWgyMyQZpQz9DzcuFHHrv7jzb0wfgs8DFw7n3Mu99wQJZ0o7zruVW1peWV3Lrxc2Nre2d4q7ey0Vp5LQJol5LDsBVpSziDY105x2EkmxCDhtB6PLqd++pVKxOLrR44R6Ag8iFjKCtZF6dR+d1P0ydEPRq3h+seTYVQednyL4myDbmaEEFmj4xbduPyapoJEmHCvlonKivQxLzQink0I3VTTBZIQH1DU0woIqL5tdPYFHRunDMJamIg1n6teJDAulxiIwnQLrofrpTcW/PDfV4ZmXsShJNY3IfFGYcqhjOI0A9pmkRPOxIZhIZm6FZIglJtoEVTAhfH4K/yetso0cG11XSrWLRRx5cAAOwTFAoApq4Ao0QBMQIME9eARP1p31YD1bL/PWnLWY2QffYL1+ANpMkXM=</latexit><latexit sha1_base64="0KhFsQxZE6okJiti+EhyVcAikA0=">AAACGnicjVDLSgMxFM3UV62vqks3wSK4cZiUYnVXdOOiCwX7gOl0yKSZNjSZGZKMUIb+hws3/oobEXfixr8xfQg+wQOBwznncnNPkHCmtOO8WbmFxaXllfxqYW19Y3OruL3TVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwPJ/4rRsqFYujaz1KqCdwP2IhI1gbqVv30VHdL0M3FN2K5xdLjl110Okxgj8Jsp0pSmCO/8X94kunF5NU0EgTjpVyUTnRXoalZoTTcaGTKppgMsR96hoaYUGVl01PG8MDo/RgGEvzIg2n6ueJDAulRiIwSYH1QH33JuJvnpvq8MTLWJSkmkZktihMOdQxnPQEe0xSovnIEEwkM3+FZIAlJtq0WTCnf9wH/ybNso0cG11VSrWzeWd5sAf2wSFAoApq4AJcggYgQIJbcA8erTvrwXqynmfRnDWf2QVfYL2+AzqRmTQ=</latexit><latexit sha1_base64="0KhFsQxZE6okJiti+EhyVcAikA0=">AAACGnicjVDLSgMxFM3UV62vqks3wSK4cZiUYnVXdOOiCwX7gOl0yKSZNjSZGZKMUIb+hws3/oobEXfixr8xfQg+wQOBwznncnNPkHCmtOO8WbmFxaXllfxqYW19Y3OruL3TVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwPJ/4rRsqFYujaz1KqCdwP2IhI1gbqVv30VHdL0M3FN2K5xdLjl110Okxgj8Jsp0pSmCO/8X94kunF5NU0EgTjpVyUTnRXoalZoTTcaGTKppgMsR96hoaYUGVl01PG8MDo/RgGEvzIg2n6ueJDAulRiIwSYH1QH33JuJvnpvq8MTLWJSkmkZktihMOdQxnPQEe0xSovnIEEwkM3+FZIAlJtq0WTCnf9wH/ybNso0cG11VSrWzeWd5sAf2wSFAoApq4AJcggYgQIJbcA8erTvrwXqynmfRnDWf2QVfYL2+AzqRmTQ=</latexit><latexit sha1_base64="0KhFsQxZE6okJiti+EhyVcAikA0=">AAACGnicjVDLSgMxFM3UV62vqks3wSK4cZiUYnVXdOOiCwX7gOl0yKSZNjSZGZKMUIb+hws3/oobEXfixr8xfQg+wQOBwznncnNPkHCmtOO8WbmFxaXllfxqYW19Y3OruL3TVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwPJ/4rRsqFYujaz1KqCdwP2IhI1gbqVv30VHdL0M3FN2K5xdLjl110Okxgj8Jsp0pSmCO/8X94kunF5NU0EgTjpVyUTnRXoalZoTTcaGTKppgMsR96hoaYUGVl01PG8MDo/RgGEvzIg2n6ueJDAulRiIwSYH1QH33JuJvnpvq8MTLWJSkmkZktihMOdQxnPQEe0xSovnIEEwkM3+FZIAlJtq0WTCnf9wH/ybNso0cG11VSrWzeWd5sAf2wSFAoApq4AJcggYgQIJbcA8erTvrwXqynmfRnDWf2QVfYL2+AzqRmTQ=</latexit>

L2[fm
4]

<latexit sha1_base64="vpWCEY6FjLjNOOYcKvQgkE3QYnE=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPw0wIRm9BLx48RDALJmPo6fQkTbp7hu4eIQz5Cy8eFPHq33jzb+wsguuDgsd7VVTVCxPOtPG8d2dhcWl5ZTW3ll/f2NzaLuzsNnScKkLrJOaxaoVYU84krRtmOG0limIRctoMh+cTv3lHlWaxvDajhAYC9yWLGMHGSjeX3RJqR+K2HHQLRc+teP7psY9+E9/1pijCHLVu4a3Ti0kqqDSEY63bfikxQYaVYYTTcb6TappgMsR92rZUYkF1kE0vHqNDq/RQFCtb0qCp+nUiw0LrkQhtp8BmoH96E/Evr52a6CTImExSQyWZLYpSjkyMJu+jHlOUGD6yBBPF7K2IDLDCxNiQ8jaEz0/R/6RRcn3P9a/KxerZPI4c7MMBHIEPFajCBdSgDgQk3MMjPDnaeXCenZdZ64Izn9mDb3BePwCoeZBC</latexit><latexit sha1_base64="Wh3mcYMD29qg9alvch5IKEBwqZs=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapgpxequ6MaFCwX7wOlYMmmmDc1khiQjlKF/4cKNv+JGxK24829MH4JP8EDgcM653NwTJJwp7ThvVm5ufmFxKb9cWFldW98obm41VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMTsZ+84ZKxWJxqYcJ9SPcEyxkBGsjXZ11ysgLo+uK3ymWHLvquEcHLvpJXNuZoAQz/C/eKb62uzFJIyo04Vgpzy0n2s+w1IxwOiq0U0UTTAa4Rz1DBY6o8rPJWSO0Z5QuCmNpntBoon6eyHCk1DAKTDLCuq++e2PxN89LdXjoZ0wkqaaCTBeFKUc6RuOOUJdJSjQfGoKJZOaviPSxxESbJgvm9I/70N+kUbZdx3YvKqXa8ayzPOzALuyDC1WowSmcQx0ICLiFe3i07qwH68l6nkZz1mxmG77AenkH4c6YAw==</latexit><latexit sha1_base64="Wh3mcYMD29qg9alvch5IKEBwqZs=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapgpxequ6MaFCwX7wOlYMmmmDc1khiQjlKF/4cKNv+JGxK24829MH4JP8EDgcM653NwTJJwp7ThvVm5ufmFxKb9cWFldW98obm41VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMTsZ+84ZKxWJxqYcJ9SPcEyxkBGsjXZ11ysgLo+uK3ymWHLvquEcHLvpJXNuZoAQz/C/eKb62uzFJIyo04Vgpzy0n2s+w1IxwOiq0U0UTTAa4Rz1DBY6o8rPJWSO0Z5QuCmNpntBoon6eyHCk1DAKTDLCuq++e2PxN89LdXjoZ0wkqaaCTBeFKUc6RuOOUJdJSjQfGoKJZOaviPSxxESbJgvm9I/70N+kUbZdx3YvKqXa8ayzPOzALuyDC1WowSmcQx0ICLiFe3i07qwH68l6nkZz1mxmG77AenkH4c6YAw==</latexit><latexit sha1_base64="Wh3mcYMD29qg9alvch5IKEBwqZs=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapgpxequ6MaFCwX7wOlYMmmmDc1khiQjlKF/4cKNv+JGxK24829MH4JP8EDgcM653NwTJJwp7ThvVm5ufmFxKb9cWFldW98obm41VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMTsZ+84ZKxWJxqYcJ9SPcEyxkBGsjXZ11ysgLo+uK3ymWHLvquEcHLvpJXNuZoAQz/C/eKb62uzFJIyo04Vgpzy0n2s+w1IxwOiq0U0UTTAa4Rz1DBY6o8rPJWSO0Z5QuCmNpntBoon6eyHCk1DAKTDLCuq++e2PxN89LdXjoZ0wkqaaCTBeFKUc6RuOOUJdJSjQfGoKJZOaviPSxxESbJgvm9I/70N+kUbZdx3YvKqXa8ayzPOzALuyDC1WowSmcQx0ICLiFe3i07qwH68l6nkZz1mxmG77AenkH4c6YAw==</latexit>

L1 + L2[fm
4]

<latexit sha1_base64="/JYzYKZU6kzeB0OdrLBsHZ3McFM=">AAAB9XicdVDLSgMxFM3UV62vqks3wSIIwjApxequ6MZFFxXsA6bTIZNm2tBkZkgyShn6H25cKOLWf3Hn35g+BJ8HLhzOuZd77wkSzpR2nHcrt7S8srqWXy9sbG5t7xR391oqTiWhTRLzWHYCrChnEW1qpjntJJJiEXDaDkaXU799S6VicXSjxwn1BB5ELGQEayP16j46qftl6IaiV/H8Ysmxqw46P0XwN0G2M0MJLNDwi2/dfkxSQSNNOFbKReVEexmWmhFOJ4VuqmiCyQgPqGtohAVVXja7egKPjNKHYSxNRRrO1K8TGRZKjUVgOgXWQ/XTm4p/eW6qwzMvY1GSahqR+aIw5VDHcBoB7DNJieZjQzCRzNwKyRBLTLQJqmBC+PwU/k9aZRs5NrqulGoXizjy4AAcgmOAQBXUwBVogCYgQIJ78AierDvrwXq2XuatOWsxsw++wXr9ANcwkXE=</latexit><latexit sha1_base64="4Seya7mD1iQf7EKJotDdIMh8NO0=">AAACGnicjVDLSgMxFM3UV62vqks3wSIIwjApxequ6MZFFwr2AdPpkEkzbWgyMyQZoQz9Dxdu/BU3Iu7EjX9j+hB8ggcCh3PO5eaeIOFMacd5s3ILi0vLK/nVwtr6xuZWcXunqeJUEtogMY9lO8CKchbRhmaa03YiKRYBp61geD7xWzdUKhZH13qUUE/gfsRCRrA2Urfuo6O6X4ZuKLoVzy+WHLvqoNNjBH8SZDtTlMAc/4v7xZdOLyapoJEmHCvlonKivQxLzQin40InVTTBZIj71DU0woIqL5ueNoYHRunBMJbmRRpO1c8TGRZKjURgkgLrgfruTcTfPDfV4YmXsShJNY3IbFGYcqhjOOkJ9pikRPORIZhIZv4KyQBLTLRps2BO/7gP/k2aZRs5NrqqlGpn887yYA/sg0OAQBXUwAW4BA1AgAS34B48WnfWg/VkPc+iOWs+swu+wHp9BzcrmTI=</latexit><latexit sha1_base64="4Seya7mD1iQf7EKJotDdIMh8NO0=">AAACGnicjVDLSgMxFM3UV62vqks3wSIIwjApxequ6MZFFwr2AdPpkEkzbWgyMyQZoQz9Dxdu/BU3Iu7EjX9j+hB8ggcCh3PO5eaeIOFMacd5s3ILi0vLK/nVwtr6xuZWcXunqeJUEtogMY9lO8CKchbRhmaa03YiKRYBp61geD7xWzdUKhZH13qUUE/gfsRCRrA2Urfuo6O6X4ZuKLoVzy+WHLvqoNNjBH8SZDtTlMAc/4v7xZdOLyapoJEmHCvlonKivQxLzQin40InVTTBZIj71DU0woIqL5ueNoYHRunBMJbmRRpO1c8TGRZKjURgkgLrgfruTcTfPDfV4YmXsShJNY3IbFGYcqhjOOkJ9pikRPORIZhIZv4KyQBLTLRps2BO/7gP/k2aZRs5NrqqlGpn887yYA/sg0OAQBXUwAW4BA1AgAS34B48WnfWg/VkPc+iOWs+swu+wHp9BzcrmTI=</latexit><latexit sha1_base64="4Seya7mD1iQf7EKJotDdIMh8NO0=">AAACGnicjVDLSgMxFM3UV62vqks3wSIIwjApxequ6MZFFwr2AdPpkEkzbWgyMyQZoQz9Dxdu/BU3Iu7EjX9j+hB8ggcCh3PO5eaeIOFMacd5s3ILi0vLK/nVwtr6xuZWcXunqeJUEtogMY9lO8CKchbRhmaa03YiKRYBp61geD7xWzdUKhZH13qUUE/gfsRCRrA2Urfuo6O6X4ZuKLoVzy+WHLvqoNNjBH8SZDtTlMAc/4v7xZdOLyapoJEmHCvlonKivQxLzQin40InVTTBZIj71DU0woIqL5ueNoYHRunBMJbmRRpO1c8TGRZKjURgkgLrgfruTcTfPDfV4YmXsShJNY3IbFGYcqhjOOkJ9pikRPORIZhIZv4KyQBLTLRps2BO/7gP/k2aZRs5NrqqlGpn887yYA/sg0OAQBXUwAW4BA1AgAS34B48WnfWg/VkPc+iOWs+swu+wHp9BzcrmTI=</latexit>

L
2
[f
m

4
]

<latexit sha1_base64="vpWCEY6FjLjNOOYcKvQgkE3QYnE=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPw0wIRm9BLx48RDALJmPo6fQkTbp7hu4eIQz5Cy8eFPHq33jzb+wsguuDgsd7VVTVCxPOtPG8d2dhcWl5ZTW3ll/f2NzaLuzsNnScKkLrJOaxaoVYU84krRtmOG0limIRctoMh+cTv3lHlWaxvDajhAYC9yWLGMHGSjeX3RJqR+K2HHQLRc+teP7psY9+E9/1pijCHLVu4a3Ti0kqqDSEY63bfikxQYaVYYTTcb6TappgMsR92rZUYkF1kE0vHqNDq/RQFCtb0qCp+nUiw0LrkQhtp8BmoH96E/Evr52a6CTImExSQyWZLYpSjkyMJu+jHlOUGD6yBBPF7K2IDLDCxNiQ8jaEz0/R/6RRcn3P9a/KxerZPI4c7MMBHIEPFajCBdSgDgQk3MMjPDnaeXCenZdZ64Izn9mDb3BePwCoeZBC</latexit><latexit sha1_base64="Wh3mcYMD29qg9alvch5IKEBwqZs=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapgpxequ6MaFCwX7wOlYMmmmDc1khiQjlKF/4cKNv+JGxK24829MH4JP8EDgcM653NwTJJwp7ThvVm5ufmFxKb9cWFldW98obm41VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMTsZ+84ZKxWJxqYcJ9SPcEyxkBGsjXZ11ysgLo+uK3ymWHLvquEcHLvpJXNuZoAQz/C/eKb62uzFJIyo04Vgpzy0n2s+w1IxwOiq0U0UTTAa4Rz1DBY6o8rPJWSO0Z5QuCmNpntBoon6eyHCk1DAKTDLCuq++e2PxN89LdXjoZ0wkqaaCTBeFKUc6RuOOUJdJSjQfGoKJZOaviPSxxESbJgvm9I/70N+kUbZdx3YvKqXa8ayzPOzALuyDC1WowSmcQx0ICLiFe3i07qwH68l6nkZz1mxmG77AenkH4c6YAw==</latexit><latexit sha1_base64="Wh3mcYMD29qg9alvch5IKEBwqZs=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapgpxequ6MaFCwX7wOlYMmmmDc1khiQjlKF/4cKNv+JGxK24829MH4JP8EDgcM653NwTJJwp7ThvVm5ufmFxKb9cWFldW98obm41VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMTsZ+84ZKxWJxqYcJ9SPcEyxkBGsjXZ11ysgLo+uK3ymWHLvquEcHLvpJXNuZoAQz/C/eKb62uzFJIyo04Vgpzy0n2s+w1IxwOiq0U0UTTAa4Rz1DBY6o8rPJWSO0Z5QuCmNpntBoon6eyHCk1DAKTDLCuq++e2PxN89LdXjoZ0wkqaaCTBeFKUc6RuOOUJdJSjQfGoKJZOaviPSxxESbJgvm9I/70N+kUbZdx3YvKqXa8ayzPOzALuyDC1WowSmcQx0ICLiFe3i07qwH68l6nkZz1mxmG77AenkH4c6YAw==</latexit><latexit sha1_base64="Wh3mcYMD29qg9alvch5IKEBwqZs=">AAACFnicjVDLSgMxFL1TX7W+qi7dBIvgapgpxequ6MaFCwX7wOlYMmmmDc1khiQjlKF/4cKNv+JGxK24829MH4JP8EDgcM653NwTJJwp7ThvVm5ufmFxKb9cWFldW98obm41VJxKQusk5rFsBVhRzgSta6Y5bSWS4ijgtBkMTsZ+84ZKxWJxqYcJ9SPcEyxkBGsjXZ11ysgLo+uK3ymWHLvquEcHLvpJXNuZoAQz/C/eKb62uzFJIyo04Vgpzy0n2s+w1IxwOiq0U0UTTAa4Rz1DBY6o8rPJWSO0Z5QuCmNpntBoon6eyHCk1DAKTDLCuq++e2PxN89LdXjoZ0wkqaaCTBeFKUc6RuOOUJdJSjQfGoKJZOaviPSxxESbJgvm9I/70N+kUbZdx3YvKqXa8ayzPOzALuyDC1WowSmcQx0ICLiFe3i07qwH68l6nkZz1mxmG77AenkH4c6YAw==</latexit>

L1[fm
4]
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MAGNETIC MOMENTS

▸ LQCD-EFT matching can be extended to matrix elements 


▸ Eg: magnetic moments

W. Detmold and P. E. Shanahan, Phys. Rev. D 103, 074503 (2021) 
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FIG. 9. The dependence of the various magnetic moment di↵erences on the appropriate combinations of the two-body
counterterms L1,2 is shown in the upper row and the lower left panel. The lower right panel shows the combined constraints
implied by agreement with the LQCD results of Ref. [40]. The details of the curves and points in the figure are as in Fig 7.
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FIG. 10. The infinite-volume extrapolations of the magnetic
moment di↵erences for d, 3H and 3He.

and
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1

gS,3

h h|S3| hi

h h| hi
=

 
2Th

3
�

fh
S,3

gS,3
hh(⇤, L)

!
,

(50)

where Ah denotes the atomic number of the nucleus, Th
3

is its third component of isospin, and

fh
S,0 =

8
><

>:

eC0 + eC1, h = d
eC0 � 3 eC1, h = pp
eC0 �

eC1, h = 3H

, fh
S,3 =

(
eCV , h = pp
eCV , h = 3H

.

(51)

The quantity
eeCV = eCV /gS,3 is constrained by compar-

ing Eq. (55) to LQCD calculations of ratios of isovector
scalar current matrix elements in di↵erent nuclei from
Ref. [39]. The results of this comparison are shown in

Fig. 11. Determinations of
eeCV from both the pp and

3H systems are consistent, with 3H providing a consider-
ably more stringent constraint. The extracted values of
the LEC are also used to extrapolate the LQCD matrix
elements to infinite volume, as shown in the figure and
presented in Table IV.
Similarly Fig. 12 compares LQCD calculations of the

ratio of the scalar isoscalar current matrix element in nu-
clei to that in the proton to the expectations of Eq. (49)
for the deuteron, diproton and 3H. The three states pro-
vide su�cient information to constrain the LEC ratios
eeC0,1 = eC0,1/gS,0 and the constrained values are used to
extrapolate the LQCD matrix elements to infinite volume
as shown in Fig. 13 and presented in Table IV. As noted

L[fm]
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SVM

▸ SVM works but needs 100s of Gaussians 
to converge to FV ground state  
[M. Eliyahu, B. Bazak, and N. Barnea, PRC 2020]


▸ Able to represent bound states


▸ Also able to represent scattering 
states


▸ Cubic boundary conditions increase the 
cost significantly


▸ Going beyond A=3 is very challenging  
in FV
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FIG. 1. Convergence of the eigenvalues �(N)
0 to the ground-

state energy of the diproton system as additional terms are
added to the variational wavefunction. The three colours cor-
respond to wavefunctions optimized for the L = 3.4 fm (blue),
4.5 fm (orange), and 6.7 fm (green) volumes, with the LEC
CT set to its optimised value after matching to the LQCD
results, as discussed in the main text. The results are shown
for one example of the regulator parameter corresponding to
r0 = 0.2 fm. For each volume, the results of optimisation
procedures starting with two random seeds are shown.

it is found for all two-body optimizations undertaken in
this work—at each finite volume, and for each of three
choices of the regulator ⇤ =

p
2/r0 corresponding to

r0 2 {0.2, 0.3, 0.4} fm—that after 100 terms have been
added to the wavefunction, the last 20 terms are within
1% (typically, within 0.1%) of the final value for each of
the values of the coupling that are used in optimization,
and also that optimizations starting with di↵erent ran-
dom seeds agree within that same tolerance. An example
of this convergence is shown in Fig. 1.

The ground-state d and pp binding energies resulting
from the optimised variational wavefunction are shown as
a function of the relevant undetermined LEC in Fig. 2,
for all three finite volumes and for all choices of the reg-
ulator parameter ⇤ which are studied. Comparing with
the LQCD results for the binding energies in each lat-
tice volume, it is clear that for each value of ⇤ the re-
sults in all volumes are consistent with a single consis-
tent value of the relevant coupling, indicating that there
is no need to introduce higher order terms in EFT⇡/. The
best-fit values of the corresponding couplings, which de-
pend on the regulator scale, are determined through a
combined fit to the three volumes and are presented in
Table II and Fig. 3. Note that the EFT⇡/ interaction
proportional to C1 is suppressed by 1/N2

c relative to the
Wigner-symmetric interaction with coe�cient C0 in the
large-Nc limit; this hierarchy is born out in the fitted
values of the couplings.

Having determined the two-body couplings, wavefunc-
tions optimised in infinite volume in exactly the same way
are used to determine the binding energies in the infinite-
volume limit. Figure 4 shows the volume-dependence of

r0 [fm] 0.2 0.3 0.4

C0 �131(2) �220(5) �330(9)

C1 �2(1) �4(2) �8(4)

CS �133(2) �225(6) �338(11)

CT �126(2) �208(6) �305(11)

D0 17(2) – –

TABLE II. The two and three-body EFT⇡/ LECs determined
from matching the SVM calculations to the LQCD energy
shifts for each value of the cuto↵ parameter r0. For the two-
body case, CS and CT are determined in terms of C0,1 through
Eq. (6). For D0, three-nucleon optimisations were only per-
formed for r0 = 0.2 fm.

FIG. 2. Binding energies of the deuteron (upper panel) and
diproton (lower panel) systems as a function of the relevant
two-body EFT⇡/ LECs. The three sets of curves correspond to

the three di↵erent choices of the regulator scale ⇤ =
p
2/r0

corresponding to r0 2 {0.2, 0.3, 0.4} fm (solid, dashed, and
dotted) and the three colours correspond to the three di↵er-
ent volumes: L = 3.4 fm (blue), 4.5 fm (orange), and 6.7 fm
(green). The horizontal bands show the values of the bind-
ing energies for each volume from the LQCD calculations of
Ref. [8].

the binding energies of the deuteron and diproton sys-
tems (in order to show a curve, binding energies com-
puted with wavefunctions optimised at additional inter-
mediate volumes are also shown). Extrapolations are
shown for r0 = 0.2 fm, but the extrapolations for other
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FIG. 17. (a) Energy eigenvalues, �n for the free two-nucleon system obtained using the SVM in three di↵erent volumes, plotted
in units of 2MNL2/4⇡2. The coloured regions indicate the expected multiplicity of eigenvalues. (b) Energy eigenvalues, �0 for
a weakly repulsive interaction obtained using the SVM in multiple volumes. The solid and dashed curves correspond to fits
using Eq. (B1) with either {a, c1} or {a} as fit parameters, respectively.

eracies 1, 6, 30, . . . corresponding to {p1 = (0, 0, 0), p2 =
(0, 0, 0)} for N = 0, {p1 = (1, 0, 0), p2 = (0, 0, 0)}
and permutations and sign changes for N = 1, {p1 =
(1, 1, 0), p2 = (0, 0, 0)} or {p1 = (1, 0, 0), p2 = (0, 1, 0)}
and permutations and sign changes for N = 2, and so
on. As can be seen from the figure, the SVM is able to
cleanly reproduce the low-energy part of the spectrum,
including its degeneracies; with further numerical e↵ort
this can be extended further. Similarly the free three-
particle low-energy spectrum is well reproduced.

The large L asymptotic behaviour of the ground state
is given by an expansion of the two-particle quantisation
condition derived by Lüscher [24], namely

�0 =
4⇡a

MNL3


1� c1

a

L
+ c2

⇣ a

L

⌘2

+ . . .

�
+O

�
L�6

�
,

(B1)

where a is the scattering length and the geometric coef-
ficients are c1 = �2.837297 and c2 = +6.375183. Figure
17(b) shows the two-body ground-state energy extracted
from the SVM with a small repulsive coupling (i.e., the
energy in the isoscalar channel with CS = 31 MeV fm3

and CT = 0 in Eq. (3)) as a function of volume. Also
shown are fits to this data using Eq. (B1) with the scat-
tering length as a free parameter, as well as fits treating
both the scattering length and the geometric constant
c1 as free parameters. The latter fit returns a value of
cfit
1

= �2.63(19) that is consistent with the actual value,
showing that the SVM is correctly able to reproduce the
expected finite-volume asymptotic behaviour. Similar
agreement with the expect asymptotic behaviour is found
for small attractive interactions.

Appendix C: Matrix element formulae

In this section, explicit formulae for the wavefunction integrals in Eqs. (35) and (36) are provided. In the expressions
below,  sym

L (Ai, Bi,di;x) is a symmetric n-body Gaussian wavefunction term defined in Eq. (31). The normalisation
integral of Eq. (35), corresponding to a cross-term between such n-body Gaussian wavefunction terms labelled by the
subscripts i and j respectively, can be expressed as
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where
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Number of gaussians

Energy eigenstate

A=2Energy shifts

A=2, V=0Free energy

L=3.4 fm            L=4.5 fm             L=6.7 fm

L=3.4 fm            L=4.5 fm             L=6.7 fm
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DIFFERENTIABLE PROGRAMMING

▸ Obviously better to optimise all parameters in wavefunction ansatz but how?


▸ Need gradients of objective function (energy bound) w.r.t parameters 
 

▸ Very large chain rule expressions can be computed using automatic differentiation 


▸ Automatic differentiation (AD) development driven by ML: at the heart of backpropagation 
for training of neural networks


▸ Very efficient and easy too use implementations in ML frameworks

E
h
 (N)

h (✓)
i
=

c · (K+ V2 + V3) · c
c · N · c
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▸ Implement in two stages


▸ Stage 1: DP to optimise a set of N’ Gaussians given input LECs


▸ Stage 2: combine sets of optimised Gaussians using GEVP

DIFFERENTIABLE PROGRAMMING

Initial Parameters


Wavefunction

LECs


Automatic Differentiation


Objective function


DP Block

✓0 = ✓ � ⌘r✓E
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 (N 0)
h (✓) =

PN 0

j=1 cj j
<latexit sha1_base64="m6NjQm4OFld2FaF5FmpAf4jywFc="></latexit><latexit sha1_base64="Idslhj0ZZIjEME0hgaRfeqGg5C0="></latexit><latexit sha1_base64="Idslhj0ZZIjEME0hgaRfeqGg5C0="></latexit><latexit sha1_base64="AE/zzCa66lvyFEfJLy+XjF6oh+o="></latexit>



LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

▸ Implement in two stages


▸ Stage 1: DP to optimise a set of N’ Gaussians given input LECs


▸ Stage 2: combine sets of optimised Gaussians using GEVP

DIFFERENTIABLE PROGRAMMING

GEVP


DP Block

DP Block

Initial Parameters


LECs


Initial Parameters


LECs


H c = � N c
<latexit sha1_base64="gpm47dY1cTjOLHwX7RLMOjq4qSI=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoBuh6KYrqWBboTOUJJNpQzOZIckIZZj/cOOvuHGhiCvBhX9j2o6orQcCh3Puvbn34IQzpR3n0yotLa+srpXXKxubW9s79u5eR8WpJLRNYh7LW4wU5UzQtmaa09tEUhRhTrt4dDnxu3dUKhaLGz1OqB+hgWAhI0gbqW/XvQjpIcZZM/dg5uEQkhyeQ4+bEQHy4Ld99WP37apTc6aAi8QtSBUUaPXtdy+ISRpRoQlHSvXceqL9DEnNCKd5xUsVTRAZoQHtGSpQRJWfTW/L4ZFRAhjG0jyh4VT93ZGhSKlxhE3lZFU1703E/7xeqsMzP2MiSTUVZPZRmHKoYzgJCgZMUqL52BBEJDO7QjJEEhFt4qyYENz5kxdJp15znZp7fVJtXBRxlMEBOATHwAWnoAGaoAXagIB78AiewYv1YD1Zr9bbrLRkFT374A+sjy/WM6Cn</latexit><latexit sha1_base64="oCAwTWG7eNwC87WVUufZgmUhZHw=">AAACQHicjVDNS8MwHE39nPOr6tFLcAieRjsEvQhDLzuJgvuAtYwkTbewNC1JKoyy/8O/xoMX7978D7yIePVkulXUzYMPAo/3fr8k7+GEM6Ud59laWFxaXlktrZXXNza3tu2d3ZaKU0lok8Q8lh2MFOVM0KZmmtNOIimKMKdtPLzI/fYtlYrF4kaPEupHqC9YyAjSRurZNS9CeoBx1hh7MPNwCMkYnkGPmysC5MEv+/Lb7tkVp+pMAOeJW5AKKPC/8Z795AUxSSMqNOFIqa5bS7SfIakZ4XRc9lJFE0SGqE+7hgoUUeVnkwLG8NAoAQxjaY7QcKL+3MhQpNQowmYyz6NmvVz8y+umOjz1MyaSVFNBpg+FKYc6hnmbMGCSEs1HhiAimfkrJAMkEdGm87KJ7s4GnSetWtV1qu71caV+XnRWAvvgABwBF5yAOmiAK9AEBNyBe/AIXq0H68V6s96nowtWsbMHfsH6+ATSM6gg</latexit><latexit sha1_base64="oCAwTWG7eNwC87WVUufZgmUhZHw=">AAACQHicjVDNS8MwHE39nPOr6tFLcAieRjsEvQhDLzuJgvuAtYwkTbewNC1JKoyy/8O/xoMX7978D7yIePVkulXUzYMPAo/3fr8k7+GEM6Ud59laWFxaXlktrZXXNza3tu2d3ZaKU0lok8Q8lh2MFOVM0KZmmtNOIimKMKdtPLzI/fYtlYrF4kaPEupHqC9YyAjSRurZNS9CeoBx1hh7MPNwCMkYnkGPmysC5MEv+/Lb7tkVp+pMAOeJW5AKKPC/8Z795AUxSSMqNOFIqa5bS7SfIakZ4XRc9lJFE0SGqE+7hgoUUeVnkwLG8NAoAQxjaY7QcKL+3MhQpNQowmYyz6NmvVz8y+umOjz1MyaSVFNBpg+FKYc6hnmbMGCSEs1HhiAimfkrJAMkEdGm87KJ7s4GnSetWtV1qu71caV+XnRWAvvgABwBF5yAOmiAK9AEBNyBe/AIXq0H68V6s96nowtWsbMHfsH6+ATSM6gg</latexit><latexit sha1_base64="oCAwTWG7eNwC87WVUufZgmUhZHw=">AAACQHicjVDNS8MwHE39nPOr6tFLcAieRjsEvQhDLzuJgvuAtYwkTbewNC1JKoyy/8O/xoMX7978D7yIePVkulXUzYMPAo/3fr8k7+GEM6Ud59laWFxaXlktrZXXNza3tu2d3ZaKU0lok8Q8lh2MFOVM0KZmmtNOIimKMKdtPLzI/fYtlYrF4kaPEupHqC9YyAjSRurZNS9CeoBx1hh7MPNwCMkYnkGPmysC5MEv+/Lb7tkVp+pMAOeJW5AKKPC/8Z795AUxSSMqNOFIqa5bS7SfIakZ4XRc9lJFE0SGqE+7hgoUUeVnkwLG8NAoAQxjaY7QcKL+3MhQpNQowmYyz6NmvVz8y+umOjz1MyaSVFNBpg+FKYc6hnmbMGCSEs1HhiAimfkrJAMkEdGm87KJ7s4GnSetWtV1qu71caV+XnRWAvvgABwBF5yAOmiAK9AEBNyBe/AIXq0H68V6s96nowtWsbMHfsH6+ATSM6gg</latexit>

Energy bound

E0
h = �1
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{ k | k 2 {1, . . . , N}} = [↵
⌘=1{ j}⌘
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<latexit sha1_base64="RFlTF0QTQC+7456W0Zo3goblP8I=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g8FHEcJuELQM2lhJBPOAzLLMTibJJLOzy8ysENb9Axt/xcZCEVtbO//GyaPQxAMXDufcy733BDFnSjvOt5VbWl5ZXcuvFzY2t7Z37N29hooSSWidRDySrQArypmgdc00p61YUhwGnDaD4dXYb95TqVgk7vQopl6Ie4J1GcHaSL59jFJUU8wfIPiAYDpATKDULSHeibQq3ZygLEOZ7/p20Sk7E8BF4s5IEcxQ8+0v1IlIElKhCcdKtd1KrL0US80Ip1kBJYrGmAxxj7YNFTikyksn/2TwyCgd2I2kKaHhRP09keJQqVEYmM4Q676a98bif1470d0LL2UiTjQVZLqom3CoIzgOB3aYpETzkSGYSGZuhaSPJSbaRFgwIbjzLy+SRqXsOmX39qxYvZzFkQcH4BCcAhecgyq4BjVQBwQ8gmfwCt6sJ+vFerc+pq05azazD/7A+vwB8Rub8w==</latexit><latexit sha1_base64="97vU0MeHvQEm5IFw3HhS+it8vmg=">AAACNHicjVDLSgMxFM34rPU16tJNsPhYlDJTBF0W3biSCvYBzTBk0rRNm8kMSUYo4/yBX+PCjX/hTnAj4tZvMH0stHXhgcDhnHO5uSeIOVPacV6thcWl5ZXV3Fp+fWNza9ve2a2rKJGE1kjEI9kMsKKcCVrTTHPajCXFYcBpIxhcjvzGHZWKReJWD2PqhbgrWIcRrI3k20coRVXF/D6C9wimfcQESt0i4u1Iq+L1McoylPmubxeckjMGnCfulBTAFP+L+/YLakckCanQhGOlWm451l6KpWaE0yyPEkVjTAa4S1uGChxS5aXjozN4aJQ27ETSPKHhWP05keJQqWEYmGSIdU/NeiPxL6+V6M65lzIRJ5oKMlnUSTjUERw1CNtMUqL50BBMJDN/haSHJSba9Jw3p7uzh86TernkOiX35rRQuZh2lgP74ACcABecgQq4AlVQAwQ8gEfwDN6tJ+vN+rA+J9EFazqzB37B+voGTrOjbA==</latexit><latexit sha1_base64="97vU0MeHvQEm5IFw3HhS+it8vmg=">AAACNHicjVDLSgMxFM34rPU16tJNsPhYlDJTBF0W3biSCvYBzTBk0rRNm8kMSUYo4/yBX+PCjX/hTnAj4tZvMH0stHXhgcDhnHO5uSeIOVPacV6thcWl5ZXV3Fp+fWNza9ve2a2rKJGE1kjEI9kMsKKcCVrTTHPajCXFYcBpIxhcjvzGHZWKReJWD2PqhbgrWIcRrI3k20coRVXF/D6C9wimfcQESt0i4u1Iq+L1McoylPmubxeckjMGnCfulBTAFP+L+/YLakckCanQhGOlWm451l6KpWaE0yyPEkVjTAa4S1uGChxS5aXjozN4aJQ27ETSPKHhWP05keJQqWEYmGSIdU/NeiPxL6+V6M65lzIRJ5oKMlnUSTjUERw1CNtMUqL50BBMJDN/haSHJSba9Jw3p7uzh86TernkOiX35rRQuZh2lgP74ACcABecgQq4AlVQAwQ8gEfwDN6tJ+vN+rA+J9EFazqzB37B+voGTrOjbA==</latexit><latexit sha1_base64="97vU0MeHvQEm5IFw3HhS+it8vmg=">AAACNHicjVDLSgMxFM34rPU16tJNsPhYlDJTBF0W3biSCvYBzTBk0rRNm8kMSUYo4/yBX+PCjX/hTnAj4tZvMH0stHXhgcDhnHO5uSeIOVPacV6thcWl5ZXV3Fp+fWNza9ve2a2rKJGE1kjEI9kMsKKcCVrTTHPajCXFYcBpIxhcjvzGHZWKReJWD2PqhbgrWIcRrI3k20coRVXF/D6C9wimfcQESt0i4u1Iq+L1McoylPmubxeckjMGnCfulBTAFP+L+/YLakckCanQhGOlWm451l6KpWaE0yyPEkVjTAa4S1uGChxS5aXjozN4aJQ27ETSPKHhWP05keJQqWEYmGSIdU/NeiPxL6+V6M65lzIRJ5oKMlnUSTjUERw1CNtMUqL50BBMJDN/haSHJSba9Jw3p7uzh86TernkOiX35rRQuZh2lgP74ACcABecgQq4AlVQAwQ8gEfwDN6tJ+vN+rA+J9EFazqzB37B+voGTrOjbA==</latexit>

{ j | j 2 {1, . . . , N 0}}↵
<latexit sha1_base64="dvIhz4ApmMME2FxHz+gDyaliijA=">AAACFHicbVDLSgMxFM3UV62vUZdugkUULGWmCLosunElFewDmmHIpGmbNpMZkoxQxvkIN/6KGxeKuHXhzr8xfSy09cCFwzn3cu89QcyZ0o7zbeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDX2m/dUKhaJOz2KqRfinmBdRrA2km+fohTVFPMHCD4gmA4QEyh1S4h3Iq1KN8coy1DmI8zjPvbtolN2JoCLxJ2RIpih5ttfqBORJKRCE46VaruVWHsplpoRTrMCShSNMRniHm0bKnBIlZdOnsrgkVE6sBtJU0LDifp7IsWhUqMwMJ0h1n01743F/7x2orsXXspEnGgqyHRRN+FQR3CcEOwwSYnmI0MwkczcCkkfS0y0ybFgQnDnX14kjUrZdcru7VmxejmLIw8OwCE4AS44B1VwDWqgDgh4BM/gFbxZT9aL9W59TFtz1mxmH/yB9fkDSBieVg==</latexit><latexit sha1_base64="EQuNZYxFUSa3L+lSFIYgRsvf/3w=">AAACOXicjVDLSgMxFM34rPVVdekmWETBUmaKoMuiG1dSwT6gGYZMJm3TZjJDkhHKOB/h17hw4ze4c+lGxK0/YPpYaOvCA4HDOedyc48fc6a0bb9aC4tLyyurubX8+sbm1nZhZ7ehokQSWicRj2TLx4pyJmhdM81pK5YUhz6nTX9wOfKbd1QqFolbPYypG+KuYB1GsDaSVzhBKaop5vURvEcw7SMmUOqUEA8irUrXRyjLUOYhzOMe9gpFu2yPAeeJMyVFMMX/4l7hBQURSUIqNOFYqbZTibWbYqkZ4TTLo0TRGJMB7tK2oQKHVLnp+PIMHholgJ1Imic0HKs/J1IcKjUMfZMMse6pWW8k/uW1E905d1Mm4kRTQSaLOgmHOoKjGmHAJCWaDw3BRDLzV0h6WGKiTdl5c7oze+g8aVTKjl12bk6L1YtpZzmwDw7AMXDAGaiCK1ADdUDAA3gEz+DderLerA/rcxJdsKYze+AXrK9v92+lzw==</latexit><latexit sha1_base64="EQuNZYxFUSa3L+lSFIYgRsvf/3w=">AAACOXicjVDLSgMxFM34rPVVdekmWETBUmaKoMuiG1dSwT6gGYZMJm3TZjJDkhHKOB/h17hw4ze4c+lGxK0/YPpYaOvCA4HDOedyc48fc6a0bb9aC4tLyyurubX8+sbm1nZhZ7ehokQSWicRj2TLx4pyJmhdM81pK5YUhz6nTX9wOfKbd1QqFolbPYypG+KuYB1GsDaSVzhBKaop5vURvEcw7SMmUOqUEA8irUrXRyjLUOYhzOMe9gpFu2yPAeeJMyVFMMX/4l7hBQURSUIqNOFYqbZTibWbYqkZ4TTLo0TRGJMB7tK2oQKHVLnp+PIMHholgJ1Imic0HKs/J1IcKjUMfZMMse6pWW8k/uW1E905d1Mm4kRTQSaLOgmHOoKjGmHAJCWaDw3BRDLzV0h6WGKiTdl5c7oze+g8aVTKjl12bk6L1YtpZzmwDw7AMXDAGaiCK1ADdUDAA3gEz+DderLerA/rcxJdsKYze+AXrK9v92+lzw==</latexit><latexit sha1_base64="EQuNZYxFUSa3L+lSFIYgRsvf/3w=">AAACOXicjVDLSgMxFM34rPVVdekmWETBUmaKoMuiG1dSwT6gGYZMJm3TZjJDkhHKOB/h17hw4ze4c+lGxK0/YPpYaOvCA4HDOedyc48fc6a0bb9aC4tLyyurubX8+sbm1nZhZ7ehokQSWicRj2TLx4pyJmhdM81pK5YUhz6nTX9wOfKbd1QqFolbPYypG+KuYB1GsDaSVzhBKaop5vURvEcw7SMmUOqUEA8irUrXRyjLUOYhzOMe9gpFu2yPAeeJMyVFMMX/4l7hBQURSUIqNOFYqbZTibWbYqkZ4TTLo0TRGJMB7tK2oQKHVLnp+PIMHholgJ1Imic0HKs/J1IcKjUMfZMMse6pWW8k/uW1E905d1Mm4kRTQSaLOgmHOoKjGmHAJCWaDw3BRDLzV0h6WGKiTdl5c7oze+g8aVTKjl12bk6L1YtpZzmwDw7AMXDAGaiCK1ADdUDAA3gEz+DderLerA/rcxJdsKYze+AXrK9v92+lzw==</latexit>

LECs




LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

▸ Batched AD controls memory use (necessary for GPU)


▸ Computational graph of the program computed in chunks and 
discarded after gradient computed


▸ First order gradient descent based on AD gradients


▸ Self-adaptive step sizes


▸ Step clipping


▸ Optimisation cost for n-body N-term wavefunction: 


▸ Sequential construction for N=𝛼×N’-term: 

O
�
N
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▸ DP-GEVP converges MUCH faster than SVM and finds slightly lower minimum 6
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Figure 2. The bounds on the binding energy of the deuteron
obtained from DP blocks as a function of the number of Gaus-
sian functions, N 0, included in the optimisation. Three dif-
ferent random initialisations are used (corresponding to the
solid blue, dashed orange, and dotted green curves) for fixed
values of the relevant two-body LEC CS = �132 MeV · fm3,
and for L = 4.5 fm. In the upper panel (a), the results are
compared with the SVM results of Ref. [26] evaluated at the
same CS and L, shown as a function of the number of Gaus-
sian functions (solid grey line). The lower panel (b) shows the
DP results with a di↵erent scale. The dashed horizontal line
in both panels shows the best result obtained with the SVM
method with N 0 = 100.

a range of values of the LECs, allowing energy bounds
to be evaluated as a function of the LECs without ad-
ditional DP optimisations. For ↵ sets of N

0 Gaussian
wavefunctions optimised in DP blocks, the quantity

�
↵,N 0

h =
�E

[N 0
]

h � �E
[↵⇥N 0

]

h���E
[↵⇥N 0]
h

�� (17)

can be defined to quantify the relative improvement
of the combined ↵ ⇥ N

0-term wavefunction (yielding a

bound �E
[↵⇥N 0

]

h on the binding energy) over the N 0 term

Figure 3. Bounds on the binding energy of the deuteron at
CS = �132 MeV · fm3 and L = 4.5 fm as a function of the
number of groups of N 0 = 4 Gaussian wavefunctions that are
combined through a GEVP block. Each of the 25 curves shows
bounds obtained using a di↵erent random sampling of groups
of 4 Gaussians from a total of 36 groups, each optimised from
a di↵erent random initialisation. The dashed grey line shows
the tightest bound on the binding energy achieved by any of
the optimisations.

Figure 4. Fractional di↵erence between the binding en-
ergy of the deuteron at L = 4.5 fm computed via
GEVP from ↵ = 4 DP blocks optimised at CS 2
{�134,�129,�124,�119} MeV · fm3 with N 0 = 4, and the
results of GEVP using each block separately. Each curve cor-
responds to �4,4d (Eq. (17)) computed based on the DP block
optimised at the value of CS indicated by the colour-matched
vertical dotted line).

wavefunction (yielding the bound �E
[N 0

]

h ) at a given
LEC value. Fig. 4 shows this quantity for the deuteron
at L = 4.5 fm, where sets of N 0 = 4 Gaussian functions
optimised at four choices of CS are combined in a GEVP
block. By construction, GEVP-optimisation of the su-
perset of 16 Gaussians provides a tighter bound on the
binding energy across all LECs in the relevant range, im-
proving the bound by . 0.1% even at the LEC values
where the individual DP blocks were optimised.

Number of gaussians

En
er

gy
 s

hi
ft

 1  5  10  50  100 

 0 

 -5 

 -10 

 -15 

 -20 

DIFFERENTIABLE PROGRAMMING

Sun et al., 2202.03530

Seed 1 

Seed 2 

Seed 3 

SVM 

SVM Best



8

Figure 6. Binding energy of 3He as a function of the three-
body LEC D0, with the relevant two-body coupling fixed
to C3He = C0 � C1 = 129(2) MeV · fm3. The curves are
obtained by solving the GEVP for a 32-dimensional set of
Gaussian wavefuntions optimised for each volume. Each
set is composed of ↵ = 8 N 0 = 4 DP blocks, with two
blocks optimised from di↵erent initalisations for each D0 2
{16.9, 18.1, 19.4, 20.6} MeV · fm6. The shaded region for each
curve is propagated from the uncertainty in C3He. The hor-
izontal bands show the binding energies determined in each
volume in the LQCD calculations of Ref. [4].

L [fm] LQCD [4] [MeV] This work [MeV]
3.4 115(23) 114(13)
4.5 107(25) 109(15)
6.7 107(24) 108(15)

TABLE II. Finite-volume binding energy for 4He obtained for
three di↵erent volumes as described in the text, with LECs
C0, C1 and D0 determined by matching to the two and three-
body finite-volume LQCD results of Ref. [4]. The second col-
umn lists the LQCD results for �E4

He
computed in the same

reference for comparison.

ther constrain the two and three-body LECs. However,
given the large uncertainties on the LQCD determina-
tions of the 4He energy, �2-optimisation leads to values
of the two and three-body LECs that are identical to
those determined from the two and three-body systems
alone.

In principle, the DP method can be used to deter-
mine finite-volume energies of still larger nuclei. How-
ever, there are currently no LQCD results to compare to
for larger systems, and the scaling of the approach with
A at finite volume is su�ciently poor that such calcula-
tions are numerically demanding. Instead, it is natural
to consider the infinite-volume binding energies of larger
nuclei, as detailed in the next subsection.

2 4 6 8 10 12 14 16 ∞
-200

-150

-100

-50

0

Figure 7. Binding energies of h 2 {nn, d, 3He, 4He} states in
di↵erent volumes (open circles) and in infinite volume (open
triangles). For each state at each of the volumes indicated by
the open circles, ↵ = 8 sets of N 0 = 4 Gaussian wavefunctions
are generated and optimised from di↵erent initialisations at
the best fit values of the LECs C0,1 and D0 (the coloured lines
are linear interpolations to guide the eye). The bands result
from propagation of the uncertainties in the LECs. The gray
squares show the results of the LQCD calculations of Ref. [4].

D. Volume Dependence and Infinite-Volume
Calculation

Having performed the finite-volume matching to de-
termine the LECs of the EFT, the DP approach can be
used to study the volume-dependence of the binding ener-
gies for h 2 {d, nn,3He,4He}, as well as to determine the
infinite-volume binding energies of these and other nu-
clear states. Fig. 7 shows the volume-dependence of the
binding energies of the four systems, with optimisations
based on ↵ = 8 sets of N 0 = 4 Gaussian wavefunctions
performed for L 2 {2, 3.4, 4, 4.5, 6.7, 12} fm, and also at
infinite volume. The infinite-volume results are compiled
in Table III.

Since the DP approach is more e�ciently able to repre-
sent ground-state wavefunctions than the SVM method,
it is feasible to extend calculations to larger nuclei in in-
finite volume. In particular, calculations have been per-
formed for 5

⇤
He (J = 1/2) and 6

⇤⇤
He (J = 0) in which

the spin-flavour structure is such that the simplest con-
figuration has spatial and spin-flavour wavefunctions fac-
torising as in Eq. (9). Note that at the SU(3)f -symmetric
quark masses used in the LQCD calculations of Ref. [4] to
which the FVEFT calculation is matched, the ⇤ baryon
is degenerate with the proton and neutron, but is not
Pauli-blocked from being at zero orbital angular momen-
tum. For this proof-of-principle study, it is assumed that
the two and three-body interactions between nucleons
and ⇤-baryons are the same. Figure 8 and Table III
summarise the results of this work as well as previous
EFT matching calculations from Refs. [25, 26, 38]. The
A = 4 EFT calculations are post-dictions of the infinite-

nn d 3He 4He

LATTICE QCD AND EFT FOR NUCLEAR PHYSICS

FVEFT SPECTRA USING DIFFERENTIABLE PROGRAMMING

▸ Once LECs determined can study volume dependence

LQCD results
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INFINITE VOLUME SPECTRA USING DIFFERENTIABLE PROGRAMMING
▸ Diff programming offers better way to optimise wavefunction

Sun et al., 2202.03530
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BEYOND LEADING ORDER - EXCITED STATES
▸ Variational method produces more than 

ground state 


▸ LQCD not restricted to ground states


▸ Excited FV NN scattering states from 
NPLQCD 2012 (A1+ cubic rep)


▸ Many more NN states from recent 
variational study


▸ Figure shows FVEFT with only LO 


▸ Currently implementing terms from NLO 
Lagrangian


▸ Will match to excited states to determine 
NLO counterterms (including S-D mixing)

L=3.4 fm L=4.5 fm L=6.7 fm 

NPLQCD

FVEFT (LO)
NLO??
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PIONLESS EFT

▸ LQCD-EFT matching is a powerful tool to connect LQCD to  
phenomenology


▸ Spectroscopy and matrix elements


▸ Differential programming approach vastly improves on SVM


▸ More efficient representation of states


▸ Able to go to larger nuclei


▸ Extensions


▸ Hypernuclei and excited states


▸ NLO EFT (+ pions)
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LQCD MOMENTUM FRACTIONS
▸ NPLQCD calculation of various matrix elements 

in nuclei: focus on momentum fraction 


▸ Local twist-2 operator matrix element 
 

▸ Unphysical quark masses for which pion 
mass is 806 MeV


▸ Single fixed volume L~4.5 fm


▸ pp and 3He systems

[WD et al. PRL 2021]

p pp 3
He

hxi(h)u�d 0.191(1)(9) 0.194(2)(9) 0.066(1)(3)⇣
A

Z�N

⌘ hxi(h)
u�d

hxi(p)u�d

� 1.007(14) 1.028(15)
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TWIST-2 OPERATORS
▸ EFT: match QCD operators to all possible hadronic operators with same 

symmetries


▸ Used in pion and N sectors to connect lattice PDF moments to experiment 
[Arndt & Savage; Chen & Ji; Detmold et al.,…]


▸ Isoscalar, spin independent operator matching:


▸ where
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[J W Chen, WD PLB 2005]

N
Two body counterterms
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NUCLEAR PDF MOMENTS
▸ Nucleon matrix elements (includes pion loop effects)


▸ Nuclear matrix elements 

▸       term suppressed by       [Kaplan & Savage 96; K & Manohar 97]


▸ Ellipsis includes higher-body operators, terms with derivatives: 
higher-order in power-counting

Dominant term
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