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Images of the proton found in a Google search

• Wikipedia. Grey disk not described.
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Images of the proton found in a Google search

• Artistic rendering of proton structure revealing its intricate and dynamic system of
quarks and gluons. (Image by Argonne National Laboratory.)
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Images of the proton found in a Google search

• The internal structure of a proton, with quarks, gluons, and quark spin shown. The
nuclear force acts like a spring, . . . Brookhaven National Laboratory.
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Images of the proton found in a Google search

• Quark and gluon sea: in this illustration of the proton the large spheres represent
the three valence quarks, the small spheres other quarks and the springs the gluons
holding them together. (Courtesy: Brookhaven National Laboratory.)
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Images of the proton found in a Google search

• This one’s different . . .
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Images of the proton found in a Google search

• Glorious complexity An artist’s impression of the mayhem of quarks and gluons
inside the proton. Credit: Daniel Dominguez.
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Images of the proton found in a Google search
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Images of the proton not found in a Google search (from 2006)
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Images of the proton found in a Google search
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Images of the proton not found in a Google search
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Images of the proton not found in a Google search
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Introduction

• What aspect of the nontrivial ground-state field structure confines quarks?

• Is there an essential aspect that captures the salient features of QCD?
◦ Confinement.
◦ Dynamical generation of mass via Chiral Symmetry breaking.
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Centre-Vortices in the Ground-State QCD-Vacuum Fields

• What are Centre Vortices and how do we locate them?

• What do Centre Vortices look like?

• What is the impact of dynamical fermions on centre-vortex structure?

• How does this manifest in the emergent properties of QCD?
◦ Static Quark Confinement
◦ Positivity Violation in the Gluon Propagator
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What Are Centre Vortices?

• Centre vortices in 3D are tube-like topological defects present in the QCD vacuum.

• We locate thin vortex lines on the lattice.

• The vortex line can be thought of as the ’axis of rotation’ of the vortex.
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A centre vortex (dashed
line) intersecting a lattice
plaquette (solid square).
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Vortex Structure in the Colour Fields of the QCD Vacuum
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How do you find centre vortices?
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Lattice Links
• On the lattice, the gluon-field is encoded in terms of the link variable

Uab
µ (x) ' exp

(
i a g Aab

µ (x)
)
,

a 3× 3 complex special-unitary matrix.
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Centre Group of SU(3)

• Centre elements commute with every group
element,

z = exp
(2πi

3 m
)

I, m ∈ {−1, 0, 1} ' Z3 .

• Each of the three centre phases corresponds to a
centre element of SU(3).

•

•

•

0

+ 2π
3

− 2π
3

19 of 63



1. Maximal Centre Gauge

• Gauge transformations bring the links close to an element of the group centre

z = exp
(2πi

3 m
)

I , m ∈ {−1, 0, +1} .

• This is done by maximising the functional

R =
∑

x

∑
µ

| tr[Uµ(x)] |2

• This is called Maximal Centre Gauge
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1. Maximal Centre Gauge
• Distribution of link phases.

tr UMCG
µ (x) = rµ(x)︸ ︷︷ ︸

real

exp
(2πi

3 φµ(x)
)

︸ ︷︷ ︸
−π < phase ≤ π

, −3
2 < φµ(x) ≤ 3

2 .

• φµ(x) before gauge fixing.

• φµ(x) after gauge fixing.
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1. Maximal Centre Gauge
• Distribution of link phases.
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2. Centre Projection
• Project onto Z (3)

UMCG
µ (x)→ Zµ(x) = exp

(2πi
3 mµ(x)

)
I , mµ(x) ∈ {−1, 0, +1} .

•

•

•

φµ(x)

• Eight degrees of freedom are replaced by one of the three cube-roots of 1.
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2. Centre Projection

• This projection allows us to define 3 sets of configurations:
◦ Untouched - Uµ(x)
◦ Vortex Only - Zµ(x)
◦ Vortex Removed - Rµ(x) = Z †

µ(x) Uµ(x)
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3. Identifying Vortices
• Examine the product of Zµ(x) around each elementary square (plaquette).
• Each plaquette takes a value from Z (3).
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3. Identifying Vortices

• Non-trivial plaquettes with values

exp
(2πi

3 m
)
6= 1 , i .e. m ∈ {−1, +1} ,

identify our thin vortices.

• 3 ensembles
◦ 323 × 64 pure gauge (PG), spacing a = 0.100 fm
◦ 323 × 64 dynamical 2 + 1 flavour, spacing a = 0.1022 fm, mπ = 701 MeV
◦ 323 × 64 dynamical 2 + 1 flavour, spacing a = 0.0933 fm, mπ = 156 MeV
◦ S. Aoki, et al. (PACS-CS), Phys. Rev. D 79, 034503.
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What do centre vortices look like?
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Rendering Projected Vortices

• Vortex sheets are sliced to vortex lines in a 3D slice of the 4D lattice.

• Flow of centre charge +1 is indicated using a right-handed coordinate system.
• For example,
◦ An m = +1 vortex in the x -y plane is plotted in the +ẑ direction.

◦ An m = −1 vortex in the x -y plane is plotted in the −ẑ direction.
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y
z
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◦ An m = −1 vortex in the x -y plane is plotted in the −ẑ direction.
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Vortices on a Pure-Gauge 323 × 64 Lattice
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();
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Vortices on a Pure-Gauge 323 × 64 Lattice
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2 + 1 Flavour 323 × 64 Dynamical-Fermion Lattice mπ = 156 MeV
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Impact of Dynamical Fermions: Vortex Path Lengths
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• Histogram of vortex path lengths in
the percolating cluster.

• Pure Gauge and Dynamical Fermion
ensembles are illustrated.

• Path length is the number of jets from
one branching point to the next.

• Moderate size loops are exponentially
distributed.
◦ Fixed probability of branching .
◦ Branching is independent of length.
◦ Branching probability:

• PG: ∼ 2/3 fm−1. DF: ∼ 1 fm−1.
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Impact of Dynamical Fermions on the Centre-Vortex Structure
of the

Static Quark Potential
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Static Quark Potential – Pure Gauge Sector
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• Lower plot reports the local slope
from fits to V (r) over a
forward-looking window from
r to r + 4a.

• Vortex removal (VR) leaves no
residual confining potential.

• Vortex-only (VO) reproduces only
62% of the original (UT) static
quark potential.
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Introducing Dynamical Fermions (mπ = 701MeV)
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• In the presence of dynamical
fermions, vortices capture the full
string tension.

• Vortex removal leaves no residual
confining potential.

• Centre vortices are the origin of
confinement in QCD.
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Lighter dynamical fermions (mπ = 156MeV)

36 of 63

• Lighter quark masses screen the
confining potential.

• Vortices continue to capture the
full string tension.

• Vortex removal leaves no residual
confining potential.

• Centre vortices are the origin of
confinement in QCD.
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Impact of Dynamical Fermions on the Centre-Vortex Structure
of the

Gluon Propagator
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Centre Vortices and the Landau-Gauge Gluon Propagator
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• The nonperturbative scalar gluon
propagator in momentum space is

D(q2) ≡ Z (q2)
q2 → 1

q2 at tree level.

• Consider the renormalisation function

Z (q2) = q2 D(q2) .

0 2 4 6
q (GeV)

0.5

1.0

1.5

2.0

2.5

q2
D

(q
2
)

UT PG

UT Dyn



Gluon Propagator – Dynamical Fermions

39 of 63

• Dynamical fermions (UT) suppress the
overall infrared strength.

• Vortex Removal (VR) almost eliminates
infrared enhancement.

• Vortex-Only (VO) configurations
capture the long-distance physics.

• Reconstructed propagator.
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The Gluon Propagator and Confinement
• The 1-dimensional Fourier transform of the gluon propagator at zero spatial

momentum defines the wall-to-wall correlator

C(t) =
∫ ∞

0
dm ρ(m2) e−mt .

◦ C(t) is negative in QCD.

• The spectral density, ρ(m2), cannot be a positive spectral function.
◦ A physical state does not have negative norm contributions in its propagator.
◦ There is no Källen-Lehmann representation.
◦ The corresponding states cannot appear in the physical particle spectrum.

• The states are confined from the physical world.
◦ J. E. Mandula and M. Ogilvie, Phys. Lett. B185, 127 (1987).
◦ C. A. Aubin and M. C. Ogilvie, Phys. Lett. B570, 59 (2003), hep-lat/0306012.
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Positivity Violation in QCD
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Ironic incongruity

• Valence quarks act to suppress vacuum fields as they induce flux-tube tunnels
through the ground-state vacuum fields, underpinned by centre vortices.
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Conclusions
• In QCD, vortex removal:
◦ Suppresses the infrared enhancement of the gluon propagator.
◦ Restores positivity in the wall-to-wall correlator.
◦ Eliminates the confinement potential of the static quark potential.

• In QCD, the consideration of vortices alone:
◦ Captures the infrared enhancement of the gluon propagator.
◦ Generates positivity violation in the wall-to-wall correlator.
◦ Fully reproduces the confining potential of the static quark potential.

• Conclude that centre vortices provide a common origin for
◦ Confinement, and the
◦ Dynamical generation of mass. (Waseem Kamleh’s presentation Tuesday morning.)

• Centre vortices in the foundation of matter capture the essence of
nonperturbative QCD.

44 of 63



Conclusions
• In QCD, vortex removal:
◦ Suppresses the infrared enhancement of the gluon propagator.
◦ Restores positivity in the wall-to-wall correlator.
◦ Eliminates the confinement potential of the static quark potential.

• In QCD, the consideration of vortices alone:
◦ Captures the infrared enhancement of the gluon propagator.
◦ Generates positivity violation in the wall-to-wall correlator.
◦ Fully reproduces the confining potential of the static quark potential.

• Conclude that centre vortices provide a common origin for
◦ Confinement, and the
◦ Dynamical generation of mass. (Waseem Kamleh’s presentation Tuesday morning.)

• Centre vortices in the foundation of matter capture the essence of
nonperturbative QCD.

44 of 63



Conclusions
• In QCD, vortex removal:
◦ Suppresses the infrared enhancement of the gluon propagator.
◦ Restores positivity in the wall-to-wall correlator.
◦ Eliminates the confinement potential of the static quark potential.

• In QCD, the consideration of vortices alone:
◦ Captures the infrared enhancement of the gluon propagator.
◦ Generates positivity violation in the wall-to-wall correlator.
◦ Fully reproduces the confining potential of the static quark potential.

• Conclude that centre vortices provide a common origin for
◦ Confinement, and the
◦ Dynamical generation of mass. (Waseem Kamleh’s presentation Tuesday morning.)

• Centre vortices in the foundation of matter capture the essence of
nonperturbative QCD.

44 of 63



Conclusions
• In QCD, vortex removal:
◦ Suppresses the infrared enhancement of the gluon propagator.
◦ Restores positivity in the wall-to-wall correlator.
◦ Eliminates the confinement potential of the static quark potential.

• In QCD, the consideration of vortices alone:
◦ Captures the infrared enhancement of the gluon propagator.
◦ Generates positivity violation in the wall-to-wall correlator.
◦ Fully reproduces the confining potential of the static quark potential.

• Conclude that centre vortices provide a common origin for
◦ Confinement, and the
◦ Dynamical generation of mass. (Waseem Kamleh’s presentation Tuesday morning.)

• Centre vortices in the foundation of matter capture the essence of
nonperturbative QCD.

44 of 63



Perspective

• Needless to say, numerical evidence is not taken for a proof by mathematically
inclined folks, and an analytic proof [for confinement] is still missing. A million
dollar prize for such a proof still waits to be awarded.

Edward Shuryak
• To appear in the forthcoming book

“50 Years of Quantum Chromodynamics”

edited by Franz Gross and Eberhard Klempt.
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Additional Information
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Secondary Loops on a Pure-Gauge 323 × 64 Lattice
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2 + 1 Flavour 323 × 64 Dynamical-Fermion Lattice mπ = 156 MeV
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Directed Graphs

• Abstract the vortex clusters as a directed graph, independent of 3D coordinates.

• Points of vortex branching/intersection are nodes.
• Edges are weighted by the vortex path length connecting them.

• Visualisations are generated with the Pyvis package.
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Directed graphs: Pure Gauge versus Dynamical Fermions
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Directed graphs: Pure Gauge versus Dynamical Fermions
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Gluon Propagator – Pure Gauge Sector
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• Vortex Removal (VR) suppresses
infrared enhancement whilst preserving
UV perturbative behaviour.

• Vortex-Only (VO) configurations
capture the long-distance physics.

• Reconstruction of the propagator as a
linear combination of the
vortex-modified parts recovers full
propagator.

• Renormalisation maintains Z (q2) = 1
at q = 5.5 GeV for UT and Recon. 0 1 2 3 4 5 6
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Gluon Propagator – Dynamical Fermions mπ = 701 MeV
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• Dynamical fermions (UT) suppress the
overall infrared strength.

• Vortex Removal (VR) almost eliminates
infrared enhancement.

• Vortex-Only (VO) configurations
capture the long-distance physics.

• Reconstruction is less perfect.
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Gluon Propagator – Dynamical Fermions mπ = 156 MeV
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• Lighter dynamical u and d quarks
further suppress the infrared
enhancement.

• Centre Vortex degrees of freedom are
able to capture the screening effects of
dynamical fermions in QCD.
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Branching Points versus Monopoles

−1 or + 2

+1

+1

+1

+1

+1

b b

bb

•

•

•

0

+ 2π
3

− 2π
3

• Our convention illustrates the directed flow of charge m = +1.
• Arrows indicate the direction of flow for the labelled charge.
• However, a vortex monopole with charge +1 flowing out of the vertex (centre)

is equivalent to
a vortex branching point with centre charge +2 flowing into a vertex (left).
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Restoration of Chiral Symmetry

• If vortices are responsible for DχSB, then their removal should restore chiral
symmetry

SU 2L × SU 2R ×U(1)A

• Expect hadrons related by chiral transformations to become degenerate

π
U(1)A←−−→ a0

ρ
SU 2L×SU 2R←−−−−−−−→ a1

N SU 2L×SU 2R←−−−−−−−→ ∆

• At light quark masses, all symmetries are observed to be restored.
• A. Trewartha, W. Kamleh and DBL, J. Phys. G 44 (2017) 125002 [arXiv:1708.06789 [hep-lat]].
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Visualising Centre Vortices
• Consider the number of vortices entering a 3D cube on the dual lattice.

Ncube(x̃) Interpretation

0 No vortices present.
1 Terminating vortex, forbidden by Bianchi*.
2 Vortex line flowing through the cube.
3 Simple three-way vortex monopole.
4 Vortex intersection.
5 Complex five-way monopole path.
6 Vortex intersections or double monopoles.

*Bianchi identity implies a continuous flow of centre vortex flux through a spatial cube.
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Visualising Centre Vortices
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Space-Time Oriented Vortices
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Rendering Space-Time Oriented Projected Vortices

• Every link in the spatial volume has a forward and backward time-oriented plaquette
associated with it.

• The three jets associated with the spatial x -y , y -z and z-x plaquettes, are
complemented by
◦ Jets in the three forward time x -t, y -t and z-t plaquettes, and
◦ Jets in the three backward time x -t, y -t and z-t plaquettes.

• See “Visualization of center vortex structure,” to link vortices to topological charge.
J. C. Biddle, W. Kamleh and DBL, Phys. Rev. D 102 (2020) 034504 [arXiv:1912.09531 [hep-lat]].
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Rendering Space-Time Oriented Projected Vortices

• If a spatial link belongs to a vortex in a space-time plaquette then:
◦ The link is rendered in cyan for an m = +1 vortex.

◦ The link is rendered as a positively-directed arrow for forward space-time plaquettes.
◦ The link is rendered as a negatively-directed arrow for backward space-time plaquettes.

• As one steps forwards in time, positively-directed links become negatively-directed.

Zy (n + x̂)

Z ∗x (n + ŷ)

Z ∗y (n)

Zx (n)

Zt(n + x̂)
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Z ∗y (n)

Zx (n)

Zt(n + x̂)

Z ∗x (n + t̂)

Z ∗t (n)

x

y
t

60 of 63



Time slice t = 1
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Animation of Centre Vortex Structure Google: YouTube CSSM Visualisations
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Interactive 3D Visualisation Techniques

• Rendered in AVS Express Visualisation Edition.
http://www.avs.com/solutions/express/

• Exported in VRML.
• Converted to U3D format via pdf3d ReportGen.

https://www.pdf3d.com/products/pdf3d-reportgen/
• Imported into LATEX via media9 package.
• Viewed in Adobe acroread (Linux, use 9.4.1 when 3D support was maintained).

ftp://ftp.adobe.com/pub/adobe/reader/unix/9.x/9.4.1/
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