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Are quantum gravity effects (phenomenologically) 
relevant for particle physics?
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Prototype example: QM double well problem

• Quantum tunnelling:

• Classically, 
is imaginary (E<V)

• Motion in an imaginary time: 
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V = m�(x2 � a2)2
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Classically, 2 discretely degenerate ground 
states at x=-a and x=a

p ⌘ m
dx

dt
=

p
2m(E � V )
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Prototype example: QM double well problem
• WKB approximation:

• Instanton is a classically forbidden path 
connecting 2 degenerate ground state:

• Topology:  

• True ground state: 
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Instantons and CP violation in SM

Both of these terms are total 4-derivatives, e.g.,

• The QED-term can be ignored – no physical effects
• The QCD-term is physical, e.g. describes vacuum-to-vacuum transition 

amplitudes ‘mediated’ by QCD instantons. This term is mandatory to 
preserve causality (‘cluster decomposition’)!

• Neutron EDM:
The strong CP problem (Crewther, di Vecchia, Veneziano, Witten, 79’)
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Mixed global-gauged anomalies (Adler; Bell & Jackiw, 69’):
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(Atiyah, Singer, 63’)
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(Belavin, Polyakov, Schwartz, Tyupkin, 73’) 
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In the presence of fermions instantons induce multi-
fermion interactions (‘t Hooft vertices), e.g., 

Explains                       (‘tHooft, 76’)
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Axion solution to the strong CP problem

Introduce a new light pseudo-scalar a(x) (Peccei-Quinn 77’) 

Instanton-induced potential:

In the minimum CP-violating phase cancels out:

Light, feebly coupled, essentially stable => dark matter 
candidate 
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Axion solution to the strong CP problem

AIP Congress, Adelaide, 8-16 Dec 2022 10

CAJ O’Hare -
https://github.com/cajohare/AxionLimits/blob/master/docs/ap.md

https://github.com/cajohare/AxionLimits/blob/master/docs/ap.md


Anomalies in the Standard Model + Gravity

Gravitational instantons?
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Delbourgo, Salam 72’



Gravitational instantons: generalities

• In quantum gravity imitate instanton effects by summing 
up over manifolds (M, gμν) with an arbitrary topology in 
the Euclidean path integral

• Problem:
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Gravitational instantons: generalities

• Positive action theorem (Schoen, Yau 79’; Witten 81’)

For Ricci flat, R=0, (a.k.a, vacuum manifolds):

(a) Asymptotically Euclidean (AE) spaces,                   ;                     , 
if and only if the space is flat

(b) Asymptotically Locally Euclidean (ALE) spaces,                  ;                     
for self (anti-self)-dual configurations!
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Gravitational instantons: generalities

• For R=0 AE/ALE there are no fermion zero-modes even for 
massless fermions

• Hence,                                                                         

Such instantons would not induce chiral symmetry breaking
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Eguchi-Hanson instanton 

• Anti-self dual solution:

(i) a is an arbitrary length parameter, the instanton size
(ii) a -> 0, flat space limit 
(iii) Coordinate (non-physical) singularity at r=a
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Eguchi-Hanson instanton 
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• Geodesic completeness:

• We ’half’ the space, it got a 
boundary

taken from Eguchi, 
Hanson, Annals of 
Physics 120, 82 (1979) 



Eguchi-Hanson instanton 

• Index of the Dirac operator: 
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U(1)EM-charged Eguchi-Hanson instanton 

• Let’s consider QED. In the limit of massless electron we 
have chiral anomaly. However, U(1)EM vacuum is 
topologically trivial, hence no CP-violation occurs in the 
effective Lagrangian

• Abelian nature of U(1)EM – no explanation of electric 
charge quantisation

• Inclusion of gravity -> CP-violation + charge quantisation!

AIP Congress, Adelaide, 8-16 Dec 2022 18



U(1)EM-charged Eguchi-Hanson instanton 

• We look for (anti)self-dual solutions to Einstein-Maxwell 
equations

• The Eguchi-Hanson metric is unaffected
• Anti-self dual solution:

q – is an electric charge of the instanton 
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U(1)EM-charged Eguchi-Hanson instanton 

• Compute action:

• Note π vs 2π – the effect of ‘half’ space;
• , hence small size instantons contribute 

predominantly to transition amplitudes;
• No flat space analogue;
• Can charge q be arbitrarily small? (enhanced 

amplitudes?)
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Charge quantisation
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U(1)EM-charged Eguchi-Hanson instanton 

• Spinor structure is supported if, and only if electric 
charge is quantised:

(q=3 is the smallest charge, since Qd=1/3).

• Vacuum-to-vacuum transitions are non-zero => CP-
violating term in QED is supported:
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Colored Eguchi-Hanson instanton 

• We can extend the above construction to Yang-Mills 
(SU(2))-Eguchi-Hanson instantons

• Action 
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Colored Eguchi-Hanson instanton 

• Chern-Pontryagin index

• Fermion index (R – irrep of SU(2))

• ‘tHooft vertecies:                                    vs  
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Colored gravitational instantons and axion

• We have extra CP violation due to the colored 
gravitational instantons

• Effective vacuum angle 

• Does the original axion solution to the strong CP 
problem hold?
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<latexit sha1_base64="mLCOhS5Io/a1x7QSGuG4RkWPB80=">AAACInicbVDdSgJBGJ21P7M/q8tuliwIAtu1oG4CyQIvFfIHVGR2/NTB2R9mvg1k8QV6jh6g23qE7qKroPteo1E3SO3AwJlz5nzDd5xAcIWW9WkklpZXVteS66mNza3tnfTuXlX5oWRQYb7wZd2hCgT3oIIcBdQDCdR1BNScQWHs1x5AKu579zgMoOXSnse7nFHUUjt91MQ+IG33rs9jFpULt6Oz3Onv9a44aqczVtaawFwkdkwyJEapnf5udnwWuuAhE1Sphm0F2IqoRM4EjFLNUEFA2YD2oKGpR11QrWiyzcg81krH7PpSHw/Nifo3ESk9sg+dmTERdZUauo6OuxT7at4bi/95jRC7V62Ie0GI4LHp791QmOib477MDpfAUAw1oUxyvYDJ+lRShrrVlG7Gnu9hkVRzWdvK2uWLTP4m7ihJDsghOSE2uSR5UiQlUiGMPJJn8kJejSfjzXg3PqZPE0ac2SczML5+AKDspBc=</latexit><latexit sha1_base64="mLCOhS5Io/a1x7QSGuG4RkWPB80=">AAACInicbVDdSgJBGJ21P7M/q8tuliwIAtu1oG4CyQIvFfIHVGR2/NTB2R9mvg1k8QV6jh6g23qE7qKroPteo1E3SO3AwJlz5nzDd5xAcIWW9WkklpZXVteS66mNza3tnfTuXlX5oWRQYb7wZd2hCgT3oIIcBdQDCdR1BNScQWHs1x5AKu579zgMoOXSnse7nFHUUjt91MQ+IG33rs9jFpULt6Oz3Onv9a44aqczVtaawFwkdkwyJEapnf5udnwWuuAhE1Sphm0F2IqoRM4EjFLNUEFA2YD2oKGpR11QrWiyzcg81krH7PpSHw/Nifo3ESk9sg+dmTERdZUauo6OuxT7at4bi/95jRC7V62Ie0GI4LHp791QmOib477MDpfAUAw1oUxyvYDJ+lRShrrVlG7Gnu9hkVRzWdvK2uWLTP4m7ihJDsghOSE2uSR5UiQlUiGMPJJn8kJejSfjzXg3PqZPE0ac2SczML5+AKDspBc=</latexit><latexit sha1_base64="mLCOhS5Io/a1x7QSGuG4RkWPB80=">AAACInicbVDdSgJBGJ21P7M/q8tuliwIAtu1oG4CyQIvFfIHVGR2/NTB2R9mvg1k8QV6jh6g23qE7qKroPteo1E3SO3AwJlz5nzDd5xAcIWW9WkklpZXVteS66mNza3tnfTuXlX5oWRQYb7wZd2hCgT3oIIcBdQDCdR1BNScQWHs1x5AKu579zgMoOXSnse7nFHUUjt91MQ+IG33rs9jFpULt6Oz3Onv9a44aqczVtaawFwkdkwyJEapnf5udnwWuuAhE1Sphm0F2IqoRM4EjFLNUEFA2YD2oKGpR11QrWiyzcg81krH7PpSHw/Nifo3ESk9sg+dmTERdZUauo6OuxT7at4bi/95jRC7V62Ie0GI4LHp791QmOib477MDpfAUAw1oUxyvYDJ+lRShrrVlG7Gnu9hkVRzWdvK2uWLTP4m7ihJDsghOSE2uSR5UiQlUiGMPJJn8kJejSfjzXg3PqZPE0ac2SczML5+AKDspBc=</latexit><latexit sha1_base64="mLCOhS5Io/a1x7QSGuG4RkWPB80=">AAACInicbVDdSgJBGJ21P7M/q8tuliwIAtu1oG4CyQIvFfIHVGR2/NTB2R9mvg1k8QV6jh6g23qE7qKroPteo1E3SO3AwJlz5nzDd5xAcIWW9WkklpZXVteS66mNza3tnfTuXlX5oWRQYb7wZd2hCgT3oIIcBdQDCdR1BNScQWHs1x5AKu579zgMoOXSnse7nFHUUjt91MQ+IG33rs9jFpULt6Oz3Onv9a44aqczVtaawFwkdkwyJEapnf5udnwWuuAhE1Sphm0F2IqoRM4EjFLNUEFA2YD2oKGpR11QrWiyzcg81krH7PpSHw/Nifo3ESk9sg+dmTERdZUauo6OuxT7at4bi/95jRC7V62Ie0GI4LHp791QmOib477MDpfAUAw1oUxyvYDJ+lRShrrVlG7Gnu9hkVRzWdvK2uWLTP4m7ihJDsghOSE2uSR5UiQlUiGMPJJn8kJejSfjzXg3PqZPE0ac2SczML5+AKDspBc=</latexit>



Computing the axion potential

The CEH contribution is large –
The one-axion solution is no-longer valid! 
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Chen, AK 21’ 
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• Extend PQ symmetry 

• Two coupled QCD axions

U(1)PQ ⇥ U(1)0PQ �! 1
<latexit sha1_base64="qnhLCra0JGvyk/9ui3PRihpQ3oA=">AAACKnicbVDLTgIxFO3gC/GFunTTSIyYGDJjTHRJdOMSEgdIgJBOKdDQaSftHQ2Z8BN+hx/gVj/BHXFr4m9YBhYC3qTJuef03PaeIBLcgOtOnMza+sbmVnY7t7O7t3+QPzyqGRVrynyqhNKNgBgmuGQ+cBCsEWlGwkCwejC8n+r1J6YNV/IRRhFrh6QveY9TApbq5C/9onfRSSrVcQt4yAye9ucpgVtCyb7m/QEQrdUz9jr5glty08KrwJuDAppXpZP/aXUVjUMmgQpiTNNzI2gnRAOngo1zrdiwiNAh6bOmhZLYH7STdKsxPrNMF/eUtkcCTtm/jsTYkQPWXRiTkNCYURhYe0hgYJa1Kfmf1oyhd9tOuIxiYJLOXu/FAoPC09xwl2tGQYwsIFRzuwCmA6IJBZtuzibjLeewCmpXJc8tedXrQvlunlEWnaBTVEQeukFl9IAqyEcUvaA39I4+nFfn05k4X7OrGWfuOUYL5Xz/Akr7pmU=</latexit><latexit sha1_base64="qnhLCra0JGvyk/9ui3PRihpQ3oA=">AAACKnicbVDLTgIxFO3gC/GFunTTSIyYGDJjTHRJdOMSEgdIgJBOKdDQaSftHQ2Z8BN+hx/gVj/BHXFr4m9YBhYC3qTJuef03PaeIBLcgOtOnMza+sbmVnY7t7O7t3+QPzyqGRVrynyqhNKNgBgmuGQ+cBCsEWlGwkCwejC8n+r1J6YNV/IRRhFrh6QveY9TApbq5C/9onfRSSrVcQt4yAye9ucpgVtCyb7m/QEQrdUz9jr5glty08KrwJuDAppXpZP/aXUVjUMmgQpiTNNzI2gnRAOngo1zrdiwiNAh6bOmhZLYH7STdKsxPrNMF/eUtkcCTtm/jsTYkQPWXRiTkNCYURhYe0hgYJa1Kfmf1oyhd9tOuIxiYJLOXu/FAoPC09xwl2tGQYwsIFRzuwCmA6IJBZtuzibjLeewCmpXJc8tedXrQvlunlEWnaBTVEQeukFl9IAqyEcUvaA39I4+nFfn05k4X7OrGWfuOUYL5Xz/Akr7pmU=</latexit><latexit sha1_base64="qnhLCra0JGvyk/9ui3PRihpQ3oA=">AAACKnicbVDLTgIxFO3gC/GFunTTSIyYGDJjTHRJdOMSEgdIgJBOKdDQaSftHQ2Z8BN+hx/gVj/BHXFr4m9YBhYC3qTJuef03PaeIBLcgOtOnMza+sbmVnY7t7O7t3+QPzyqGRVrynyqhNKNgBgmuGQ+cBCsEWlGwkCwejC8n+r1J6YNV/IRRhFrh6QveY9TApbq5C/9onfRSSrVcQt4yAye9ucpgVtCyb7m/QEQrdUz9jr5glty08KrwJuDAppXpZP/aXUVjUMmgQpiTNNzI2gnRAOngo1zrdiwiNAh6bOmhZLYH7STdKsxPrNMF/eUtkcCTtm/jsTYkQPWXRiTkNCYURhYe0hgYJa1Kfmf1oyhd9tOuIxiYJLOXu/FAoPC09xwl2tGQYwsIFRzuwCmA6IJBZtuzibjLeewCmpXJc8tedXrQvlunlEWnaBTVEQeukFl9IAqyEcUvaA39I4+nFfn05k4X7OrGWfuOUYL5Xz/Akr7pmU=</latexit><latexit sha1_base64="qnhLCra0JGvyk/9ui3PRihpQ3oA=">AAACKnicbVDLTgIxFO3gC/GFunTTSIyYGDJjTHRJdOMSEgdIgJBOKdDQaSftHQ2Z8BN+hx/gVj/BHXFr4m9YBhYC3qTJuef03PaeIBLcgOtOnMza+sbmVnY7t7O7t3+QPzyqGRVrynyqhNKNgBgmuGQ+cBCsEWlGwkCwejC8n+r1J6YNV/IRRhFrh6QveY9TApbq5C/9onfRSSrVcQt4yAye9ucpgVtCyb7m/QEQrdUz9jr5glty08KrwJuDAppXpZP/aXUVjUMmgQpiTNNzI2gnRAOngo1zrdiwiNAh6bOmhZLYH7STdKsxPrNMF/eUtkcCTtm/jsTYkQPWXRiTkNCYURhYe0hgYJa1Kfmf1oyhd9tOuIxiYJLOXu/FAoPC09xwl2tGQYwsIFRzuwCmA6IJBZtuzibjLeewCmpXJc8tedXrQvlunlEWnaBTVEQeukFl9IAqyEcUvaA39I4+nFfn05k4X7OrGWfuOUYL5Xz/Akr7pmU=</latexit>

Chen, AK, O’Hare, Picker, 
Pierobon 21’
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Masses and mixing
• Hierarchical case,

• Large mixing,             (axion-axion oscillation effects)  

✏ = fa/f
0
a << 1
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Companion axion dark matter [2110.11014]
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Gravitational waves and PBH predictions [2110.11014]
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Collapse of the false vacuum domain
walls of the horizon-size lead to black
hole formation:
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Conclusions
• Contrary to a widespread belief, (nonperturbative) quantum 

gravity effects may have significant phenomenological implications 
in particle physics 

• Instanton picture: Gauge-Eguchi-Hanson instantons
• Spin structure => electric charge quantisation;
• Extra, unexplored sources of CP violation in the Standard 

Model;
• Potential implications in cosmology & elsewhere
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• Colored gravitational instantons -> additional companion axion
• Rich phenomenology with interesting predictions for ongoing 

and planned axion searches
• Cosmology – dark matter, nano-Hz gravitational wave signals; 

LIGO-sized PBHs



Eguchi-Hanson instanton 

• Coordinates: (r, θ,φ,ψ)
• Flat space:
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Eguchi-Hanson instanton 
(Eguchi, Hanson 78’; Gibbons, Hawking, Perry 78’)

• We are looking for (anti)self-dual solutions:
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Fermion zero-modes in the chiral limit
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Companion axion model [2109.12920]
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