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We review the constraints modified theories of gravity must satisfy to be compatible with
the spherically symmetric black hole solutions of semiclassical gravity that describe the
formation of an apparent horizon in finite time of a distant observer. The constraints
are satisfied in generic modified gravity theories with up to fourth-order derivatives in
the metric, indicating that the semiclassical solutions correspond to zeroth-order terms
in perturbative solutions of these models. As a result, it may not be possible to distin-
guish between the semiclassical theory and modifications including up to fourth-order
derivatives based on the observation of an apparent horizon alone.
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1. Introduction

The predictions of general relativity (GR) have been confirmed in numerous ex-
periments and are so far compatible with all currently available astrophysical and
cosmological data. In particular, strong evidence for the existence of astrophysical
black holes (ABHs) — massive dark compact objects — has accumulated over the
last few decades. The precise nature of ABHs is still under debate, but contem-
porary models describe them as ultra-compact objects (UCOs) with or without a
horizon1. Due to their compactness, they provide excellent opportunities to probe
strong gravity2.

The development of alternative theories of gravity has received much attention
in recent years in an attempt to alleviate some of the perceived shortcomings of
GR (such as the presence of singularities) and incorporate quantum gravitational
effects3,4. As a preliminary test, any modified theory of gravity (MTG) should be
compatible with the observed ABHs candidates and provide a model to describe
them. Present-day astrophysical observations such as the detection of gravitational
waves from coalescing compact systems5,6 and measurements of the M87 black hole
shadow7 probe the (dynamic) strong-field regime of gravity and limit the extent to
which MTG can deviate from GR while still being compatible with observational
data.
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The existence of black holes is one of the key predictions of general relativity (GR) and therefore a basic
consistency test for modified theories of gravity. In the case of spherical symmetry in GR the existence of
an apparent horizon and its regularity is consistent with only two distinct classes of physical black holes.
Here we derive constraints that any self-consistent modified theory of gravity must satisfy to be compatible
with their existence. We analyze their properties and illustrate characteristic features using the Starobinsky
model. Both of the GR solutions can be regarded as zeroth-order terms in perturbative solutions of this
model. We also show how to construct nonperturbative solutions without a well-defined GR limit.
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I. INTRODUCTION

General relativity (GR), one of the two pillars of modern
physics, is the simplest member of the family of metric
theories of gravity. It is the only theory that is derived from
an invariant that is linear in second derivatives of the metric.
However, interpretations of astrophysical and cosmological
data as well as theoretical considerations [1,2] encourage
us to consider GR as the low-energy limit of some effective
theory of quantum gravity [3–5]. Extended theories of
gravity, such as metric theories that involve higher-order
invariants of the Riemann tensor, metric-affine theories,
and theories with torsion, include additional terms in the
action functional. Here we focus on metric modified
theories of gravity (MTG).
A prerequisite for the validity of any proposed gener-

alization of GR is that it must be compatible with current
astrophysical and cosmological data. In particular, a viable
candidate theory must provide a model to describe the
observed astrophysical black hole candidates. Popular
contemporary models describe them as ultracompact
objects with or without a horizon [6]. While there is a
considerable diversity of opinions on what exactly con-
stitutes a black hole, the presence of a trapped region—a
domain of spacetime from which nothing can escape—is its
most commonly accepted characteristic [7]. A trapped
spacetime region that is externally bounded by an apparent
horizon is referred to as physical black hole (PBH) [8].
A PBH may contain other features of black hole solutions
of classical GR, such as an event horizon or singularity,
or it may be a singularity-free regular black hole. To be of

physical relevance, the apparent horizon must form in finite
time according to a distant observer [9].
It is commonly accepted that curvature invariants, such

as the Ricci and Kretschmann scalar, are finite at the
apparent horizon. When expressed mathematically, the
requirements of regularity and finite formation time provide
the basis for a self-consistent analysis of black holes. In
spherical symmetry (to which we restrict our considerations
here), this allows for a comprehensive classification of the
near-horizon geometries. There are only two classes of
solutions labeled by k ¼ 0 and k ¼ 1, where the value of k
reflects the scaling behavior of particular functions of the
components of the energy-momentum tensor (EMT) near
the apparent horizon. The properties of the near-horizon
geometry lead to the identification of a unique scenario for
black hole formation [9,10] that involves both types of PBH
solutions. We summarize its main results in Sec. III.
Understanding the true nature of the observed ultra-

compact objects requires detailed knowledge of the black
hole models, their alternatives, as well as the observational
signatures of both classes of solutions in GR and extended
theories of gravity [6,11]. Vacuum black hole solutions
exist in a variety of MTG [1,2,12]. On the other hand, these
theories are also used to construct models of horizonless
ultracompact objects. A generic property among some of
them is the absence of horizon formation in the final stage
of the collapse [13].
Even the simplest MTG require perturbative treatment

due to the mathematical complexity inherent to the higher-
order nature of the equations [2,14,15]. We briefly review
the relevant formalism and its relationship to the self-
consistent approach in Sec. II. In Sec. IV, we derive a set
of conditions necessary for the existence of a PBH in an
arbitrary metric MTG. The solutions are presented as
expansions in the coordinate distance from the apparent
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The existence of black holes is a central prediction of general relativity and thus serves as a basic
consistency test for modified theories of gravity. In spherical symmetry, only two classes of dynamic
solutions are compatible with the formation of an apparent horizon in finite time of a distant observer.
Moreover, the formation of black holes follows a unique scenario involving both types of solutions. To be
compatible with their existence, any self-consistent theory of modified gravity must satisfy several
constraints. We derive properties of the modified gravity terms of fðRÞ and generic fourth-order gravity
theories and find that they naturally accommodate both classes of solutions. Consequently, the observation
of an apparent horizon by itself may not suffice to distinguish between general relativity and modifications
including up to fourth-order derivatives in the metric.
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I. INTRODUCTION

Black holes are arguably the most celebrated prediction
of general relativity (GR). Due to spectacular advances in
observational astronomy, strong evidence for the existence
of dark massive compact objects (so-called astrophysical
black holes) has accumulated over the last few decades,
thus gradually shifting our perception of black holes from
purely mathematical curiosities to real physical entities.
GR has so far managed to withstand all experimental

tests. Nevertheless, its perceived shortcomings (e.g., the
presence of singularities) have motivated the development
and study of various modified theories of gravity (MTG),
i.e., extensions and/or generalizations of GR involving
additional gravitational degrees of freedom, typically
through the inclusion of higher-order curvature corrections
[1,2].1 In addition, theoretical considerations indicate that
GR represents the low-energy limit of some effective field
theory of quantum gravity [8–10].
To be considered a viable candidate theory, any proposed

modification of GR must be compatible with current
astrophysical and cosmological data. In particular, it must
provide a model to describe the observed astrophysical
black hole candidates, which are described as ultracompact
objects with or without a horizon in popular contemporary
models [11]. While there is no unanimously agreed upon
definition of a black hole, its most commonly accepted
feature is the presence of a trapped region [12], i.e., a

spacetime domain where both ingoing and outgoing future-
directed null geodesics originating from a two-dimensional
spacelike surface with spherical topology have negative
expansion. Its evolving outer boundary is the apparent
horizon. Following the nomenclature of Frolov [13], we
refer to a trapped region bounded by an apparent horizon as
a physical black hole (PBH). A PBH may include char-
acteristic features of classical black hole solutions, such as
an event horizon or singularity, or it may be a singularity-
free regular black hole. Unlike the global notion of an event
horizon, the apparent horizon is a well-defined quasilocal
observable; i.e., its presence or absence is (at least in
principle) detectable through quasilocal measurements
[14]. This makes it a suitable tool for practical purposes.
In particular, it brings about the question of whether the
apparent horizon can be used as a means to observationally
distinguish between GR and various alternative theories of
gravity [15]. To be of physical relevance, the apparent
horizon must form in finite time according to a distant
observer (Bob) [16,17].
It is natural to ask whether the existence of PBHs as

defined above, i.e., formation of an apparent horizon in
finite time of Bob, imposes constraints on the mathematical
structure of the modified Einstein equations in various
MTG. A recent analysis [18] has identified several such
constraints for arbitrary metric MTG. Our goal is to
determine whether families of higher-order gravity theories
with up to fourth-order derivatives in the metric are
compatible with the PBHs of semiclassical gravity, or if
PBH solutions in these theories—if they exist at all—must
have a fundamentally different mathematical structure. The
fourth-order gravity theories we consider are particularly
interesting in the context of quantum gravity since they are

*sebastian.murk@mq.edu.au
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Einstein equations in GR and semiclassical/modified gravity

How can we account for quantum (gravitational) effects?

[1]    Semiclassical gravity: =Rµ⌫ � 1

2
Rgµ⌫

Expectation value of renormalized energy-
momentum tensor in quantum state     .8⇡Tµ⌫

Tµ⌫ := hT̂µ⌫i 

 

[2]    Modified gravity: Rµ⌫ � 1

2
Rgµ⌫ = 8⇡Tµ⌫

Accounts for deviations resulting from higher-order 
curvature corrections in the gravitational Lagrangian density. 

Lg =
M2

Pl

16⇡

�
R +�F(gµ⌫ , Rµ⌫⇢�)

�

+ �Eµ⌫

=
M2

Pl

16⇡
R + a1R

2 + a2Rµ⌫R
µ⌫ + a3Rµ⌫⇢�R

µ⌫⇢� + . . .

JF Donoghue, Phys. Rev. Lett. 72, 2996 (1994)
JF Donoghue, Phys. Rev. D 50, 3874 (1994)
JF Donoghue, arXiv:gr-qc/9512024 (1995)

General relativity: = 8⇡Tµ⌫Rµ⌫ � 1

2
Rgµ⌫

https://doi.org/10.1103/PhysRevLett.72.2996
https://doi.org/10.1103/PhysRevD.50.3874
https://arxiv.org/abs/gr-qc/9512024
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Semiclassical gravity: implicit assumptions

Collapsing 
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RBH ⌃tS

⌃tS

MBH

PBH

V Baccetti, RB Mann, SM, DR Terno 
Phys. Rev D 99, 124014 (2019)

RB Mann, SM, DR Terno 
Int. J. Mod. Phys. D 31, 2230015 (2022)

1. Regularity: curvature scalars are finite at apparent horizons

Consequence of the cosmic censorship conjecture.

2. Horizons form in finite asymptotic time 
(i.e. according to distant observers)

Implicitly assumed in conventional descriptions 

of black hole formation and evaporation.

Requires violation of NEC 
near outer apparent horizon

e.g. andT := Tµ
µ T := Tµ⌫Tµ⌫

SM, DR Terno 
arXiv:2110.12761 (2021)

Tµ⌫`
µ`⌫ < 0

https://doi.org/10.1103/PhysRevD.99.124014
https://doi.org/10.1142/S0218271822300154
https://arxiv.org/abs/2110.12761
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Semiclassical gravity: only two dynamic solutions in spherical symmetry

ds2 = �e2h(t,r)f(t, r)dt2 + f(t, r)�1dr2 + r2d⌦

f(t, r) := 1� C/r := @µr@
µr

Misner-Sharp mass CW Misner, DH Sharp 
Phys. Rev. 136, B571 (1964) dt = e�h

�
eh+dv � f�1dr

�

Integrating factor in 
coordinate transformations, e.g.

Effective EMT components:

6

T := Tµ
µ

T := TµνTµν

Rµν − 1

2
Rgµν = 8πTµν

Rµν − 1

2
Rgµν = 8πTµν

Tµν ≡ 〈T̂µν 〉ω

gµν =





−e2h(t,r)f(t, r) 0 0 0
0 1/f(t, r) 0 0
0 0 r2 0
0 0 0 r2 sin2 φ





τt := e−2hTtt , τ r
t := e−hT r

t , τ r := T rr

τt := e−2hTtt

τ r
t := e−hT r

t

τ r := T rr

τt := e−2hTtt

τ r
t := e−hT r

t

τ r := T rr

∂rC = 8πr2τt/f

∂tC = 8πr2ehτ r
t

∂rh = 4πr (τt + τ r) /f2

6

T := Tµ
µ

T := TµνTµν

Rµν − 1

2
Rgµν = 8πTµν

gµν =





−e2h(t,r)f(t, r) 0 0 0
0 1/f(t, r) 0 0
0 0 r2 0
0 0 0 r2 sin2 ϑ





∂rC = 8πr2τt/f

∂tC = 8πr2ehτ r
t

∂rh = 4πr (τt + τ r) /f2

in spherical symmetry
Semiclassical Einstein equations

Solutions are characterised by scaling behaviour of 
EMT close to horizon: 

k 2 {0, 1}Only two values of      are consistent: k
DR Terno 
Phys. Rev. D 101, 124053 (2020)

SM, DR Terno 
Phys. Rev. D 103, 064082 (2021) 

<latexit sha1_base64="ZyVKSjH+gD2rw9JQfEr6tzZrVwg="></latexit>

gµ⌫ =

2

664

�e2h(t,r)f(t, r) 0 0 0
0 f(t, r)�1 0 0
0 0 r2 0
0 0 0 r2 sin2 ✓

3

775

<latexit sha1_base64="SP9kmHSgbsnns6jpkMnXzNw9wl0=">AAAB9HicbVBNTwIxEO3iF+IX6tFLIzHxRHYJUY9EL97ERMAEFtLtzkJD213bLgkh/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcKZNq777eTW1jc2t/LbhZ3dvf2D4uFRU8epotCgMY/VY0A0cCahYZjh8JgoICLg0AqGNzO/NQKlWSwfzDgBX5C+ZBGjxFjJV90KDjt3AvqkW+kVS27ZnQOvEi8jJZSh3it+dcKYpgKkoZxo3fbcxPgTogyjHKaFTqohIXRI+tC2VBIB2p/Mj57iM6uEOIqVLWnwXP09MSFC67EIbKcgZqCXvZn4n9dOTXTlT5hMUgOSLhZFKccmxrMEcMgUUMPHlhCqmL0V0wFRhBqbU8GG4C2/vEqalbJ3Ua7eV0u16yyOPDpBp+gceegS1dAtqqMGougJPaNX9OaMnBfn3flYtOacbOYY/YHz+QOi3ZFg</latexit>

r2d⌦2

<latexit sha1_base64="qUSycYJawzqVkrBaqu3TUTWQhNc="></latexit>

lim
r!rg

⌧ ⇠ ±⌥(t)2f(t, r)k

https://doi.org/10.1103/PhysRev.136.B571
https://doi.org/10.1103/PhysRevD.101.124053
https://doi.org/10.1103/PhysRevD.103.064082
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Dynamic physical black hole solutions in spherical symmetry

r−2∂tCþ λEt
r ¼ 8πTt

r; ð18Þ

2f2r−1∂rh − fr−2∂rCþ λErr ¼ 8πTrr: ð19Þ

We assume that there is a solution of Eq. (16) with the
metric functions

Cλ≕ C̄ðt; rÞ þ λΣðt; rÞ; ð20Þ

hλ ≕ h̄ðt; rÞ þ λΩðt; rÞ; ð21Þ

where the bar labels functions of semiclassical gravity
described in Sec. III, e.g., C̄ ≔ rg þ W̄ [cf. Eq. (6)], and Σ

and Ω denote the perturbative corrections. To avoid
artifactual divergences, we use the physical value of
rgðtÞ that corresponds to the perturbed metric
gλ ≔ ḡμν þ λg̃μν, i.e., Cλðt; rgÞ ¼ rg. Similarly, the EMT
depends on λ through the metric gλ, and potentially also
through effective corrections resulting from perturbative
corrections to the modified field equations (17)–(19). It is
decomposed as

Tμν ≕ T̄μν þ λT̃μν; ð22Þ

where T̄μν ≡ Tμν½C̄; h̄& corresponds to the semiclassical
term. The perturbative corrections must satisfy the boun-
dary conditions

TABLE I. Comparison of the two classes of dynamic solutions in spherical symmetry. The metric functions C and h [cf. Eqs. (3) and
(4)] are obtained as the solutions of Eqs. (13) and (15) and are written together with the effective EMT components and Ricci scalar as
series expansions in terms of the coordinate distance x ≔ r − rg from the apparent horizon rg. The function ϒðtÞ > 0 parametrizes the
leading contributions to the effective EMT components for k ¼ 0 solutions, and ξðtÞ is determined by the choice of time variable. In
spherical symmetry, the geometry near the apparent horizon [23–25] is constrained sufficiently enough to identify ϒðtÞ and ξðtÞ and
match them with the semiclassical results [35]. The letter j ∈ Z 1

2 labels half-integer and integer coefficients and powers of x. Since only
the leading terms in each series are relevant, we simplify the notation by writing c12 instead of c1=2, and similarly for higher orders and
coefficients of the EMT expansion and Ricci scalar. To remind us of their connection to physical quantities, the coefficients of the
effective EMT components are denoted ej (energy density), ϕj (flux), and pj (pressure). Consistency of Eqs. (14) and (15) implies
E ¼ −P ¼ 1=ð8πr2gÞ and Φ ¼ 0. The lower (upper) signature in Eqs. (k0.4), (k0.6), and (k1.4) describes an evaporating PBH (an
expanding white hole). The dynamic behavior of the horizon r0g ≔ drg=dt is determined by Eq. (14), and also implicitly through the
requirement that the Ricci scalar R be finite at the horizon, that is Eqs. (k0.4) and (k1.4) must hold for the k ¼ 0 and k ¼ 1 solutions,
respectively, in order for the divergent terms in the series expansion of R to vanish. The Einstein equations Eqs. (13)–(15) hold order by
order in terms of x. Accordingly, explicit expressions for higher-order terms in the metric functions are obtained by matching those of the
same order in the EMT expansion [18,36].

k ¼ 0 solutions k ¼ 1 solution

Metric functions
C ¼ rg − c12

ffiffiffi
x

p
þ
X∞

j≥1
cjxj ðk0:1Þ

h ¼ −
1

2
ln
x
ξ
þ
X∞

j≥1
2

hjxj ðk0:2Þ

C ¼ rg þ x − c32x3=2 þ
X∞

j≥2
cjxj ðk1:1Þ

h ¼ −
3

2
ln
x
ξ
þ
X∞

j≥1
2

hjxj ðk1:2Þ

Leading coefficient
c12 ¼ 4

ffiffiffi
π

p
r3=2g ϒ ðk0:3Þ c32 ¼ 4r3=2g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−πe2=3

p
ðk1:3Þ

Horizon dynamics
r0g ¼ 'c12

ffiffiffi
ξ

p
=rg ðk0:4Þ r0g ¼ 'c32ξ3=2=rg ðk1:4Þ

Effective EMT
τt ¼ −ϒ2 þ

X∞

j≥1
2

ejxj ðk0:5Þ

τtr ¼ 'ϒ2 þ
X∞

j≥1
2

ϕjxj ðk0:6Þ

τr ¼ −ϒ2 þ
X∞

j≥1
2

pjxj ðk0:7Þ

τt ¼ Ef þ
X∞

j≥2
ejxi ðk0:5Þ

τtr ¼ Φf þ
X∞

j≥2
ϕjxj ðk0:6Þ

τr ¼ Pf þ
X∞

j≥2
pjxi ðk0:7Þ

Ricci scalar
R ¼ R0 þ R12

ffiffiffi
x

p
þ R1xþ

X∞

j≥3
2

Rjxj ðk0:8Þ R ¼ 2=r2g þ R1xþ
X∞

j≥3
2

Rjxj ðk1:8Þ
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We assume that there is a solution of Eq. (16) with the
metric functions

Cλ≕ C̄ðt; rÞ þ λΣðt; rÞ; ð20Þ
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and Ω denote the perturbative corrections. To avoid
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corrections to the modified field equations (17)–(19). It is
decomposed as
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coefficients of the EMT expansion and Ricci scalar. To remind us of their connection to physical quantities, the coefficients of the
effective EMT components are denoted ej (energy density), ϕj (flux), and pj (pressure). Consistency of Eqs. (14) and (15) implies
E ¼ −P ¼ 1=ð8πr2gÞ and Φ ¼ 0. The lower (upper) signature in Eqs. (k0.4), (k0.6), and (k1.4) describes an evaporating PBH (an
expanding white hole). The dynamic behavior of the horizon r0g ≔ drg=dt is determined by Eq. (14), and also implicitly through the
requirement that the Ricci scalar R be finite at the horizon, that is Eqs. (k0.4) and (k1.4) must hold for the k ¼ 0 and k ¼ 1 solutions,
respectively, in order for the divergent terms in the series expansion of R to vanish. The Einstein equations Eqs. (13)–(15) hold order by
order in terms of x. Accordingly, explicit expressions for higher-order terms in the metric functions are obtained by matching those of the
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k ¼ 0 solutions k ¼ 1 solution

Metric functions
C ¼ rg − c12

ffiffiffi
x

p
þ
X∞

j≥1
cjxj ðk0:1Þ

h ¼ −
1

2
ln
x
ξ
þ
X∞

j≥1
2

hjxj ðk0:2Þ

C ¼ rg þ x − c32x3=2 þ
X∞

j≥2
cjxj ðk1:1Þ

h ¼ −
3

2
ln
x
ξ
þ
X∞

j≥1
2

hjxj ðk1:2Þ

Leading coefficient
c12 ¼ 4

ffiffiffi
π

p
r3=2g ϒ ðk0:3Þ c32 ¼ 4r3=2g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−πe2=3

p
ðk1:3Þ

Horizon dynamics
r0g ¼ 'c12

ffiffiffi
ξ

p
=rg ðk0:4Þ r0g ¼ 'c32ξ3=2=rg ðk1:4Þ

Effective EMT
τt ¼ −ϒ2 þ

X∞

j≥1
2

ejxj ðk0:5Þ

τtr ¼ 'ϒ2 þ
X∞

j≥1
2

ϕjxj ðk0:6Þ

τr ¼ −ϒ2 þ
X∞

j≥1
2

pjxj ðk0:7Þ

τt ¼ Ef þ
X∞

j≥2
ejxi ðk0:5Þ

τtr ¼ Φf þ
X∞

j≥2
ϕjxj ðk0:6Þ

τr ¼ Pf þ
X∞

j≥2
pjxi ðk0:7Þ

Ricci scalar
R ¼ R0 þ R12

ffiffiffi
x

p
þ R1xþ

X∞

j≥3
2

Rjxj ðk0:8Þ R ¼ 2=r2g þ R1xþ
X∞

j≥3
2

Rjxj ðk1:8Þ

SEBASTIAN MURK PHYS. REV. D 105, 044051 (2022)

044051-4

r−2∂tCþ λEt
r ¼ 8πTt

r; ð18Þ

2f2r−1∂rh − fr−2∂rCþ λErr ¼ 8πTrr: ð19Þ

We assume that there is a solution of Eq. (16) with the
metric functions

Cλ≕ C̄ðt; rÞ þ λΣðt; rÞ; ð20Þ

hλ ≕ h̄ðt; rÞ þ λΩðt; rÞ; ð21Þ

where the bar labels functions of semiclassical gravity
described in Sec. III, e.g., C̄ ≔ rg þ W̄ [cf. Eq. (6)], and Σ

and Ω denote the perturbative corrections. To avoid
artifactual divergences, we use the physical value of
rgðtÞ that corresponds to the perturbed metric
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Describes formation of black holes.Describes black holes immediately after 
formation (and for the rest of their lifetime).

The formation of black holes follows a unique scenario that involves both classes of solutions!

SM, DR Terno 
Phys. Rev. D 103, 064082 (2021) Details:The transition between them is continuous.

Both violate the NEC near the horizon.

x := r � rg

https://doi.org/10.1103/PhysRevD.103.064082
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Black holes in modified gravity theories

Question: What are the constraints that any self-consistent modified theory of gravity 
(MTG) must satisfy to be compatible with semiclassical physical black holes?

Only assumption:   
regular apparent horizon forms in finite time of distant observer.

So far: only vacuum solutions known 
explicitly in modified gravity.

Rµ⌫ � 1

2
Rgµ⌫ = 8⇡Tµ⌫+ �Eµ⌫Modified Einstein field equations:

SM, DR Terno 
Phys. Rev. D 104, 064048 (2021) 

SM
Phys. Rev. D 105, 044051 (2022) 

https://doi.org/10.1103/PhysRevD.104.064048
https://doi.org/10.1103/PhysRevD.105.044051
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Field equations in modified gravity theories

Modified Einstein field equations:

Results apply to almost all possible modifications of general relativity, 
irrespective of specific properties of a particular theoretical model!

13

+λEµν

Varying the gravitational action results in

Gµν + λEµν = 8πTµν

fr−2e2h∂rC + λEtt = 8πTtt

r−2∂tC + λE r
t = 8πT r

t

2f2r−1∂rh− fr−2∂rC + λErr = 8πT rr

Cλ =: rg(t) + W̄ (t, r) + λΣ(t, r)

hλ =: h̄(t, r) + λΩ(t, r)

and define C̄ := rg + W̄ . Similarly, the EMT Tλ ≡ T is
decomposed as

Tµν =: T̄µν + λT̃

Ḡµν + λG̃µν + λĒµν = 8π
(
T̄µν +λT̃µν

)

Rµ⌫ � 1

2
Rgµ⌫

Lg =
M2

Pl

16⇡

�
R +�F(gµ⌫ , Rµ⌫⇢�)

�

=
M2

Pl

16⇡
R + a1R

2 + a2Rµ⌫R
µ⌫ + a3Rµ⌫⇢�R

µ⌫⇢� + . . .

No a priori assumptions are made about the modified term.

Use physical value of horizon radius      to avoid artifactual divergences.rg

Perturbed metric:

C� (t, rg) = rg

g� := ḡµ⌫ +�g̃µ⌫

SM, DR Terno 
Phys. Rev. D 104, 064048 (2021) 

SM
Phys. Rev. D 105, 044051 (2022) 

https://doi.org/10.1103/PhysRevD.104.064048
https://doi.org/10.1103/PhysRevD.105.044051
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Qualitative overview of results

2. Consider k=0 solutions where the leading terms in the effective EMT 
components are not determined by terms of order           .O(�)

Expand only in
x := r � rg

Result: obtain analogous constraint; no well-defined GR limit.

1. Treat higher-order terms as small.
> O(�)

Expand in both                            and x := r � rg �

Result: obtain constraints for the two classes of dynamic solutions.

coordinate distance from the horizon

SM, DR Terno 
Phys. Rev. D 104, 064048 (2021) 

SM
Phys. Rev. D 105, 044051 (2022) 

https://doi.org/10.1103/PhysRevD.104.064048
https://doi.org/10.1103/PhysRevD.105.044051
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Non-perturbative (in 𝜆) k=0 solutions

Consider solutions where the leading reduced components of the EMT are not determined by terms of order           .

⌧a = �⌅̃+ �2 ˜̃⌅(2) +
1X

j� 1
2


(⌧̄a)j + � (⌧̃a)j + �2

⇣
⌧̃ (2)a

⌘

j

�
xj

O(�)

C = rg � ��12
p
x+

1X

j� 1
2

⇣
⇣j + ��j + �2�(2)

j

⌘
xj ,

h = �1

2
ln

x

⇠
+

1X

j� 1
2

⇣
⌘j + �!j + �2!(2)

j

⌘
xj

EMT expansion:

Metric functions:

It is impossible to determine the sign of      and           solely from the 
requirement of self-consistency of the modified Einstein equations.

⌅̃ ⌅̃(2)

But:

Obtain MTG constraints 
analogous to perturbative 
class of k=0 solutions

Unclear if violation of NEC is prerequisite for formation of PBH.

SM, DR Terno 
Phys. Rev. D 104, 064048 (2021) 

SM
Phys. Rev. D 105, 044051 (2022) 

https://doi.org/10.1103/PhysRevD.104.064048
https://doi.org/10.1103/PhysRevD.105.044051
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Overview of modified gravity constraints
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Black holes in MTG: constraints for k=0 solutions

13

+λEµν

Varying the gravitational action results in
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2f2r−1∂rh− fr−2∂rC + λErr = 8πT rr

Cλ =: rg(t) + W̄ (t, r) + λΣ(t, r)

hλ =: h̄(t, r) + λΩ(t, r)

and define C̄ := rg + W̄ . Similarly, the EMT Tλ ≡ T is
decomposed as

Tµν =: T̄µν + λT̃

Ḡµν + λG̃µν + λĒµν = 8π
(
T̄µν + λT̃µν

)

−Σ∂rC̄ +
(
r − C̄

)
∂rΣ+ r3e−2h̄Ētt = 8πr3τ̃t

Similarly, Eqs. (8) and (9) can be written explicitly as

− Σ∂rC̄ +
(
r − C̄

)
∂rΣ+ r3e−2h̄Ētt = 8πr3τ̃t (B7)

∂tΣ+ r2Ē r
t = 8πr2eh̄(Ωτ̄ r

t + τ̃ r
t ) (B8)

Σ∂rC̄ − (r − C̄)(4Σ∂rh̄+ ∂rΣ) + 2(r − C̄)2∂rΩ+ r3Ērr = 8πr3τ̃ r

(B9)

− Σ∂rC̄ +
(
r − C̄

)
∂rΣ+ r3e−2h̄Ētt = 8πr3τ̃t

∂tΣ+ r2Ē r
t = 8πr2eh̄(Ωτ̄ r

t + τ̃ r
t )

Σ∂rC̄ − (r − C̄)(4Σ∂rh̄+ ∂rΣ) + 2(r − C̄)2∂rΩ+ r3Ērr = 8πr3τ̃ r

Ētt =
æ1̄

x
+

æ12√
x
+æ0x

0 +
∞∑

j! 1
2

æjx
j

Ē r
t =

œ12√
x

+œ0x
0 +

∞∑

j! 1
2

œjx
j

Ērr = ø0 +
∞∑

j! 1
2

øjx
j

æ1̄ =
√

ξ̄œ12 = ξ̄ø0

æ12 = 2
√

ξ̄œ0 − ξ̄ø12
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t = 8πr2eh̄(Ωτ̄ r

t + τ̃ r
t )

Σ∂rC̄ − (r − C̄)(4Σ∂rh̄+ ∂rΣ) + 2(r − C̄)2∂rΩ+ r3Ērr = 8πr3τ̃ r
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Ērr = ø0 +
∞∑

j! 1
2

øjx
j

æ1̄ =
√

ξ̄œ12 = ξ̄ø0

æ12 = 2
√

ξ̄œ0 − ξ̄ø12

13

+λEµν

Varying the gravitational action results in

Gµν + λEµν = 8πTµν

fr−2e2h∂rC + λEtt = 8πTtt

r−2∂tC + λE r
t = 8πT r

t

2f2r−1∂rh− fr−2∂rC + λErr = 8πT rr

Cλ =: rg(t) + W̄ (t, r) + λΣ(t, r)

hλ =: h̄(t, r) + λΩ(t, r)

and define C̄ := rg + W̄ . Similarly, the EMT Tλ ≡ T is
decomposed as

Tµν =: T̄µν + λT̃
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(B9)

− Σ∂rC̄ +
(
r − C̄

)
∂rΣ+ r3e−2h̄Ētt = 8πr3τ̃t
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Additional relations between coefficients:

r0g = �c12
p

⇠̄

rg

C̄ = rg � c12
p
x+

1X

j>1

cjx
j

Structural decomposition of the MTG terms:

SM, DR Terno 
Phys. Rev. D 104, 064048 (2021) 

SM
Phys. Rev. D 105, 044051 (2022) 

https://doi.org/10.1103/PhysRevD.104.064048
https://doi.org/10.1103/PhysRevD.105.044051
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Black holes in MTG: constraints for k=0 solutions
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t = 8πr2eh̄(Ωτ̄ r

t + τ̃ r
t ) (B8)

Σ∂rC̄ − (r − C̄)(4Σ∂rh̄+ ∂rΣ) + 2(r − C̄)2∂rΩ+ r3Ērr = 8πr3τ̃ r
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Ērr =
∑

j! 3
2

øjx
j

æ32 = 2ξ̄3/2œ0 − ξ̄3ø32

æ1̄ = 2ξ̄3/2 (h12œ0 +œ12)− ξ̄3 (2h12ø32 + ø2)

13

+λEµν

Varying the gravitational action results in

Gµν + λEµν = 8πTµν

fr−2e2h∂rC + λEtt = 8πTtt

r−2∂tC + λE r
t = 8πT r

t

2f2r−1∂rh− fr−2∂rC + λErr = 8πT rr

Cλ =: rg(t) + W̄ (t, r) + λΣ(t, r)

hλ =: h̄(t, r) + λΩ(t, r)

and define C̄ := rg + W̄ . Similarly, the EMT Tλ ≡ T is
decomposed as

Tµν =: T̄µν + λT̃
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(
T̄µν + λT̃µν

)

−Σ∂rC̄ +
(
r − C̄

)
∂rΣ+ r3e−2h̄Ētt = 8πr3τ̃t
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Ē r
t = œ0 +

∞∑

j! 1
2

œjx
j
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(
T̄µν + λT̃µν

)

−Σ∂rC̄ +
(
r − C̄

)
∂rΣ+ r3e−2h̄Ētt = 8πr3τ̃t
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Do popular models satisfy the constraints?

[1]    Starobinsky model

What’s next?

3

where f′ := ∂f(R)/∂R and ! := gµν∇µ∇ν . It is convenient to set f(R) =: R+ λF(R), where F(R) = ςRq and ς, q ∈ R for a
generic f(R) theory. The modified Einstein equations are then (cf. eq. (2))

Gµν + λ

(
F′Rµν − 1

2
Fgµν +

(
gµν!−∇µ∇ν

)
F′
)

= 8πTµν . (9)

Performing the expansion in λ and only keeping terms up to the first order we obtain expressions for the modified gravity terms
Ēµν , i.e.

Ēµν = F′R̄µν − 1

2
F ḡµν +

(
ḡµν!̄− ∇̄µ∇̄ν

)
F′, (10)

where all objects labeled by the bar are evaluated with respect to the unperturbed metric ḡ, and F = F
(
R̄
)
.

Second-order covariant derivatives of a scalar function can be expressed in terms of partial derivatives, i.e.

∇µ∇νF
′ =

(
∂µ∂ν − Γζ

µν∂ζ
)
F′. (11)

In spherical symmetry the d’Alembertian is given by

!F′ =
[
∂t∂

t + ∂r∂
r + (∂th) ∂

t + (∂rh+ 2/r) ∂r
]
F′. (12)

From eq. (3) and eqs. (10) to (12) we obtain the explicit form of the modified gravity terms in spherical symmetry, i.e.

Ētt

ςλ
= F′R̄tt −

1

2
Fḡtt +

[
ḡtt

(
∂t∂

t + ∂r∂
r +

(
∂th̄

)
∂t +

(
∂rh̄+

2

r

)
∂r

)
− ∂t∂t + Γt

tt∂t + Γr
tt∂r

]
F′, (13)

Ē r
t

ςλ
= F′R̄ r

t −
(
∂t∂

r + Γr
tt∂

t + Γr
tr∂

r
)
F′, (14)

Ērr

ςλ
= F′R̄rr − 1

2
Fḡrr + ḡrr

[
∂t∂

t +
(
∂th̄− Γr

rt

)
∂t +

(
∂rh̄+

2

r
− Γr

rr

)
∂r

]
F′. (15)

The two dynamic GR solutions (see Sec. II, Tab. I) are perturbatively extendable to a solution of a MTG only if the modified
gravity terms Ēµν satisfy several constraints [7]. They are summarized in Tab. II.

Class of κ = 0 solutions Extreme κ = 1 solution

Decomposition
of MTG terms

Ētt = æ1̄
x +

æ12√
x
+æ0 +
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2

æjx
j

Ē r
t =
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x
+œ0 +

∞∑

j! 1
2

œjx
j

Ērr = ø0 +
∞∑

j! 1
2
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j
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æ32
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x +
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2
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∞∑

j! 1
2
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j! 3
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Relations between
MTG coefficients

æ1̄ =
√

ξ̄œ12 = ξ̄ø0
æ12 = 2

√
ξ̄œ0 − ξ̄ø12

æ32 = 2ξ̄3/2œ0 − ξ̄3ø32
æ1̄ = 2ξ̄3/2 (h12œ0 +œ12)− ξ̄3 (2h12ø32 + ø2)

TABLE II. Necessary conditions for the existence of PBHs in an arbitrary metric MTG. A detailed derivation is provided in Ref. [7].

Ref. [7] shows that the constraints of both the κ = 0 class of black hole solutions and the extreme κ = 1 solution are satisfied
in the Starobinsky model, where F = ςR2. The following calculation shows that, in fact, the constraints are satisfied identically
in any generic f(R) theory of the form f(R) =: R+ λF(R), where F(R) = ςRq and ς, q ∈ R.

Substitution of F
(
R̄
)
= ςR̄q , F′ = ςqR̄q−1 into eqs. (13) to (15) yields

Ētt
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R̄q ḡtt + q

[
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(
∂t∂

t + ∂r∂
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(
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(
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r
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)
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]
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Ērr
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rr
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∂r

]
R̄q−1. (18)

[Sanity check: confirm that q = 2, i.e. F = ςR̄2, F′ = 2ςR̄ reproduces Eqs. (119)–(121) of Ref. [7].] "
Direct evaluation of Eqs. (16)–(18) using the κ = 0, 1 metric functions confirms that the MTG terms exhibit the required

expansion structures listed in Tab. II, and the constraint relations between their coefficients are satisfied identically. Explicit
expressions for the relevant coefficients are provided in App. A.

Derive field equations from action:

2
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notions (e.g. metric, horizons, etc.) and describe dynamics via
the semiclassical Einstein equations Gµ⌫ = Tµ⌫ or modifica-
tions thereof, where Tµ⌫ ⌘ hT̂µ⌫ i! denotes the expectation
value of the renormalized energy-momentum tensor (EMT)
that describes the entire matter content, i.e. both the collapsing
matter and the produced excitations of the quantum fields. We
do not make any assumptions about the matter content of any
given theory, the quantum state !, or the underlying reason(s)
for modifications of the gravitational Lagrangian density Lg,
which we organize according to powers of derivatives in the
metric, i.e.
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where g ⌘ det(gµ⌫) denotes the determinant of the metric
tensor, MPl is the Planck mass that we set to one in what
follows, the cosmological constant term was omitted, and the
coefficients a1, a2, a3 are dimensionless. The dimensionless
parameter � sets the scale of our perturbative analysis (see
Sec. IV) and is set to one at the end of our calculations.
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can be constructed from symmetric rank 2 tensors involving at
most second-order derivatives in the metric while maintaining
diffeomorphism invariance (which implies, inter alia, that the
EMT is divergence-free, i.e. rµTµ⌫ = 0). Here, the gravi-
tational Lagrangian density Lg is strictly linear in the Ricci
scalar R, but this is no longer true for the higher-derivative
MTG we consider in Sec. V and Sec. VI.

We restrict our considerations to spherical symmetry. In
Schwarzschild coordinates, a general spherically symmetric
metric is given by

ds2 = �e2h(t,r)f(t, r)dt2 + f(t, r)�1dr2 + r2d⌦, (4)

where r denotes the areal radius, the Misner–Sharp mass [20]
C(t, r)/2 is invariantly defined via

f(t, r) ··= @µr@
µr = 1� C(t, r)/r, (5)

and the function h(t, r) plays the role of an integrating factor
in coordinate transformations, e.g.

dt = e�h
�
eh+dv � f�1dr

�
(6)

between Schwarzschild (t, r) and advanced null (v, r) coor-
dinates. The definition of Eq. (5) is particularly convenient
as it allows for a consistent description of solutions in four-
and higher-dimensional models of both GR and MTG. The
apparent horizon is located at the Schwarzschild radius rg(t),
which corresponds to the largest root of f(t, r) = 0 [21]. Its
definition implies

C(t, r) = rg(t) +W (t, x), (7)

where x ··= r � rg denotes the coordinate distance from the
apparent horizon, and

W (t, 0) = 0, W (t, x) < x 8 x > 0. (8)

In general, this definition is an observer-dependent notion.
However, in spherical symmetry the apparent horizon is unam-
biguously defined in all foliations that respect this symmetry
[21].

Apart from spherical symmetry, our only assumption is that
a regular apparent horizon forms in finite time of a distant ob-
server (Bob). Regularity is a necessary requirement to maintain
predictability of the theory [10, 22], and finite-time formation
according to Bob is needed to ensure that the PBH solutions
we consider are observationally relevant physical objects (as
opposed to mere mathematical idealizations) [16, 17]. Math-
ematically, regularity of the horizon is expressed through the
finiteness of the curvature scalars

T ··= Tµ
µ = �R/8⇡ +O(�), (9)

T ··= Tµ⌫Tµ⌫ = Rµ⌫Rµ⌫/64⇡
2 +O(�2), (10)

i.e. the trace and square of the EMT, at the horizon. Our self-
consistent approach is based on the assumption of at least
continuity of the curvature invariants, but uses Schwarzschild
coordinates where the metric is discontinuous [23, 24]. Impos-
ing the requirement of regularity then allows us to identify the
valid PBH solutions.

It is convenient to work with the effective EMT components

⌧t ··= e�2hTtt , ⌧ r
t

··= e�hT r
t , ⌧ r ··= T rr. (11)

The regularity requirement can then be expressed as

T = (⌧ r � ⌧t ) /f ! g1(t)f
k1 , (12)

T =
h
(⌧t )

2
� 2 (⌧ r

t )2 +
�
⌧ r2

�i
/f2

! g2(t)f
k2 , (13)

for some functions g1,2(t) and k1,2 > 0. A priori, there are
infinitely many solutions that satisfy these constraints. How-
ever, it has been demonstrated that only two distinct classes
of solutions with k1 = k2 =·· k, k 2 {0, 1}, are admissible
[24, 25]. We briefly summarize their properties in Sec. III.

III. PHYSICAL BLACK HOLES IN SEMICLASSICAL
GRAVITY

In spherical symmetry, the semiclassical Einstein equations
for the components Gtt, G r

t , and Grr are given by

@rC = 8⇡r2⌧t /f, (14)
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