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horizons as a math question

e Admissible solutions, their properties,
and the holes they describe

e Implications for black holes
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ultra-compact objects

the zoo & physical black holes

UCO: has a photosphere

BH: has a horizon

Compact abji | MBH: has an event horizon
PBH: has a trapped region

ECO: non-BH UCO

compactness
P . Why ECOs are
called exotic?
o =T, (1 + 6)
0 ~40 - ' ’ > / ’ N Py
107 0.0165 1/8 1/2 e uchdal’s theorem
e>1/8

¢ Modified

4 Semiclassical

¢ Quantum
gravity

Exotic matter

Cardoso and Pani, Nat. Astron. 1, 586 (2017)



ultra-compact objects
the zoo & physical black holes UCO: has a photosphere

BH: has a horizon
MBH: has an event horizon
PBH: has a trapped region
ECO: non-BH UCO

Compact objects

compactness
P > Why ECOs are
called exotic?
r=r,(1+€)
—40 - ‘ } > ) p > ,p
0 10 0.0165 1/8 1/2 e Buchdal’s theorem
€>1/8

[1] Perpetual ongoing collapse, with an asymptotic
horizon e >0
[2] Formation of a transient or an asymptotic object, ¢ Modified

where the compactness reaches a minimum at some Exotic matter ¢ Semiclassical
finite asymptotic [=distant observer] time € —>¢€_. ¢ Quaf)tum
gravity

[3] Formation of an apparent horizon in finite
asymptotic time e(t.)=0 Cardoso and Pani, Nat. Astron. 1, 586 (2017)
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assumptions

1.The classical spacetime structure is still meaningful and

is described by a metric g,

2. Classical concepts, such as trajectory, event horizon or
singularity can be used.

3. The metric is modified by quantum effects. The resulting
curvature satisfies the semiclassical self-consistent equation

R, —1Rg, 5 87(7,.)
+E,,
4. Dynamics of the collapsing matter is still described
classically using the self-consistent metric

semiclassical physics

not assumed: global structure, singularity, types of
fields, quantum state, presence of Hawking radiation




A+ii
assumptions

1.The classical spacetime structure is still meaningful and physical black holes

is described by a metric g (i) a light-trapping region forms at a finite

2. Classical concepts, such as trajectory, event horizon or time of a distant observer
singularity can be used (i) curvature scalars [contractions of the

Riemann tensor] are finite on the
3. The metric is modified by quantum effects. The resulting boundary of the trapped region
curvature satisfies the semiclassical self-consistent equation

Rﬂv - %Rg uv 87 <T v >w Worked-out consequences:
C +E 0O Spherical symmetry o Kerr-Vaidya metrics
Uy

4. Dynamics of the collapsing matter is still described
classically using the self-consistent metric

semiclassical physics

not assumed: global structure, singularity, types of
fields, quantum state, presence of Hawking radiation



spherical symmetry: recap + some results

PBH: the process

(1 Use Schwarzschild coordinates to extract the info from divergencies
 Pick a nice form of the Einstein equations. Demand existence of real solutions
[ Use null coordinates to help classification



spherical symmetry: recap + some results

PBH: the process

(1 Use Schwarzschild coordinates to extract the info from divergencies
 Pick a nice form of the Einstein equations. Demand existence of real solutions
[ Use null coordinates to help classification

PBH: the properties
U Finite infall time (according to a distant Bob)

[ Collapse of a massive thin shell takes a finite time (according to Bob),
but most of the mass remains [?]
d Outer apparent horizon is always timelike

 Null energy condition is violated [in the vicinity of the outer horizon]
A weak firewall: energy density for escaping® non-geodesic Alice diverges, but weakly.
d Inner apparent horizon is timelike or null.

1 Some popular RBH models do not work.

J Usual proofs of instability of RBH do not apply




spherical symmetry

structure

ds’ =—e”" fdt* + f'dr’ + r’dQ,
O circumference: 2mr
O physical time at infinity: ¢
f=1-2M(t,r)/r
2M(t,r)=C(¢,r)

Misner-Sharp invariant mass

Schwarzschild radius

C=r,()+W(t,r) »




spherical symmetry

Ti= (") 4 (1) = 2(1,")°) / f

T=T" :
2 2h 2 -1 2 2 - . .,r_a_rfl . T = (T7 o Tt)/f
ds- =—e”" fdt" + f dr” +r°dQl, T=TH"T,, +regular terms*
O circumference: 27ztr

O physical time at infinity: ¢
f=1-2M(t,r)/r

2M(t,r)=C(t,r)

Misner-Sharp invariant mass

Einstein equations

0,C = 87?7“27',5/fj
0:C = 87?7“26}’“7';’”j

O-h =drr (e +7") /f?

Schwarzschild radius

C=r,()+W(t,r) »




spherical symmetry

Ti= (") 4 (1) = 2(1,")°) / f

T=T" N
2 2h 2 -1 2 2 — . .Jr_ufl. T = (Tr o Tt)/f
ds- =—e”" fdt" + f dr” +r°dQl, T=TH"T,, +regular terms*
O circumference: 27ztr

O physical time at infinity: ¢
f=1-2M(t,r)/r

2M(t,r)=C(t,r)

Misner-Sharp invariant mass

All three components go to zero
or diverge in the same way

Einstein equations

2 .
Schwarzschild radius 0,C = 8mrom/ [, lgn t,~ O f
. e T
OC = 8mrelr,”, ] ‘

O-h =drr (e +7") /f?

k=0,1*

limz, =limz" =-Y* k=0

I"—)I"g I"—)I"g

C=r,()+W(t,r) »




spherical symmetry

metrics

1. The limiting form (close apparent horizon) of dynamical metrics

is almost uniquely defined (both k=0 and k=1).

—r-—4Jg;ifJ_+

:——Jn +..

|€4k=0

k=1>{c

2. BH parameters are related via evaporation rate

8
dt

=4

zr,c Y

3/2

=F—CypXx' ...

-

dt

O
S

(dynamical BH/WoH; more static options)

3. x
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spherical symmetry

metrics

1. The limiting form (close apparent horizon) of dynamical metrics

is almost uniquely defined (both k=0 and k=1).

—r—41/7zr Yx +... =——ln§+ 14/(:0

2. BH parameters are related via evaporation rate

—2 =4 |xr &Y
dt e

O No static k=0 solutions

1 Vaidya metrics are k=0 solutions

(dynamical BH/WoH; more static options)

O
S

k=1p | C=r—c32x3/2+...

dr

dt

& —_

C3o6 :

e

3. x

h=——In—+..
2

 Reissner-Nordstrém, many static RBH are examples of k=1 solutions: C =r, +87rrg2,0gx+...

 Popular dynamic RBH models are k=0 solutions

]



spherical symmetry

metrics
3. Most convenient coordinates are

ds® =—e" fdv* +e"dvdr + r*dQ,

retarded (u,r) for white holes and [a’t:e

“h (ehidvi T f_ldl")] = _ ezh—fduz -+ eh‘dudr + I”zdﬂz

advanced (v,,r) for black holes

2M(t,r)=C(t,r)=C_(u(t,r),r)=...

E.g, in (vr) the metricis regular at r, =r, for r, <0 and singular for r, >0

-

K i‘)rh+ p— —]:’JT-’HT

E'J'_h—l_ (-)1‘(“1‘4‘ LB fd'.r‘(ﬁf—k — 8"}'1_;2911 91.1 = E"_zh—l_ ('91”_} — Tf . \
OrCy = _8?"'291!7" 91-‘1“ = g O, = (Ttr — 7)) /f
Hr = C_):r‘:r‘ — (,Tr T T — Q’TtT) /f2/




spherical symmetry

metrics ) . o 10
3. Most convenient coordinates are ds”=—e™" fdv" +edudr+r 2
retarded (u,r) for white holes and [a’t :e"’(ehia’vi if_ldr)] =—e2h—fdu2 +eh—dua’r+r2d£22
advanced (v,,r) for black holes DM (t,r)=C(t,r)=C (u(t,r),r)=...
E.g, in (vr) the metricis regular at r, =r, for r, <0 and singular for r, >0
- - . . —2hig _
/ I[".’._h_l_ (._-)-U(.fﬂ— il ,f(._-)?‘(.f—l— — 8'}'1-'.-“2911- HU = € +(9’U’L‘ = 5 \
. : —hy ¢ - :
OrCy = —b’?r-f'gﬁyr. Opr =€ "0, = (1" —7¢) /
L Ophy = 471l SIS (frr + 7, — 27';) /f P
r, <0 »(v,r) r, >0 » (u,r)
ein < 09 eout < O ein > O’ gout > O
BH solutions WH solutions




spherical symmetry

metrics : . o 2
3. Most convenient coordinates are ds* =—e™ fdv” + e dvdr +rdQ,
retarded (u,r) for white holes and [dt —e" (ehia’vi J—rf‘la’r)] = —ezh—fa’z/t2 + e dudr + r2d§22
advanced (v,,r) for black holes DM (t,r)=C(t,r) = C (u(t,r).r) =...
E.g, in (vr) the metricis regular at r, =r, for r, <0 and singular for r, >0
4 E-’-_h+ (‘:)u(-q-'f—i— T fC)?CT—l— — 8’?1‘?‘29@- H-u = E"_Qh_l_ (91,11,1 = Tt A
d:-'(*—l— — _8"7‘-""2911?" 'H'L‘?‘ = E_h—I_ G)'L".-“ — (Tt " — Tt) /f
\ ﬁ’]?=}1-—|- — 4’3"."9,1,,. -Hr = E):-“:-“ — (TT T Ui QTt T) /fgj
r <0 » (v,r) >0 » (u,r) . O A wormhole throat: a marginal )
6. <0,0 <0 6. >0,0 >0 , 3 outer trapped surface +
BH solutions WH solutions = 8 U Useallpossible solution +

impose wormhole requirementsj




spherical symmetry: recap + some results

PBH: the process

(1 Use Schwarzschild coordinates to extract the info from divergencies
 Pick a nice form of the Einstein equations. Demand real solutions
[ Use null coordinates to help classification

PBH: the properties

 Finite infall/collapse time (according to a distant Bob)
 Outer apparent horizon is always timelike

 Null energy condition is violated [in the vicinity of the outer horizon]

J Unique formation scenario.
J A weak firewall: energy density for escaping® non-geodesic Alice diverges, but weakly
d Some popular RBH models do not work.

1 Generalized surface gravity: Kodama

 Interesting consistency/thermo implications

Q If the 1t law+ thermality of evaporation work, then a short hair



spherical symmetry: recap + some results

PBH: the process

(1 Use Schwarzschild coordinates to extract the info from divergencies
 Pick a nice form of the Einstein equations. Demand real solutions
[ Use null coordinates to help classification

PBH: the properties

 Finite infall/collapse time (according to a distant Bob)
 Outer apparent horizon is always timelike

 Null energy condition is violated [in the vicinity of the outer horizon]

J Unique formation scenario.
J A weak firewall: energy density for escaping® non-geodesic Alice diverges, but weakly
d Some popular RBH models do not work.

1 Generalized surface gravity: Kodama
Wormbholes:

J A problem

 Interesting consistency/thermo implications
Q If the 1t law+ thermality of evaporation work, then a short hair



worm h O | €5 DRT, Inaccessibility of traversable wormholes,
classic sci-fi Phys. Rev. D 106, 044035 (2022)

ds® =—e" fdt’ + f7'dr’ +r’dQ,

ds’ =—e’dt’ + f~'dr’ + r*dQ,

Schwarzschild radius

maxl"g — C(f,l”g)

Q Ellis-Morris-Thorne @ =0,C=b;/r

 Simpson-Visser

O A wormhole throat: a marginal outer trapped ) 2m y dn?
ds= = —1— dt- + 5
surface + Vit + a? I - Tita

1 Use all possible solution + + (* + a?)d<y,.

impose wormhole requirements



wormholes

consequences

O EMT and SV wormholes are k=1

U More dynamical solutions are possible

U EMT and SV are not static limits of any of the admissible solutions

[ Static limits of admissible solutions (if exist) have strong firewall and/or violate the QEl

L)

/fQ(T):OdT ,->f _B(R f.‘ ﬁf)
B

Kontou and Olum,
PRD 91, 104005 (2015).







Horizon singularities & EMT
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PBH in modified gravity
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spherical symmetry

consequences
Energy conditions Dominant Strong
[ Twu“uv >0 Weak J
<
N,

[kaﬂkv >0 Rﬂvk#kv | Null J

Solutions of the Einstein
equations exist:
the NEC must be violated

Time-evolution of Black/ NEC

sgn(Ty,)  sgn(Ty") Vaidya mass function ~ White hole  violation

Energy momentum (k=0)

Y@ 1 %1
ab ol 1
Ty 72
0.000020 +
— Ty
T,” 0.000015 4
— I

- - C'(v) <0 B v/
- + C’'(u) >0 W v/
o = : Aﬁ—jb = *-. =——— ﬂl#d?ﬂfﬁ;ﬂé .K

- 3
[ -0.000005 |
00001071

Levi and Ori, Phys. Rev. Lett. 117, 231101 (2016)




useful relations

(vir) &(t,r) - o

\_ 2 ¢ v

)

r

ds* ==& fdt* + f7'dr* +r*dQ, ds? = —e2M+ (v, r)dv? + 2"+ dvdr + r2dQs

hi(v,7) = x1(v)y + O(y?),

\

J

. — ¢ (v,7) =14 (v) +wy(v)y + O(yg)
X=r=T (t) d 4\/EY\/;+75': —lln£+... S =1 t + 1
y=r—r(v

£(rp+y.0) = e 4y —rg(t(o, 14 +y)) = —

[ 1%t step in the coordinate transformation A

R

2y?/(2r) + O(y?).

O 1t terms in the expansion ¥ (use invariance of the MS mass)

(Dynamical k=1 solution: w;=1) 4, = 1 — 2\/2?H'§\r

Parameter identification, 1.0
using the EMT transformation, near-horizon expansions:

(for the semiclassical evaporation law in a general form)
r,(t)=T(r,) r'(@t)=T_(r)

-
g ",;
oL [l I
2\ 2mr, |1
I
o
£ — ) f; a2
2|ry|r's




BH formation

I\ J A PBH forms as k=1 solution
and then evolves as
(evaporating) k=0 solution

C(v,r) = A(v) +re(v) + Z ’w?;(-v)(rl — )

*

min gap C-r  rof min C-r r=0

Hence up to formation of the first
r marginally trapped surface w;=1

r,(t) (0 ”

At the formation: A(vp)=0, r (vp)=r«(vy)

After formation: A=0, but r,(v) is not @ min




Surface gravity

Surface gravity K is:
(a) inaffinity of null geodesics on the horizon
(b) and the peeling off properties of null geodesics near the horizon

Interpretation: the force per unit mass as measured at infinity, to keep the
observer stationary just outside the horizon (c)  stationary Killing horizon: (a)=(b)=(c)

Schwarzschild: x=1/4M =1/2C

» Surface gravity plays a key role in BH thermo | NECis true

0 0™ law: surface gravity is constant on the horizon

87T

15t law: K
W [a’M :_dA+a)HdJ] NEC is false Temperature

T Gk,

»Surface gravity plays a key role in the Hawking radiation



surface gravity

@ outer apparent horizon
Peeling surface gravity

eh(t,r)

(1 — 8rC(t,r))

K

peel =

I"ZI"g

= Vanzo, Acquaviva, and Di Criscienzo,
Class. Quant. Grav. 28, 183001 (2011).

= Cropp, Liberati,Visser,
Class. Quant. Grav. 30, 125001 (2013)

%
K 0,00

peel =

both k=0,1 solutions

Mann, Murk and DRT,

Kodama surface gravity

_1 ( C(v,r) arC(v,r)j

K
K 2
2 2 4

r=ry=r,

= Hayward,
Class. Quant. Grav. 15, 3147 (1996).

C=r.+w((r-r)+...
Ky = 0 for k=1 solution

K <1/2r, for k=0 (w,=1) solution

Phys. Rev. D 105, 124032 (2022)



universality

of BH dynamics

. . . N\ . K
4 If we want the 1%t law with AH, then the metric is " close” to Vaidya dM = S_ﬂdA
|
Ke=—=>w, =0
2r,
4 + )
0 Use the relations between the coefficients wy =1 - 2\/2W'f'§\'f‘§ o
12 :
r'? = z;g| ( vt el 1]
g 1Tg 2\ 27,
| 5 )
O Add Page’s law
, o
r,)=I(r)=-=
h . Y 1
t —
.l 2\/27rrg
, 1 2
9= == a
+ 9 c=— Dahal, Simovic, Soranidis, DRT,
Vo soon(ish)




ECO vs BH THE QUESTION
will be there a smoking gun?

To get to the QNM, waveforms:

O-10F wgoms AN o R scattering in the effective potential
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A missing piece
PBH give yet another potential:
what are the QNM & waveforms?
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