
The Exact Properties  
of Ultracold Polarons

Jia Wang ,  
Xia-Ji Liu,

Hui Hu

 Centre for Quantum Technology Theory, 
Swinburne University of Technology

AIP Congress, 13/12/2022

[1] PRA 105, 023317 (2022) 
[2] PRL 128, 175301 (2022)

[3] PRA 105, 043320 (2022)

[4] arXiv: 2207.10501

—- and how to Prevent a Catastrophe Predicted by Anderson



Impurity-Medium Systems 
L. Landau, “Uber die Bewegung der 
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Polaron: impurity + quantum medium
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Salient Features of Polaron
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Salient Features of Polaron
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Anderson's Orthogonality Catastrophe
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Catastrophe! 
 

Anderson's Orthogonality Catastrophe

+ + + + . . .

Z = |ϕ0 |2 → 0

ϕ0 ϕkp,kh
ϕk(1)

p k(2)
p ,k(1)

h k(2)
h

ϕk(1)
p k(2)

p k(3)
p ,k(1)

h k(2)
h k(3)

h

ω

A0

(ω − E/ℏ)α
θ(ω − E/ℏ)

Fermi-edge singularity 
x-ray absorption spectra


in metals

Mahan (1967)  Noziers and deDominicis (1969)
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Fermi Edge Singularity
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BCS superfluid

ℋ̂i = K0 + ∑
k

ψ̂†
khi(k)ψk

BCS Hamiltonian in Nambu spinor 
representation: ψ̂†

k = (c†
k↑, c−k↓) ≡ (c†

k, h†
k)

ξk ≡ ϵk − μ

μ
Δ

−μ
−Δ

Ev = ± ℰkv
= ± ξ2

kv
+ Δ2

Bogolyubov 
spectrum

Nishida, PRL (2015); Yi & Cui, PRA (2015);  
Pierce, Leyronas , and Chevy, PRL (2019); 


Hu, JW, Zhou, and Liu, PRA (2022)

Chevy’s ansatz /T-matrix approach 
for mobile impurity:



Spectral Function
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Superfluid Gap Dependence
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Finite Temperature
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Yu  
Shiba 

Rusinov  
Features
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EXSY-

❖ An exact model to investigate polaron physics;


❖ YSR features for magnetic impurity;


❖ Experimental realizable: 6Li-133Cs

Conclusion

Future Extension

❖ p+ip topology superfluid.

❖ Multidimensional Spectrum.
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Feshbach Resonance

0.68 0.685 0.69 0.695
-60

-40

-20

0

20

40

60

80

Vσ(r) = −
C6

r6
exp [−

r6
σ

r6 ]
van-der-Waals potential

lvdW = (2mC6)1/4/2

van-der-Waals length

aσ(EF) = −
tan ησ(kF)

kF

scattering length:

kFlvdW = 0.01 − 0.05



A Heavy Impurity in  
a BCS superfluid
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ℋ̂f = Ĥi + ̂V ≡ Ĥi + ∑
σ,k,q

Ṽσ(k − q)c†
kσcqσ,Interacting Hamiltonian:

̂V = ∑
kq

[Ṽ↑(k − q)c†
kcq − Ṽ↓(q − k)h†

khq] + ∑
k

Ṽ↓(0)

ℋ̂f = K0 + ω0 + ∑
kq

ψ̂†
khf(k, q)ψ̂q

Bilinear Form:

ω0 = ∑
k

Ṽ↓(0)

Single-particle Hamiltonian:

V↓ = 0 → ω0 = 0S(t) = e−iω0tdet[1 − ̂n + eiĥite−iĥf t ̂n]
exact formula of FDA:

(c†
k↑, c−k↓) ≡ (c†

k, h†
k)



Yu-Shiba-Rusinov bound state

Magnetic Impurity
V↓ = 0



Ramsey Responses
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Asymptotic Behaviour
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Superfluid Gap Dependence
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Finite Temperature
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YSR Features
E(−)

YSR = Ea − (Δ − EYSR)

E(+)
YSR = Re(Er) − (EYSR + Δ)

2Δ = Ea + Re(Er) − E(−)
YSR − E(+)

YSR
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Nonmagnetic impurity

S(t) ≈ Dae−iEat + Dre−iErt + Dse−iEst ( 1
iEFt )

αs

S(t) = e−iω0tdet[1 − ̂n + eiĥite−iĥf t ̂n]

a↑ = a↓

ω0 = ∑
k

Ṽ↓(0) = ∑
k

⟨k ̂V↓ k⟩
Asymptotic Behaviour:

kFa↑ = kFa↓ = 2
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Superfluid Gap Dependence
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Yu-Shiba-Rusinov bound state

Magnetic Impurity
V↓ = 0


