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Introduction

What is the motivation to study p + H2 collisions?

I Challenging theoretical problem

I Current theory inconsistent with experiment

I Pathway to more complex targets

I Applications
I Monte-Carlo simulations for Hadron

therapy treatment planning

I Nuclear fusion plasma projects

I Astrophysical charge-exchange

https://www.seattlecca.org/treatments/proton-therapy/what-is-proton-therapy
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Scattering outcomes

vi Elastic vf

vi Excitation vf

vi Electron capture
vf

vi Ionisation vf

ve
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Gryzińksi X
WP-CCC X X X X X

Corey Plowman AIP Congress 2022 13/12/2022 4 / 20



Wave-packet convergent close-coupling (WP-CCC)

Start with Schrödinger equation

(H − E)Ψ+
i = 0

and expand the scattering wave function in terms of orthogonal
pseudostates and plane waves

Ψ+
i ≈

N∑
α=1

Fα(t, b)ψα(rt)e
iqα·ρ +

M∑
β=1

Gβ(t, b)ψβ(rp)eiqβ ·σ

obtain differential equations for expansion coefficients

i

(
I K
K̃ I

)(
Ḟ

Ġ

)
=

(
D Q
Q̃ D̃

)
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Structure of atomic hydrogen

I Separate radial and angular parts ψn`m(r) = φn`(r)Y`m(r̂)

I for projectile atom use bound eigenstates of hydrogen atom, and

I wave packets made from the Coulomb wave

φWP
n` =

1
√
κn − κn−1

∫ κn

κn−1

dκ U`(κ, r)
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Target structure

I Model effective-potential

Vmod(r) =
1

r
(1 + e−ζr), ζ = 5.4824

I satisfies:
I ionisation energy −0.5976 au
I asymptotic form 1/r as r →∞

I Numerically solve target Schrödinger equation for wave functions of
effective one-electron H2 “atom”

I construct wave packets from positive-energy solutions
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Calculation: total cross sections

Total cross sections are found from

σf =

∫ ∞
0

db bPf (b)

and probabilities are given by expansion coefficients in the asymptotic state

PDS
f (b) =

∣∣Ff (+∞, b)− δfi
∣∣2

and

PEC
f (b) =

∣∣Gf (+∞, b)
∣∣2
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Scattering amplitudes

Momentum-space amplitudes found from expansion coefficients,

TDS
fi (qf , qi) =

1

2π

∫
db eiq⊥·bT DS

fi (b)

= 2πiveimφf
∫ ∞
0

db b[F̃f (+∞, b)− δfi]Jm(q⊥b),

and

TEC
fi (qf , qi) =

1

2π

∫
db eiq⊥·bT EC

fi (b)

= 2πiveimφf
∫ ∞
0

db bG̃f (+∞, b)Jm(q⊥b),
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Calculation: differential cross sections

Angular differential cross section is

dσ
DS(EC)
fi

dΩf
=

µ2

(2π)2
qf
qi
|TDS(EC)
fi (qf , qi)|

2,

ionisation differential cross sections found from

d3σion
dEedΩedΩf

=
µ2

(2π)2
qfκ

qi

(∣∣TDI
fi (κ, qf , qi)

∣∣2 +
∣∣TECC
fi (κ− v, qf , qi)

∣∣2),
integrate to obtain singly or doubly differential cross sections.
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Results: total cross sections

Excitation

Elastic

Electron capture

Ionisation

Plowman et al. Eur. Phys. J. D 76, 31 (2022)
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Results: state-resolved electron capture

Plowman et al. Eur. Phys. J. D 76, 31 (2022)
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Results: SDCS, binary collisions

Plowman et al. Eur. Phys. J. D 76, 129 (2022)
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Results: SDCS, ionisation vs electron energy

Plowman et al. Eur. Phys. J. D 76, 129 (2022)
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Results: SDCS, ionisation vs emission angle

Plowman et al. Eur. Phys. J. D 76, 129 (2022)
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Results: SDCS, ionisation vs scattering angle

Plowman et al. Eur. Phys. J. D 76, 129 (2022)
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Results: DDCS, ionisation vs electron energy and angle
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Plowman et al. under review...
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Conclusion

I First two-centre close-coupling calculations for p + H2 collsions

I Excellent agreement with experimental data

I Significant improvement over previously available calculations of
differential cross sections

I Next we will apply the WP-CCC method to fully differential cross
sections
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Supplementary: coupled differential equations

Schrödinger equation becomes,

iḞ
α
′ + i

M∑
β=1

ĠβK̃α′
β
=

N∑
α=1

FαDα′
α
+

M∑
β=1

GβQ̃α′
β
,

i
N∑
α=1

ḞαKβ′
α
+ iĠ

β
′ =

N∑
α=1

FαQβ′
α
+

M∑
β=1

GβD̃β′
β
,

α
′
= 1, 2, . . . , N, β

′
= 1, 2, . . . ,M

Matrix elements are

D
α
′
α
(R) =

〈
ψ
α
′

∣∣∣V α∣∣∣ψα〉 ei(εα′−εα)t
K
β
′
α
=
〈
ψ
β
′

∣∣∣e−iv·rP

∣∣∣ψα〉 eiv2t/2+i(εβ′−εα)t

D̃
β
′
β
(R) =

〈
ψ
β
′

∣∣∣V β∣∣∣ψβ〉 ei(εβ′−εβ)t
K̃
α
′
β
=
〈
ψ
α
′

∣∣∣eiv·rT

∣∣∣ψβ〉 eiv2t/2+i(εα′−εβ)t

Q
β
′
α
=
〈
ψ
β
′

∣∣∣e−iv·rP (Hα + V α − εα)
∣∣∣ψα〉 eiv2t/2+i(εβ′−εα)t

Q̃
α
′
β
=
〈
ψ
α
′

∣∣∣eiv·rT (Hβ + V β − εβ)
∣∣∣ψβ〉 eiv2t/2+i(εα′−εβ)t
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Supplementary: doubly differential cross section

Differential cross section for ionisation has two parts,

d2σionn
dEe dΩe

=
d2σDI

n

dEe dΩe
+

d2σECC
n

dEe dΩe
.

DI part is

d2σDI
n

dEe dΩe
=

2π

κwn

`max∑
`=0

`
′
max∑
`
′
=0

∑̀
m=−`

[
Y ∗`m(κ̂)Y`′m(κ̂)(−i)`

′−`ei(σ`′−σ`)

×
∫ ∞
0

db bF̃ ∗n`m(∞, b)F̃n`′m(∞, b)
]
,

substitute κ→ κ− v and q⊥ → (q − κ)⊥ for ECC part.
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