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What is a topological phase?
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One of the controversial features of measurements of the 
“quantum phases”, the Aharonov-Bohm, the Aharonov-
Casher, and the He-McKellar-Wilkens phase, has always 
been the question “Is the phase which been measured 
topological?”. That a focus of this talk.
To be able to answer that question we need to 
understand
1. What is meant by topological phase, or geometric 
phase? 
2. What are the conditions under which the phase in 
question is topological? 
3. Does the experimental set up satisfy these conditions?



Topological phase
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it has with our phase. Because of its theoretical simplicity, I will however start my
discussion with the A-B phase. Although we are not concerned with relativistic velocities,
I will start by talking about the Dirac equation rather than the Schrödinger equation, just
because first order di↵erential equations are simpler than second order equations.

The first question

What is meant by topological phase, or geometric phase?

is already somewhat controversial. I give an answer in three parts:

1. the phase is constructed from a position dependent phase �(x) such that  0(x) =
exp {i�(x)} (x) satisfies the free wave equation.

2. the phase is independent of the path, except for the number of times it circles some
interior excluded region, and

3. the phase is determined by properties of the fields in the excluded region

The answers to the remaining questions are specific to each phase, and will be considered
for each of the phases

1. Aharonov-Bohm phase,

2. Aharonov-Casher phase,

3. He-McKellar-Wilkens phase,

in turn.

2 The Aharonov-Bohm phase

If we start with the Dirac Equation

(i�µ@µ �m) = 0 (1)

and include the electromagnetic field through its potential Aµ, so the Dirac Equation is
now

(i�µ [@µ + ieAµ]�m) = 0. (2)

I should remark that I am using the usual particle physics units, in which ~ = c = 1. I
use the Dirac equation simply because first order equations are easier than second order
equations, not because we are considering relativistic particles.

Suppose we now make a phase transformation of the Dirac equation

 !  
0 = e

i�
 (3)

The new wave function  
0 will satisfy the free field equation (1) if Aµ is such that we

can choose � to satisfy
Aµ = @µ�. (4)
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Aharonov Bohm
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From
Herman Batelaan and 
Akira Tonomura

Phys. Today 62(9), 38 
(2009)



Aharonov Bohm Effect
The original topological phase Y. AHARONOV AND D. 13OHM
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Fn. 1. Schematic experiment to demonstrate interference with
time-dependent scalar potential. A, 8, C, D, E: suitable devices
to separate and divert beams. 5'I, W2. wave packets. Mi, M'g.'
cylindrical metal tubes. F: interference region.

other edge of the tube. Thus the potential is nonzero
only while the electrons are well inside the tube (region
II). When the electron is in region III, there is again no
potential. The purpose of this arrangement is to ensure
that the electron is in a time-varying potential without
ever being in a fmld (because the 6eid does not penetrate
far from the edges of the tubes, and is nonzero only at
times when the electron is far from these edges).
Now let P(x,t) =iti'(x, t)+Ps'(x, t) be the wave func-

tion when the potential is absent (Pi' and its' repre-
senting the parts that pass through tubes 1 and 2,
respectively). But since U is a function only of t
wherever it is appreciable, the problem for each tube
is essentially the same as that of the Faraday cage. The
solution is then

f—$ oe isi///+p oe —/ss/s—

Fzt".. 2. Schematic experiment to demonstrate interference
with time-independent vector potential.

suggests that the associated phase shift of the electron
wave function ought to be

e
AS//'t= —— A dx,

CS

where gA dx= J'H ds=p (the total magnetic flux
inside the circuit).
This corresponds to another experimental situation.

By means of a current Qowing through a very closely
wound cylindrical solenoid of radius E., center at the
origin and axis in the s direction, we create a magnetic
field, H, which is essentially confined within the sole-
noid. However, the vector potential, A, evidently,
cannot be zero everywhere outside the solenoid, because
the total Qux through every circuit containing the
origin is equal to a constant

where

Sy=e ~ pydt, 52=8 yqdt.
yp —— H ds=)IA dx.

It is evident that the interference of the two parts at
E will depend on the phase difference (Si—Ss)/It. Thus,
there is a physical eGect of the potentials even though
no force is ever actually exerted on the electron. The
eGect is evidently essentially quantum-mechanical in
nature because it comes in the phenomenon of inter-
ference. We are therefore not surprised that it does not
appear in classical mechanics.
From relativistic considerations, it is easily seen that

the covariance of the above conclusion demands that
there should be similar results involving the vector
potential, A.
The phase difference, (Si—Ss)/5, can also be ex-

pressed as the integral (e/It)gpdt around a closed
circuit in space-time, where q is evaluated at the place
of the center of the wave packet. The relativistic gener-
alization of the above integral is

e ] A
rpdt dx-—

/s E c i '

where the path of integration now goes over any closed
circuit in space-time.
As another special case, let us now consider a path

in space only (t=constant). The above argument

To demonstrate the eGects of the total Qux, we begin,
as before, with a coherent beam of electrons. (But now
there is no need to make wave packets. ) The beam is
split into two parts, each going on opposite sides of the
solenoid, but avoiding it. (The solenoid can be shielded
from the electron beam by a thin plate which casts a
shadow. ) As in the former example, the beams are
brought together at J (Fig. 2).
The Hamiltonian for this case is

$P—(e/c) Aj'

In singly connected regions, where H= V&(A=O, we
can always obtain a solution for the above Hamiltonian
by taking it =itse 'e/", where ps is the solution when
A=O and where V'S/5= (e/c)A. But, in the experiment
discussed above, in which we have a multiply connected
region (the region outside the solenoid), fee 'e/" is a
non-single-valued function' and therefore, in general,
not a permissible solution of Schrodinger's equation.
Nevertheless, in our problem it is still possible to use
such solutions because the wave function splits into
two parts P=Pi+fs, where Pi represents the beam on

' Vniess go——eigc/e, where e is an integer.

Confined Magnetic field

No magnetic field at the particle path

Yet the Magnetic field creates 

 phase observable by interference

There is no magnetic field at the path of the charge, 

But there is a vector potential  A, Such that  


The phase shift is proportional to the line integral of the vector potential around the path C, 

Which is the flux  of B across the surface S bounded by the path C

B = ∇ × A

ΦC

First noted by Eherenberg and Siday (1949), rediscovered by Aharonov and Bohm (1959)

First Measurement Chalmers (1960), definitive measurement Tomomura (1982)

Topological means that the phase is independent under deformations of the path

Dependent on the topology, not the details of the path

5

e(χ1 − χ2) = 2∫C
A ⋅ ds = e∫S

B ⋅ dS = eΦC
which is independent of distortions of the path, 


which need not be confined to a plane, 

and is thus topological

Diagram from the paper Y. Aharonov and D. Bohm, Phys. Rev 115  (1959) 485-491.



Aharonov Bohm
A derivation
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(i�µ@µ �m) = 0

(i�µ [@µ + ieAµ]�m) = 0

 !  0 = ei� 

(i�µ@µ �m) 0 = 0

Aµ = e@µ�

Free Dirac Equation

Dirac Equation in an em field

Phase change
Gives a new field satisfying the free field 

when the phase is such that

where �(x) =

Z x

P
A(x)0 · ds0

2

Maths is easier for the Dirac equation, 

but Schrödinger, Bargman Wigner 


or any other wave equation, 

is just as good



Aharonov Bohm Effect
To summarise the original topological phase Y. AHARONOV AND D. 13OHM
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Fn. 1. Schematic experiment to demonstrate interference with
time-dependent scalar potential. A, 8, C, D, E: suitable devices
to separate and divert beams. 5'I, W2. wave packets. Mi, M'g.'
cylindrical metal tubes. F: interference region.

other edge of the tube. Thus the potential is nonzero
only while the electrons are well inside the tube (region
II). When the electron is in region III, there is again no
potential. The purpose of this arrangement is to ensure
that the electron is in a time-varying potential without
ever being in a fmld (because the 6eid does not penetrate
far from the edges of the tubes, and is nonzero only at
times when the electron is far from these edges).
Now let P(x,t) =iti'(x, t)+Ps'(x, t) be the wave func-

tion when the potential is absent (Pi' and its' repre-
senting the parts that pass through tubes 1 and 2,
respectively). But since U is a function only of t
wherever it is appreciable, the problem for each tube
is essentially the same as that of the Faraday cage. The
solution is then
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Fzt".. 2. Schematic experiment to demonstrate interference
with time-independent vector potential.

suggests that the associated phase shift of the electron
wave function ought to be

e
AS//'t= —— A dx,

CS

where gA dx= J'H ds=p (the total magnetic flux
inside the circuit).
This corresponds to another experimental situation.

By means of a current Qowing through a very closely
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alization of the above integral is

e ] A
rpdt dx-—

/s E c i '
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circuit in space-time.
As another special case, let us now consider a path

in space only (t=constant). The above argument

To demonstrate the eGects of the total Qux, we begin,
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there is no need to make wave packets. ) The beam is
split into two parts, each going on opposite sides of the
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from the electron beam by a thin plate which casts a
shadow. ) As in the former example, the beams are
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The Hamiltonian for this case is

$P—(e/c) Aj'

In singly connected regions, where H= V&(A=O, we
can always obtain a solution for the above Hamiltonian
by taking it =itse 'e/", where ps is the solution when
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discussed above, in which we have a multiply connected
region (the region outside the solenoid), fee 'e/" is a
non-single-valued function' and therefore, in general,
not a permissible solution of Schrodinger's equation.
Nevertheless, in our problem it is still possible to use
such solutions because the wave function splits into
two parts P=Pi+fs, where Pi represents the beam on

' Vniess go——eigc/e, where e is an integer.

Confined Magnetic field

No magnetic field at the particle path

Yet the Magnetic field creates 

 phase observable by interference

There is no magnetic field at the path of the charge, 

But there is a vector potential  A, Such that  
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Which is the flux  of B across the surface S bounded by the path C

B = ∇ × A
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e(χ1 − χ2) = 2∫C
A ⋅ ds = e∫S

B ⋅ dS = eΦC
which is independent of distortions of the path, 


which need not be confined to a plane, 

and is thus topological



Duality of Quantum mechanical phases 
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Maxwell Duality, Lorentz Invariance, and Topological Phase
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We discuss the Maxwell electromagnetic duality relations between the Aharonov-Bohm, Aharonov-

Casher, and He-McKellar-Wilkens topological phases, which allow a unified description of all three
phenomena. We also elucidate Lorentz transformations which allow these effects to be understood
in an intuitive fashion in the rest frame of the moving quantum particle. Finally, we propose two
experimental schemes for measuring the He-McKellar-Wilkens phase.

PACS numbers: 03.65.Bz, 11.30.Cp, 14.80.Hv, 32.60.+ i

In 1959 Aharonov and Bohm (AB) predicted that a
quantum charge, e ! jej, circulating around a magnetic
flux line, would accumulate a quantum topological phase
[1], which can be detected using matter-wave interferome-
try. The flux tube can be thought of as a solenoid of infini-
tesimal cross-sectional area or as a linear array of point
magnetic dipoles [Fig. 1(a)]. The AB phase is wAB !
eFM!h̄c, whereFM ! 4p2m is the magnetic flux with m
the number of dipoles per unit length. The AB effect has
been confirmed by a series of electron interference experi-
ments, culminating in the demonstrations of Peshkin and
Tonomura [2]. In 1984, Aharonov and Casher (AC) pre-
dicted a reciprocal effect [3]. The AC phase accumulates
on a quantum magnetic dipole m as it circulates around,
and parallel to, a straight line of charge [Fig. 1(b)]. The
AC phase is given by wAC ! 4pmlE!h̄c, where lE is
the electric charge per unit length. It has been observed
with a neutron interferometer [4] and in a neutral atomic
Ramsey interferometer [5].
He and McKellar in 1993, and Wilkens independently in

1994, predicted the existence of a third topological phase
[Fig. 1(d)] that is essentially the Maxwell dual of the AC
effect [6]. We will refer to it here as the He-McKellar-
Wilkens (HMW) phase. In the HMW effect, an electric
dipole d accumulates a topological phase while circulating
around, and parallel to, a line of magnetic charge (mono-
poles). To relate this to the AC effect, note that Maxwell’s
equations are invariant under the electric-magnetic dual-
ity transformations given by [7],AE ! AM , E ! B, e !
g, d ! m, and AM ! 2AE , B ! 2E, g ! e, m ! d.
Here, g is a unit of north magnetic monopole charge, and
AE and AM are electric and magnetic vector potentials,
defined in the absence of electric or magnetic monopoles,
respectively, such that B ! = 3 AB if = ? B ! 0, and
E ! = 3 AE if = ? E ! 0. As shown by He and McKel-
lar from duality, any derivation of the AC effect is also one
of the HMW phases [6]. We can therefore write the HMW
phase as wHMW ! 24pdlM!h̄c, by inspection. This re-
sult is in agreement with Wilkens’ calculation that consid-

ered the problem of a dipole moving in an electromagnetic
field [6,8]. Here, lM is the magnetic monopole charge per
unit length, and the minus sign arises from the asymmetric
nature of the duality transform. Our duality analysis also
predicts a fourth phenomenon, which is the dual of the AB
effect [Fig. 1(c)]. Here, a quantum magnetic monopole
acquires a topological phase as it circumnavigates a line
of electric dipoles (electric flux tube). Any derivation of
the Aharonov-Bohm effect is one of the dual Aharonov-
Bohm (DAB) effect, through the duality transform. By
inspection, the DAB phase is wDAB ! 2gFE!h̄c, where
FE ! 4p2d is the electric flux, with d the number of elec-
tric dipoles per unit length. All four of these phases are
topological in that the result does not depend on the par-
ticle velocity or the circulating path taken. They are all

FIG. 1. We indicate the Aharonov-Bohm, Aharonov-Casher,
dual Aharonov-Bohm, and He-McKellar-Wilkens topological
phase configurations in (a), (b), (c), and (d), respectively. Here,
e is an electric charge, g is a magnetic (monopole) charge, m
is a point magnetic dipole, and d is an electric dipole.
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with a neutron interferometer [4] and in a neutral atomic
Ramsey interferometer [5].
He and McKellar in 1993, and Wilkens independently in

1994, predicted the existence of a third topological phase
[Fig. 1(d)] that is essentially the Maxwell dual of the AC
effect [6]. We will refer to it here as the He-McKellar-
Wilkens (HMW) phase. In the HMW effect, an electric
dipole d accumulates a topological phase while circulating
around, and parallel to, a line of magnetic charge (mono-
poles). To relate this to the AC effect, note that Maxwell’s
equations are invariant under the electric-magnetic dual-
ity transformations given by [7],AE ! AM , E ! B, e !
g, d ! m, and AM ! 2AE , B ! 2E, g ! e, m ! d.
Here, g is a unit of north magnetic monopole charge, and
AE and AM are electric and magnetic vector potentials,
defined in the absence of electric or magnetic monopoles,
respectively, such that B ! = 3 AB if = ? B ! 0, and
E ! = 3 AE if = ? E ! 0. As shown by He and McKel-
lar from duality, any derivation of the AC effect is also one
of the HMW phases [6]. We can therefore write the HMW
phase as wHMW ! 24pdlM!h̄c, by inspection. This re-
sult is in agreement with Wilkens’ calculation that consid-

ered the problem of a dipole moving in an electromagnetic
field [6,8]. Here, lM is the magnetic monopole charge per
unit length, and the minus sign arises from the asymmetric
nature of the duality transform. Our duality analysis also
predicts a fourth phenomenon, which is the dual of the AB
effect [Fig. 1(c)]. Here, a quantum magnetic monopole
acquires a topological phase as it circumnavigates a line
of electric dipoles (electric flux tube). Any derivation of
the Aharonov-Bohm effect is one of the dual Aharonov-
Bohm (DAB) effect, through the duality transform. By
inspection, the DAB phase is wDAB ! 2gFE!h̄c, where
FE ! 4p2d is the electric flux, with d the number of elec-
tric dipoles per unit length. All four of these phases are
topological in that the result does not depend on the par-
ticle velocity or the circulating path taken. They are all

FIG. 1. We indicate the Aharonov-Bohm, Aharonov-Casher,
dual Aharonov-Bohm, and He-McKellar-Wilkens topological
phase configurations in (a), (b), (c), and (d), respectively. Here,
e is an electric charge, g is a magnetic (monopole) charge, m
is a point magnetic dipole, and d is an electric dipole.
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He-McKellar-WiIkens

Aharonov-Casher

Dual Aharonov-Bohm

EM duality
EM duality

electric charge e ↔ magnetic charge g,

magnetic dipole m ↔ electric dipole d

electric charge e ↔ magnetic dipole m

See Jackson for an extensive discussion of EM duality

Magnetic flux in solenoid is equivalent

 to a line of magnetic dipoles

8

J.~D. Jackson. Electrodynamics, John Wiley and Sons,
 New York, 1998, pp 273-275
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In 1959 Aharonov and Bohm (AB) predicted that a
quantum charge, e ! jej, circulating around a magnetic
flux line, would accumulate a quantum topological phase
[1], which can be detected using matter-wave interferome-
try. The flux tube can be thought of as a solenoid of infini-
tesimal cross-sectional area or as a linear array of point
magnetic dipoles [Fig. 1(a)]. The AB phase is wAB !
eFM!h̄c, whereFM ! 4p2m is the magnetic flux with m
the number of dipoles per unit length. The AB effect has
been confirmed by a series of electron interference experi-
ments, culminating in the demonstrations of Peshkin and
Tonomura [2]. In 1984, Aharonov and Casher (AC) pre-
dicted a reciprocal effect [3]. The AC phase accumulates
on a quantum magnetic dipole m as it circulates around,
and parallel to, a straight line of charge [Fig. 1(b)]. The
AC phase is given by wAC ! 4pmlE!h̄c, where lE is
the electric charge per unit length. It has been observed
with a neutron interferometer [4] and in a neutral atomic
Ramsey interferometer [5].
He and McKellar in 1993, and Wilkens independently in

1994, predicted the existence of a third topological phase
[Fig. 1(d)] that is essentially the Maxwell dual of the AC
effect [6]. We will refer to it here as the He-McKellar-
Wilkens (HMW) phase. In the HMW effect, an electric
dipole d accumulates a topological phase while circulating
around, and parallel to, a line of magnetic charge (mono-
poles). To relate this to the AC effect, note that Maxwell’s
equations are invariant under the electric-magnetic dual-
ity transformations given by [7],AE ! AM , E ! B, e !
g, d ! m, and AM ! 2AE , B ! 2E, g ! e, m ! d.
Here, g is a unit of north magnetic monopole charge, and
AE and AM are electric and magnetic vector potentials,
defined in the absence of electric or magnetic monopoles,
respectively, such that B ! = 3 AB if = ? B ! 0, and
E ! = 3 AE if = ? E ! 0. As shown by He and McKel-
lar from duality, any derivation of the AC effect is also one
of the HMW phases [6]. We can therefore write the HMW
phase as wHMW ! 24pdlM!h̄c, by inspection. This re-
sult is in agreement with Wilkens’ calculation that consid-

ered the problem of a dipole moving in an electromagnetic
field [6,8]. Here, lM is the magnetic monopole charge per
unit length, and the minus sign arises from the asymmetric
nature of the duality transform. Our duality analysis also
predicts a fourth phenomenon, which is the dual of the AB
effect [Fig. 1(c)]. Here, a quantum magnetic monopole
acquires a topological phase as it circumnavigates a line
of electric dipoles (electric flux tube). Any derivation of
the Aharonov-Bohm effect is one of the dual Aharonov-
Bohm (DAB) effect, through the duality transform. By
inspection, the DAB phase is wDAB ! 2gFE!h̄c, where
FE ! 4p2d is the electric flux, with d the number of elec-
tric dipoles per unit length. All four of these phases are
topological in that the result does not depend on the par-
ticle velocity or the circulating path taken. They are all

FIG. 1. We indicate the Aharonov-Bohm, Aharonov-Casher,
dual Aharonov-Bohm, and He-McKellar-Wilkens topological
phase configurations in (a), (b), (c), and (d), respectively. Here,
e is an electric charge, g is a magnetic (monopole) charge, m
is a point magnetic dipole, and d is an electric dipole.
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We discuss the Maxwell electromagnetic duality relations between the Aharonov-Bohm, Aharonov-

Casher, and He-McKellar-Wilkens topological phases, which allow a unified description of all three
phenomena. We also elucidate Lorentz transformations which allow these effects to be understood
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PACS numbers: 03.65.Bz, 11.30.Cp, 14.80.Hv, 32.60.+ i

In 1959 Aharonov and Bohm (AB) predicted that a
quantum charge, e ! jej, circulating around a magnetic
flux line, would accumulate a quantum topological phase
[1], which can be detected using matter-wave interferome-
try. The flux tube can be thought of as a solenoid of infini-
tesimal cross-sectional area or as a linear array of point
magnetic dipoles [Fig. 1(a)]. The AB phase is wAB !
eFM!h̄c, whereFM ! 4p2m is the magnetic flux with m
the number of dipoles per unit length. The AB effect has
been confirmed by a series of electron interference experi-
ments, culminating in the demonstrations of Peshkin and
Tonomura [2]. In 1984, Aharonov and Casher (AC) pre-
dicted a reciprocal effect [3]. The AC phase accumulates
on a quantum magnetic dipole m as it circulates around,
and parallel to, a straight line of charge [Fig. 1(b)]. The
AC phase is given by wAC ! 4pmlE!h̄c, where lE is
the electric charge per unit length. It has been observed
with a neutron interferometer [4] and in a neutral atomic
Ramsey interferometer [5].
He and McKellar in 1993, and Wilkens independently in

1994, predicted the existence of a third topological phase
[Fig. 1(d)] that is essentially the Maxwell dual of the AC
effect [6]. We will refer to it here as the He-McKellar-
Wilkens (HMW) phase. In the HMW effect, an electric
dipole d accumulates a topological phase while circulating
around, and parallel to, a line of magnetic charge (mono-
poles). To relate this to the AC effect, note that Maxwell’s
equations are invariant under the electric-magnetic dual-
ity transformations given by [7],AE ! AM , E ! B, e !
g, d ! m, and AM ! 2AE , B ! 2E, g ! e, m ! d.
Here, g is a unit of north magnetic monopole charge, and
AE and AM are electric and magnetic vector potentials,
defined in the absence of electric or magnetic monopoles,
respectively, such that B ! = 3 AB if = ? B ! 0, and
E ! = 3 AE if = ? E ! 0. As shown by He and McKel-
lar from duality, any derivation of the AC effect is also one
of the HMW phases [6]. We can therefore write the HMW
phase as wHMW ! 24pdlM!h̄c, by inspection. This re-
sult is in agreement with Wilkens’ calculation that consid-

ered the problem of a dipole moving in an electromagnetic
field [6,8]. Here, lM is the magnetic monopole charge per
unit length, and the minus sign arises from the asymmetric
nature of the duality transform. Our duality analysis also
predicts a fourth phenomenon, which is the dual of the AB
effect [Fig. 1(c)]. Here, a quantum magnetic monopole
acquires a topological phase as it circumnavigates a line
of electric dipoles (electric flux tube). Any derivation of
the Aharonov-Bohm effect is one of the dual Aharonov-
Bohm (DAB) effect, through the duality transform. By
inspection, the DAB phase is wDAB ! 2gFE!h̄c, where
FE ! 4p2d is the electric flux, with d the number of elec-
tric dipoles per unit length. All four of these phases are
topological in that the result does not depend on the par-
ticle velocity or the circulating path taken. They are all

FIG. 1. We indicate the Aharonov-Bohm, Aharonov-Casher,
dual Aharonov-Bohm, and He-McKellar-Wilkens topological
phase configurations in (a), (b), (c), and (d), respectively. Here,
e is an electric charge, g is a magnetic (monopole) charge, m
is a point magnetic dipole, and d is an electric dipole.
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We discuss the Maxwell electromagnetic duality relations between the Aharonov-Bohm, Aharonov-

Casher, and He-McKellar-Wilkens topological phases, which allow a unified description of all three
phenomena. We also elucidate Lorentz transformations which allow these effects to be understood
in an intuitive fashion in the rest frame of the moving quantum particle. Finally, we propose two
experimental schemes for measuring the He-McKellar-Wilkens phase.

PACS numbers: 03.65.Bz, 11.30.Cp, 14.80.Hv, 32.60.+ i

In 1959 Aharonov and Bohm (AB) predicted that a
quantum charge, e ! jej, circulating around a magnetic
flux line, would accumulate a quantum topological phase
[1], which can be detected using matter-wave interferome-
try. The flux tube can be thought of as a solenoid of infini-
tesimal cross-sectional area or as a linear array of point
magnetic dipoles [Fig. 1(a)]. The AB phase is wAB !
eFM!h̄c, whereFM ! 4p2m is the magnetic flux with m
the number of dipoles per unit length. The AB effect has
been confirmed by a series of electron interference experi-
ments, culminating in the demonstrations of Peshkin and
Tonomura [2]. In 1984, Aharonov and Casher (AC) pre-
dicted a reciprocal effect [3]. The AC phase accumulates
on a quantum magnetic dipole m as it circulates around,
and parallel to, a straight line of charge [Fig. 1(b)]. The
AC phase is given by wAC ! 4pmlE!h̄c, where lE is
the electric charge per unit length. It has been observed
with a neutron interferometer [4] and in a neutral atomic
Ramsey interferometer [5].
He and McKellar in 1993, and Wilkens independently in

1994, predicted the existence of a third topological phase
[Fig. 1(d)] that is essentially the Maxwell dual of the AC
effect [6]. We will refer to it here as the He-McKellar-
Wilkens (HMW) phase. In the HMW effect, an electric
dipole d accumulates a topological phase while circulating
around, and parallel to, a line of magnetic charge (mono-
poles). To relate this to the AC effect, note that Maxwell’s
equations are invariant under the electric-magnetic dual-
ity transformations given by [7],AE ! AM , E ! B, e !
g, d ! m, and AM ! 2AE , B ! 2E, g ! e, m ! d.
Here, g is a unit of north magnetic monopole charge, and
AE and AM are electric and magnetic vector potentials,
defined in the absence of electric or magnetic monopoles,
respectively, such that B ! = 3 AB if = ? B ! 0, and
E ! = 3 AE if = ? E ! 0. As shown by He and McKel-
lar from duality, any derivation of the AC effect is also one
of the HMW phases [6]. We can therefore write the HMW
phase as wHMW ! 24pdlM!h̄c, by inspection. This re-
sult is in agreement with Wilkens’ calculation that consid-

ered the problem of a dipole moving in an electromagnetic
field [6,8]. Here, lM is the magnetic monopole charge per
unit length, and the minus sign arises from the asymmetric
nature of the duality transform. Our duality analysis also
predicts a fourth phenomenon, which is the dual of the AB
effect [Fig. 1(c)]. Here, a quantum magnetic monopole
acquires a topological phase as it circumnavigates a line
of electric dipoles (electric flux tube). Any derivation of
the Aharonov-Bohm effect is one of the dual Aharonov-
Bohm (DAB) effect, through the duality transform. By
inspection, the DAB phase is wDAB ! 2gFE!h̄c, where
FE ! 4p2d is the electric flux, with d the number of elec-
tric dipoles per unit length. All four of these phases are
topological in that the result does not depend on the par-
ticle velocity or the circulating path taken. They are all

FIG. 1. We indicate the Aharonov-Bohm, Aharonov-Casher,
dual Aharonov-Bohm, and He-McKellar-Wilkens topological
phase configurations in (a), (b), (c), and (d), respectively. Here,
e is an electric charge, g is a magnetic (monopole) charge, m
is a point magnetic dipole, and d is an electric dipole.
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�AC =
1

~c2

Z

C
~µ⇥ ~E · ~dl = µ0

~ µ�e

Predicted Aharanov & Bohm, 1959, presaged Eherenberg & Siday, 1949, early 
measurement Chambers 1960, definitive measurement Tonomura et al 1982 

Predicted Aharonov & Casher,  1984, observed Cimmino, Opat, Klein et al, 1989

Predicted He & McKellar, 1993, & Wilkens 1994 observed Lepoutre et al 2012

�AB =
q

~

Z

C

~A · ~dl = q

~�
(C)
B

�HMW =
�1

~

Z

C

~D ⇥ ~B · ~dl = �1

~ D�m

One  year before first measurement

Five years before first measurement 

Sorry, m and  µ are the same  magnetic moment

Nineteen years before first measurement 
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AC and HMW topological?

• The topological nature of the AC or HMW phases 
occurs under restricted conditions, as in fact does 
their existence.

• Existence requires 

• In non-relativistic limit, neglecting quadratic 
terms in the fields

Brief Article

The Author

March 10, 2013

Z

S
r⇥ ~A · dS =

Z

S
~B · dS = 0

1. a neutral spin half particle with a nonzero magnetic dipole moment is moving in a

plane, say the x- y plane, in an external electric field ~E;

2. On this plane, E3 = 0, @3E3 = 0;and @3 = 0,

1



Topological?
• For the AC effect

• For the HMW effect, you see why He and I 
proposed monopoles, it seemed that we 
needed a confined source for the B field, 
∇·B ≠ 0, in order to get a topological phase.

Brief Article

The Author

March 10, 2013

Z

S
r⇥ ~A · dS =

Z

S
~B · dS = 0

1. a neutral spin half particle with a nonzero magnetic dipole moment is moving in a

plane, say the x- y plane, in an external electric field ~E;

2. On this plane, E3 = 0, @3E3 = 0;and @3 = 0,

It is possible for this particle to travel a closed path, along which the
component ~µ along ~E ⇥ ~dl is constant along the path, which is in the
r · ~E = 0 region and is such that a surface whose boundary is the
path intersects regions where r · ~E = 0, the accumulated phase �AC
independent of the path and thus topological.

1



Klein et al measurement of AC

12



Klein et al measurement of AC
The apparatus

13

The vertical direction is big enough 

for the arrangement  it to be treated as 


 two dimensional

So they measured a Topological phase



Alternative geometries for AC
K. Sangster, E.~A. Hinds, S.~M. Barnett, E. Rijs and A.~G. Sinclair, \emph{Phys. Rev. A} \textbf{51}, 1776-1786 (1995).
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In 1959 Aharonov and Bohm (AB) predicted that a
quantum charge, e ! jej, circulating around a magnetic
flux line, would accumulate a quantum topological phase
[1], which can be detected using matter-wave interferome-
try. The flux tube can be thought of as a solenoid of infini-
tesimal cross-sectional area or as a linear array of point
magnetic dipoles [Fig. 1(a)]. The AB phase is wAB !
eFM!h̄c, whereFM ! 4p2m is the magnetic flux with m
the number of dipoles per unit length. The AB effect has
been confirmed by a series of electron interference experi-
ments, culminating in the demonstrations of Peshkin and
Tonomura [2]. In 1984, Aharonov and Casher (AC) pre-
dicted a reciprocal effect [3]. The AC phase accumulates
on a quantum magnetic dipole m as it circulates around,
and parallel to, a straight line of charge [Fig. 1(b)]. The
AC phase is given by wAC ! 4pmlE!h̄c, where lE is
the electric charge per unit length. It has been observed
with a neutron interferometer [4] and in a neutral atomic
Ramsey interferometer [5].
He and McKellar in 1993, and Wilkens independently in

1994, predicted the existence of a third topological phase
[Fig. 1(d)] that is essentially the Maxwell dual of the AC
effect [6]. We will refer to it here as the He-McKellar-
Wilkens (HMW) phase. In the HMW effect, an electric
dipole d accumulates a topological phase while circulating
around, and parallel to, a line of magnetic charge (mono-
poles). To relate this to the AC effect, note that Maxwell’s
equations are invariant under the electric-magnetic dual-
ity transformations given by [7],AE ! AM , E ! B, e !
g, d ! m, and AM ! 2AE , B ! 2E, g ! e, m ! d.
Here, g is a unit of north magnetic monopole charge, and
AE and AM are electric and magnetic vector potentials,
defined in the absence of electric or magnetic monopoles,
respectively, such that B ! = 3 AB if = ? B ! 0, and
E ! = 3 AE if = ? E ! 0. As shown by He and McKel-
lar from duality, any derivation of the AC effect is also one
of the HMW phases [6]. We can therefore write the HMW
phase as wHMW ! 24pdlM!h̄c, by inspection. This re-
sult is in agreement with Wilkens’ calculation that consid-

ered the problem of a dipole moving in an electromagnetic
field [6,8]. Here, lM is the magnetic monopole charge per
unit length, and the minus sign arises from the asymmetric
nature of the duality transform. Our duality analysis also
predicts a fourth phenomenon, which is the dual of the AB
effect [Fig. 1(c)]. Here, a quantum magnetic monopole
acquires a topological phase as it circumnavigates a line
of electric dipoles (electric flux tube). Any derivation of
the Aharonov-Bohm effect is one of the dual Aharonov-
Bohm (DAB) effect, through the duality transform. By
inspection, the DAB phase is wDAB ! 2gFE!h̄c, where
FE ! 4p2d is the electric flux, with d the number of elec-
tric dipoles per unit length. All four of these phases are
topological in that the result does not depend on the par-
ticle velocity or the circulating path taken. They are all

FIG. 1. We indicate the Aharonov-Bohm, Aharonov-Casher,
dual Aharonov-Bohm, and He-McKellar-Wilkens topological
phase configurations in (a), (b), (c), and (d), respectively. Here,
e is an electric charge, g is a magnetic (monopole) charge, m
is a point magnetic dipole, and d is an electric dipole.
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Aharonov-
Casher

Sangster et al, attempt to improve the precision, 
but use different geometry: opposite spins and 

same side of the wire so replace wire by capacitor

One should also consider whether or not the dipole will ex-
perience a torque. The torque will be

T = µ ⇥ (v ⇥ E)

which vanishes since the magnetic moment is parallel to v ⇥ E.

The original observation of the AC phase, due to Cimmino
et al, used ultracold neutrons and followed the original AC
geometry. While the precision was not high it was certainly
measuring a topological phase.

The most precise measurement of the AC phase is the ex-
periment of Sangster et al, who used a completely di↵erent
geometry. They pass coherent beams of magnetic dipoles of
di↵erent orientation through the same electric field, and ob-
serve a phase di↵erence between the beams.

As they point out themselves, the magnetic moment in this
case is not constant in magnitude or direction, and so the
phase they measure is not topological.

An interesting variant of the AC geometry was proposed by
Casella. Now the spin is in the plane determined by the path,
and the electric field is normal to it. However the electric field
is normal to the plane of the path.

Is the phase topological in this case? At first sight one would
say no, and Casella does not explicitly claim it to be so. In-
deed the 2+1 dimensional reduction is not possible. However,

9

Sangster geometry

Much more precise results from these methods, 
but until 2013 the Klein et al result was the most 

precise for a topological phase



Alternative geometries for AC
R.~C. Casella, Phys. Rev. Letters 65, 2217-2220 (1990).
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PACS numbers: 03.65.Bz, 11.30.Cp, 14.80.Hv, 32.60.+ i

In 1959 Aharonov and Bohm (AB) predicted that a
quantum charge, e ! jej, circulating around a magnetic
flux line, would accumulate a quantum topological phase
[1], which can be detected using matter-wave interferome-
try. The flux tube can be thought of as a solenoid of infini-
tesimal cross-sectional area or as a linear array of point
magnetic dipoles [Fig. 1(a)]. The AB phase is wAB !
eFM!h̄c, whereFM ! 4p2m is the magnetic flux with m
the number of dipoles per unit length. The AB effect has
been confirmed by a series of electron interference experi-
ments, culminating in the demonstrations of Peshkin and
Tonomura [2]. In 1984, Aharonov and Casher (AC) pre-
dicted a reciprocal effect [3]. The AC phase accumulates
on a quantum magnetic dipole m as it circulates around,
and parallel to, a straight line of charge [Fig. 1(b)]. The
AC phase is given by wAC ! 4pmlE!h̄c, where lE is
the electric charge per unit length. It has been observed
with a neutron interferometer [4] and in a neutral atomic
Ramsey interferometer [5].
He and McKellar in 1993, and Wilkens independently in

1994, predicted the existence of a third topological phase
[Fig. 1(d)] that is essentially the Maxwell dual of the AC
effect [6]. We will refer to it here as the He-McKellar-
Wilkens (HMW) phase. In the HMW effect, an electric
dipole d accumulates a topological phase while circulating
around, and parallel to, a line of magnetic charge (mono-
poles). To relate this to the AC effect, note that Maxwell’s
equations are invariant under the electric-magnetic dual-
ity transformations given by [7],AE ! AM , E ! B, e !
g, d ! m, and AM ! 2AE , B ! 2E, g ! e, m ! d.
Here, g is a unit of north magnetic monopole charge, and
AE and AM are electric and magnetic vector potentials,
defined in the absence of electric or magnetic monopoles,
respectively, such that B ! = 3 AB if = ? B ! 0, and
E ! = 3 AE if = ? E ! 0. As shown by He and McKel-
lar from duality, any derivation of the AC effect is also one
of the HMW phases [6]. We can therefore write the HMW
phase as wHMW ! 24pdlM!h̄c, by inspection. This re-
sult is in agreement with Wilkens’ calculation that consid-

ered the problem of a dipole moving in an electromagnetic
field [6,8]. Here, lM is the magnetic monopole charge per
unit length, and the minus sign arises from the asymmetric
nature of the duality transform. Our duality analysis also
predicts a fourth phenomenon, which is the dual of the AB
effect [Fig. 1(c)]. Here, a quantum magnetic monopole
acquires a topological phase as it circumnavigates a line
of electric dipoles (electric flux tube). Any derivation of
the Aharonov-Bohm effect is one of the dual Aharonov-
Bohm (DAB) effect, through the duality transform. By
inspection, the DAB phase is wDAB ! 2gFE!h̄c, where
FE ! 4p2d is the electric flux, with d the number of elec-
tric dipoles per unit length. All four of these phases are
topological in that the result does not depend on the par-
ticle velocity or the circulating path taken. They are all

FIG. 1. We indicate the Aharonov-Bohm, Aharonov-Casher,
dual Aharonov-Bohm, and He-McKellar-Wilkens topological
phase configurations in (a), (b), (c), and (d), respectively. Here,
e is an electric charge, g is a magnetic (monopole) charge, m
is a point magnetic dipole, and d is an electric dipole.
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AC phase is given by wAC ! 4pmlE!h̄c, where lE is
the electric charge per unit length. It has been observed
with a neutron interferometer [4] and in a neutral atomic
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Here, g is a unit of north magnetic monopole charge, and
AE and AM are electric and magnetic vector potentials,
defined in the absence of electric or magnetic monopoles,
respectively, such that B ! = 3 AB if = ? B ! 0, and
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lar from duality, any derivation of the AC effect is also one
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phase as wHMW ! 24pdlM!h̄c, by inspection. This re-
sult is in agreement with Wilkens’ calculation that consid-

ered the problem of a dipole moving in an electromagnetic
field [6,8]. Here, lM is the magnetic monopole charge per
unit length, and the minus sign arises from the asymmetric
nature of the duality transform. Our duality analysis also
predicts a fourth phenomenon, which is the dual of the AB
effect [Fig. 1(c)]. Here, a quantum magnetic monopole
acquires a topological phase as it circumnavigates a line
of electric dipoles (electric flux tube). Any derivation of
the Aharonov-Bohm effect is one of the dual Aharonov-
Bohm (DAB) effect, through the duality transform. By
inspection, the DAB phase is wDAB ! 2gFE!h̄c, where
FE ! 4p2d is the electric flux, with d the number of elec-
tric dipoles per unit length. All four of these phases are
topological in that the result does not depend on the par-
ticle velocity or the circulating path taken. They are all

FIG. 1. We indicate the Aharonov-Bohm, Aharonov-Casher,
dual Aharonov-Bohm, and He-McKellar-Wilkens topological
phase configurations in (a), (b), (c), and (d), respectively. Here,
e is an electric charge, g is a magnetic (monopole) charge, m
is a point magnetic dipole, and d is an electric dipole.
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The spin is now in the plane of the path, and the electric field is normal to

both, and changes sign on di↵erent sections of the path.

The phase is no longer topological.

However, the phase is

�C = �
I

C
(µ ⇥ E) · ds,

and

1. in the region of the path curl(µ ⇥ E) = 0, so the phase is path indepen-

dent,

2. in the plane of the circuit, interior to the circuit, there is a region in which

curl(µ ⇥ E) 6= 0, not because divE 6= 0, but because (µ · r)(E · dS) 6= 0.
The phase depends on the fields in the excluded region, even though there

are no charges in that region.

The AC phase for the Casella geometry satisfies the last two of my conditions

for a topological phase, but not the first. It is not topological, and Casella

(almost) says so



There are no magnetic monopoles, how can we measure HMW?

16

�HMW =
�1

~

Z

C

~D ⇥ ~B · ~dl = �1

~ D�m

To answer this we note that the impor-
tant features are, as well as the essential
2+1 dimensional geometry, that curl{B ⇥
D} should vanish in the region of the path,
and be non-vanishing in the excluded re-
gion. Note that

curl{B⇥D} = B(r · D)�D(r ·B)

+(D ·r)B� (B ·r)D
For curl{B⇥D} to vanish in the region of
the path, B and D must be constant in that
region. If they then vary in an appropriate
way in the excluded region, then curl{B ⇥
D} can be non-vanishing in that region.

1

In practice the electric dipole must be induced

 by an electric field , so







To have a topological phase this must vanish 

in the interference region and not vanish in the 


excluded region

Now the electric field can generate the HMW phase, 

but we must have the additional constraint 


This was noted to be possible by 

H.~Wei, R.~Han and X.~Wei,


Phys. Rev. Letters   75, 2071 (1995)

Leading to the measurement of HMW in 2012

D = αE
∇ × (B × [αE]) =

α (B div E − E div B + (B ⋅ ∇)E − (E ⋅ ∇)B) .

v ⋅ B = 0



The Toulouse Experiment

17

Used electric field to polarise 7Li atoms, 
D = α E, in plane of path, with opposite sign on different sections

B  is normal to the plane of the path
Modified Casella geometry



The Toulouse Experiment
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The Toulouse group give a very careful analysis of various Stark and Zeeman contributions which can introduce systematic effects.

And the effects of electric fields not quite normal to the central electrode giving systematic errors in


S. Lepoutre, J. Gillot, A. Gauguet, M. Büchner, and J. Vigué, Phys. Rev. A 88, 043628 (2013) and
S. Lepoutre, A. Gauguet, M. Büchner, and J. Vigué. Phys Rev A 88, 043627 (2013)



My one paper with Tony
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AIP Conference Proceedings 1588, 59 (2014); 
https://doi.org/10.1063/1.4866924

We pointed on systematic errors,  or breakdown of topological phase from  deviations from normality of electric fields

And that using permanent dipoles could give much larger effects, 


as later discussed by R. P. Rai and D. Rai, Annals of Physics 383 (2017) 196-206   https://doi.org/10.1016/j.aop.2017.05.007 

https://doi.org/10.1063/1.4866924


A measurement of the topological AC effect
At last the topological phase is measured more precisely than Klein et al
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The first topological phase measurement 

of AC after Klein et al in 1989



HMW and AC influence all of these  recent papers
And many more
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Kholmetskii, A.L., Yarman, T. and Missevitch, O.V. 

Quantum phase effects for electrically charged particles: Updated analysis. 
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Yang–Mills physics in spintronics. Physics Reports, 882 (2020) pp.1-36.

Hassanabadi, H., M. de Montigny, and M. Hosseinpour.

 Interaction of the magnetic quadrupole moment of a non-relativistic particle 


with an electric field in a rotating frame. 

Annals of Physics 412 (2020) 168040.

Wu, Yijia, Hua Jiang, Hua Chen, Haiwen Liu, Jie Liu, and X. C. Xie.

 Non-Abelian braiding in spin superconductors utilizing the Aharonov-Casher effect.


 Physical Review Letters, 128  (2022) 106804.
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