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Introduction

• magnetic field → enhances the coupling to light by confining the
electron-hole wave function

• J. Tignon et al., Phys. Rev. Lett. 74, 3967 (1995)
• B. Pietka et al., Phys. Rev. B 91, 075309 (2015)
• B. Pietka et al., Phys. Rev. B 96, 081402 (2017)
• light-matter coupling → causes the bound electron-hole pair to

shrink/expand in size
• S. Brodbeck et al., Phys. Rev. Lett. 119, 027401 (2017)
• until our work, there was no theory that could describe the

interplay of these effects

Experimental observation of photon absorption
by Rydberg excitons in copper oxide.
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Exciton Problem

• the properties of the Rydberg series in a static perpendicular
magnetic field

• O. Akimoto et al., J. Phys. Soc. Japan 22, 181 (1967)

• W. Rosner et al., J. Phys. B: At. Mol. Opt. 17, 29 (1984)

• A. H. MacDonald et al., Phys. Rev. B 33, 8336 (1986)

• W. Edelstein et al., Phys. Rev. B 39, 7697 (1989)

• a new numerically exact approach for the optically active,
isotropic ‘s’ series of excitons
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Exciton Problem

• real-space Schrödinger equation in 2D:

Eφ(r) =

[
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2µ

(
d2
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+
µω2
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ρ
φ̃(ρ) =

[
−
(
d2

dρ2
+

1

ρ

d

dρ

)
+ 4 ω̄2

c −
1√
2ρ3

]
φ̃(ρ)

harmonic oscillator

hydrogen atom

6/22



Exciton Problem

• real-space Schrödinger equation in 2D:

E φ(r) =

[
− 1

2µ

(
d2

dr2
+

1

r

d

dr

)
+
µω2

c

2
r2 − e2

ε

1

r

]
φ(r)

∑
r

e−ik·rr2φ(r) = −∇2
kφk

• change of variable: r → ρ = r2/(8a20)

2 Ē
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Exciton Problem

• Fourier transformation:
∫
d2ρ e−iκ·ρ{ · }

Ē

∫
d2κ′

(2π)2
4π φ̃κ′

|κ− κ′|
= κ2 φ̃κ + 4 ω̄2

c φ̃κ −
Γ(1/4)

Γ(3/4)

∫
d2κ′

(2π)2
π φ̃κ′√
|κ− κ′|

φ̃(ρ) =

∫
d2κ

(2π)2
eiκ·ρ φ̃κ

φ(r) = φ̃
(√

8a2
0ρ

)
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Ē

∫
d2κ′

(2π)2
4π φ̃κ′

|κ− κ′|
= κ2 φ̃κ + 4 ω̄2

c φ̃κ −
Γ(1/4)

Γ(3/4)

∫
d2κ′

(2π)2
π φ̃κ′√
|κ− κ′|

φ̃(ρ) =

∫
d2κ

(2π)2
eiκ·ρ φ̃κ

φ(r) = φ̃
(√

8a2
0ρ

)

7/22



Exciton Problem

• Fourier transformation:
∫
d2ρ e−iκ·ρ{ · }

Ē
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Polariton Problem

• Rydberg polaritons in a static perpendicular magnetic field
(s excitons and s-wave light-matter coupling)

• J. Levinsen et al., Phys. Rev. Research 1, 033120 (2019)

• Hamiltonian:

Ĥ = Ĥmat + Ĥph + Ĥph-mat

Ĥmat =
p̂2

2µ
+
µω2

c

2
|r̂|2 − e2

ε|r̂|

Ĥph = ωĉ†ĉ

zero in-plane momentumzero in-plane momentum
Ĥph-mat = gδ2(r̂)

[
ĉ† + ĉ

]
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Ĥph = ωĉ†ĉ
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Ĥmat =
p̂2

2µ
+
µω2

c

2
|r̂|2 − e2

ε|r̂|

Ĥph = ωĉ†ĉ
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c

2
|r̂|2 − e2

ε|r̂|

Ĥph = ωĉ†ĉ

zero in-plane momentum

zero in-plane momentum
Ĥph-mat = g δ2(r̂)

[
ĉ† + ĉ

]
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Polariton Problem

• Hamiltonian:

Ĥ =
p̂2

2µ
+
µω2

c

2
|r̂|2 − e2

ε|r̂| + ωĉ†ĉ+ gδ2(r̂)
[
ĉ† + ĉ

]

• General state for a polariton at zero in-plane momentum:

|ψ⟩ =
∫
d2rφ(r) |r⟩ ⊗ |0⟩+ |vac⟩ ⊗ γ |1⟩

|1⟩ = ĉ†|0⟩

• Normalization condition:

1 = ⟨ψ |ψ⟩ =
∫
d2r |φ(r)|2 + |γ|2

|1⟩ = ĉ†|0⟩
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]
• General state for a polariton at zero in-plane momentum:

|ψ⟩ =
∫
d2rφ(r) |r⟩ ⊗ |0⟩ + |vac⟩ ⊗ γ |1⟩

|1⟩ = ĉ†|0⟩
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Ĥ =
p̂2

2µ
+
µω2

c

2
|r̂|2 − e2

ε|r̂| + ωĉ†ĉ+ gδ2(r̂)
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]
• General state for a polariton at zero in-plane momentum:

|ψ⟩ =
∫
d2r φ(r) |r⟩ ⊗ |0⟩+ |vac⟩ ⊗ γ |1⟩ |1⟩ = ĉ†|0⟩
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Polariton Problem

• Hamiltonian:

Ĥ =
p̂2

2µ
+
µω2

c

2
|r̂|2 − e2

ε|r̂| + ωĉ†ĉ+ gδ2(r̂)
[
ĉ† + ĉ

]
• General state for a polariton at zero in-plane momentum:

|ψ⟩ =
∫
d2rφ(r) |r⟩ ⊗ |0⟩ + γ |vac⟩ ⊗ |1⟩ |1⟩ = ĉ†|0⟩

• Normalization condition:

1 = ⟨ψ |ψ⟩ =
∫
d2r |φ(r)|2 + |γ|2
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Polariton Problem

[
E +

1

2µ

(
d2

dr2
+

1

r

d

dr

)
− µω2

c

2
r2 +

e2

ε

1

r

]
φ(r) = gγ δ2(r)

(
E − ω

)
γ = g

∫
d2rφ(r)δ2(r)

∼ ln(r/a0), r → 0

[
Ehyd

1s +∇2
r /(2µ)

]
K0

(
r/a0

)
= −πδ2(r)/µ

• renormalized (physical) photon-exciton detuning:

δ = ω − g2µ

π

∫
d2r K0(r/a0)δ

2(r) +R

• light-matter (Rabi) coupling strength:

Ω = gφhyd
1s (0) =

g

a0

√
2

π
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Polariton Problem

[
2Ē

ρ
+

d2

dρ2
+

1

ρ

d

dρ
− 4 ω̄2

c +
1√
2ρ3

]
φ̃(ρ) =

√
π

8
Ω̄γ δ2(ρ)[

Ē − δ̄ − Ω̄2

4

∫
d2ρK0

(
2
√

2ρ
)
δ2(ρ) + 1

]
γ =

√
π

2
Ω̄

∫
d2ρ φ̃(ρ)δ2(ρ)

Ē
∑
κ′

4π φ̃κ′

|κ− κ′|
− κ2 φ̃κ − 4 ω̄2

c φ̃κ +
Γ(1/4)

Γ(3/4)

∑
κ′

π φ̃κ′√
|κ− κ′|

=

√
π

8
Ω̄γ[

Ē − δ̄ − π Ω̄2

4

∑
κ

{
1

κ2
+

π

κ3

[
Y0

(
2

κ

)
−H0

(
2

κ

)]}
+ 1

]
γ =

√
π

2
Ω̄
∑
κ

φ̃κ
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Comparison to Experiment — PRL 119, 027401 (2017)

Ω/R ≃ 0.14 Ω/R ≃ 0.64

3-level COM

1

2
µω2

c

〈
r2
〉
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Conclusion

• extension of the 2D mapping between H.O. ←→ hydrogen
to p, d, f, ... excitons
• extension of our method, e.g., to the Keldysh potential (for

monolayer TMDs)

• see our paper: Phys. Rev. B 106, 125407 (2022)
• “Rydberg Exciton-Polaritons in a Magnetic Field”
• by E. Laird, F. M. Marchetti, D. K. Efimkin, M. M. Parish,

and J. Levinsen
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Extra Slides
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Exciton Problem

∆Ens ≡ Ens − (2n− 1)ωc
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Polariton Problem

• Rydberg polaritons in a static perpendicular magnetic field
(s excitons and s-wave light-matter coupling)

• Levinsen et al., Phys. Rev. Research 1, 033120 (2019)
• Hamiltonian:
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ĉ† + ĉ
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]
19/22
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Comparison to a Coupled Oscillator Model (COM)
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Comparison to Experiment — PRL 119, 027401 (2017)

1s

2s 3s−10s

all ns

Ω/R ≃ 0.14 Ω/R ≃ 0.64B = 0T
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