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Crystallisation & Symmetry Breaking

Space crystallisation: Spontaneous breaking
of space franslational symmetry
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Spontaneous symmetry breaking:

the Hamiltonian of the system
respects a symmetry:

P'HP =H

But the macroscopic equilibrium state of
the system is non-invariant under the
symmetry transformation

Plyo) # lwo)

(up fo a global phase)

Phases of matter, such as crystals, magnets, and conventional superconductors, as well
as simple phase fransitions can be described by spontaneous symmetry breaking.—Wiki
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What is a time crystal?

|2d Selected for a Viewpoint in Physics week ending
PRL 109, 160401 (2012) PHYSICAL REVIEW LETTERS 19 OCTOBER 2012

Quantum Time Crystals

Frank Wilczek

Some subtleties and apparent difficulties associated with the notion of spontaneous breaking
of time-translation symmetry (TTS) in quantum mechanics are identified and resolved.
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What is a time crystal?

» . . .
|2d Selected for a Viewpoint in Physics week ending

PRL 109, 160401 (2012) PHYSICAL REVIEW LETTERS 19 OCTOBER 2012

Quantum Time Crystals

Frank Wilczek

Some subtleties and apparent difficulties associated with the notion of spontaneous breaking
of time-translation symmetry (TTS) in quantum mechanics are identified and resolved.

Spon’raneous breaking of spaceH(x) = H(X") PRL 114, 251603 (2015) PHYSICAL REVIEW LETTERS
translational symmetry: Space crystal
Absence of Quantum Time Crystals
C‘ ‘ ‘ |‘ ® QPGCQ Haruki Watanabe"" and Masaki Oshikawa®"
OaO 50 la 1. 50202 5c1 3a 3. 5c1 404 5050
Spontaneous breaking of fimeH(t) _He) prove a no-go theorem that rules out the
franslahonal Symmefry T|me crys’ral possibility of time crystals defined as such,
in the ground state or in the canonical
; RS K IR D U B ensemble of a general Hamiltonian, which
S ) Ky S s time consists of not-too-long-range interactions.
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Can a time crystal exist
in a closed quantum system:2==

This no-go theorem does not rule out:
(1)  long-range interacting system
(2) non-equilibrium systems (Floquet)

Time

PHYSICAL REVIEW A 91, 033617 (2015)

Modeling spontaneous breaking of time-translation symmetry

Krzysztof Sacha

Discrete time-
translational
symmetry (DTTS)

Experimental evidences!

H(t+T) = H(t)

|y (D) = |w(t+ 2T))
|y () # |y +T))

Observation of a discrete time crystal

J. Zhang!, P. W. Hess!, A. Kyprianidis', P. Becker!, A. Leel, J. Smith!, G. Pagano!, I.-D. Potirniche?, A. C. Potter3, A. Vis]

N.Y. Yao? & C. Monroel>

Discrete

Crystal
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Fourier spectrum

Single ion magnetizations

Observation of discrete time-crystalline order in ¢
disordered dipolar many-body system

Soonwon Choi'*, Joonhee Choi?*, Renate Landig'*, Georg Kucsko!, Hengyun Zhou', Junichi Isoya?, Fedor Jelezko?,
Shinobu Onoda®, Hitoshi Sumiya®, Vedika Khemani!, Curt von Keyserlingk’, Norman Y. Yao®, Eugene Demler' &

Nature 2017 back-to-back papers

Mikhail D. Lukin'
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Turning a Quantum Gomputer into a Time Grystal

Time-crystalline eigenstate order on a quantum

Cc

pProcessor

Xiao Mi, Matteo Ippoliti, ... Pedram Roushan + Show auth

Nature 601, 531-536 (2022) | Cite this article

(2(0)Z(t))

58k Accesses | 11 Citations | 1214 Altmetric | Metrics

Qubit

A time crystal in a chip. Google’s Sycamore quantum-computing
circuit.

Credit: Google

Disorder and Initial-State Averaged Autocorrelators
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on IBMs quantum computer:
P. Frey, S Rachel, (U. of Melbourne)
Science Advance 2022
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Spontaneous Symmetry Breaking

Time-independent quantum system H| l//()) — EO | l//o>
If the Hamiltfonian obeys a symmetry: PTHP — H HP = PH

H(P |yy)) = PH |yp) = Eo(P|yy))

The ground state eigenstate should also obeys the same symmetry:

P | WO> o ‘WO) up to a global phase.

if the ground state is non-degenerate.

Symmetry breaking can only occur if there are degeneracy.

Nevertheless, real degeneracy are usually forbidden by group theory:
for example, Z> symmetry has two irreducible representations.

o ) = (| 1)+ 14 WA/2
> H:[O hm]TEnzihx
h he 0 ]1 ) = (1 1) =11 DA/2

X
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Spontaneous symmetry breaking occurs in the thermodynamic limit
Transverse Ising Models with neares’r—neighbour Intferactions:

I

M
H=-] s* 7 1
Z 5 z+1 XZ I |WOS)> _ﬁ(lon)>+|wél)>)
1
(A)y — (1) (1)
S) _ (A - |l// ) = —<|l// >—| >)
B =BV T e exp(=M) 1 V2
~ ) Long-range correlated cat states
\\353\
5 ~— g =TT 1)
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SSB of time-independent
Hamiltonian requires:

Many-body interacting system.

Degenerated ground (or
thermal equilibrium) states.

Short-range correlated
symmetry broken states.
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spontaneous Symmetry Breaking ESSS

SSB of time-independent SSB of time-dependent
Hamiltonian requires: Hamiltonian:

Many-body interacting system. | Driving will induce heating.

Degenerated ground (or No well-defined ground
thermal equilibrium) states. (eigen) states.

Short-range correlated

?
symmetry broken states. Robustness
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SSB of time-independent SSB of time-dependent
Hamiltonian requires: Hamiltonian:

Many-body interacting system. | Driving will induce heating.

Degenerated ground (or No well-defined ground
thermal equilibrium) states. (eigen) states.

Short-range correlated

?
symmetry broken states. Robustness

For any short-range correlated initial state, the expectation
values of local observables relax to those of a steady state
that does not obey the symmetry of the Hamiltonian.
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Hﬂ"“ﬂt SVStﬂm Ht+T)=H(t) B

I ———

Floquet formalism: Floquet states and Floquet quasi-eigenenergies:

[ﬁ(r) _ ih&t]

(D)) =e¢,

d,(1))

¢1/(t)> — ¢1/(t + T)>

The (t=T,2T, 3T, ...)dynamics of an isolated periodically driven
quantum system are determined by a fime-independent Floquet Hamiltonian.

He="Y €,16,000)e,0)]

Quantum time evolution: v

P(sT)) = Z ¢ eiesT ‘qﬁy(())) ¢, = ($,0) | ¥(©0))

v

Well defined within a Brillouin zone

There are No ground state in isolated

Floquet systems. SSB can be defined as the
it situation where the steady state is less

[$,(0) — e [ #,(0) symmetrical than its parent Hamiltonian.

€, — €,+ mhw
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steady states and thermalisation K

Equilibrium states of generic quantum systems subject to periodic
driving

Achilleas Lazarides, Arnab Das, and Roderich Moessner
Phys. Rev. E 90, 012110 — Published 11 July 2014

An article within the collection: Physical Review E 25th Anniversary Milestones

When a closed quantum system is driven periodically with period T, it approaches a
periodic state synchronized with the drive in which any local observable measured
stroboscopically approaches a steady value ... here we show that for generic nonintegrable
interacting systems, local observables become independent of the initial state entirely.

Expectation value of (O(t)} = (¥ t)|0|\I; (t)) ZC c e elle—eltg W) Ouu(t) = <¢y(t)|é|¢ﬂ(t)>
local observable:

Longtime average:  (O(nT)) Z |0y (nT) — {(0)

One Floquet eigenstates consist of a mixture of 3

the exponentially many eigenstates of the O | TR R

undriven Hamiltonian.

Floquet-ETH: (O(nT)) = 0,,(nT) = (O) oo v
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SSB of time-independent SSB of time-dependent
Hamiltonian requires: Floquet Hamiltonian:

Many-body interacting system. | Driving will induce heating.

Degenerated ground (or ALL (many) Floquet states

thermal equilibrium) states. are pairing.
Short-range correlated

Short-range correlated symmetry broken Floquet

symmetry broken states.

states.
a Oy PRSI0 e (0() = (ROI01(®) = Y el D, ()
S| = [_ P— J Suppress Floquet heating.
& —— |—uUnordered | \ T | V :\
; |00000) — |11111) =~ 01001 )
~ [00000) + |11111) —|10110)
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SSB of time-independent SSB of time-dependent
Hamiltonian requires: Floquet Hamiltonian:

Many-body interacting system. | Driving will induce heating.

Degenerated ground (or ALL (many) Floquet states

thermal equilibrium) states. are pairing.
Short-range correlated

symmetry broken Floquet
states.

Short-range correlated
symmetry broken states.

For any short-range correlated initial state, the expectation
values of local observables relax tfo those of a steady state
that does not obey the symmetry of the Hamiltonian.



Exhibition "UNDUPLICATED"
_______________________________________________ at Hong Kong,
https://recfro.github.io/unduplicated



J=€—€6 —wl/2

Single-particle Floquet
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Single particle system cannot have symmetry breaking:

T !

0 a1t =)+ N2
H — v A

[ ]i wa) = 1) =11 N2

Symmetry broken states | T ) and | | ) are NOT degenerated and NOT eigenstates.

o, O |
_Ol J% ®, O (z,1) = [¢(z, ) + e ™, (z, 1) /\/5

H = J 0] @ Dy(z,1) = [¢p(z, 1) — e_iﬂt/T¢2(Z, 1) /\/5

&

&

Symmetry broken states ®©; and P, are NOT pi-pairing and NOT Floquet states.

Symmetry broken in the many-body states with interaction:

‘TT---T) O,D,... 0, =[N, =0,N,=N)



Mean-field GPE: K. Sacha PRA 2015 and Kuros NJP 2020.
><10'4

Time-dependent Bogoliubov: Kuro§ NJP 2020.

Two-mode model: K. Sacha PRA 2015.

Y = Pra1 + ¢Paaz

00 A [w N
E= / dz / dty* (HO — 8 + T g” 2|y )
0 0

J . ) UN
~— S (ajas +ajar) + —— (las]* + \az\“)

+ 2U12N|CL1|2|CL2|2 + COIlSt,

-10 1

-15

0

a,; = cos(0)
a, = sin(0) O O,
0.2 0.4 0/ 0.6 038 1

A concern in applying a mean-field (single-mode) or a few-mode approach to study time
crystals and discrete time-translation symmetry breaking is whether the lack of
thermalisation and decay of the condensate in such studies is an artefact imposed by

the adopted approximations
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Truncated Wigner Approximation

Many-body Hamiltonian: H = /dz (2)THy, ¥ (2) + ‘(2]\11( )T\if(z)Tlil(z)\Tl(z)}

(1) The Liouville von-Neumann Equation for the density operator is mapped onto the
(FFPE) for the Wigner distribution functional.

(2) Neglecting the third-order functional derivatives, the FFPE is solved by the equivalent Ifo
Stochastic Field Equation.

S0(e1) =~ [HoB(z0) + o{F (50)8(1) ~ 60(,2) }(2:1)|

(3) Initial stochastic field functions .
3(2) = Aywa(2) + Z[ ()7 ( )*B+] w.(2) is the condensate mode
z) = 2 up(2)Br — vi(z .
To¥e 0 k k u,(2), v;(z) are Bogoliubov modes
(4) Observables are obtained via stochastic average

F(z,t) = Tr( (2 )\I!(z)p(t)) (0D (2,t) — —50(z 2) bo(z 2" quk(z oi (2

Key feature:
(a) Asymptotic in the number limit
(b) Multi-mode theory that can treat
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TWA Results
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JW, Peter Hannaford, and Bryan Dalton
New J. Phys. 23 063012 (2021)
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Only Two Modes
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Two-mode Results

Initial state: N; = 0,N, = 1000
1(Z, kT) = (I)z(Z, kT + T)
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Eigenenergies and degeneracy

min {Agy} — min (gy &, .8, - gy) Effective Hamiltonian can be mapped to
. the Lipkin-Meshkov-Glick model.
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symmetry broken edge
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DTC: long-time steady state of an interacting many-body system.

—

SSB: many degenerated/pi-pairing (quasi-)eigen energies
and short-range correlated (quasi-)eigen states

-1

Poincare section
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Future extension with TWA:

1.5

TWA, two-mode, ...

suppress/absence of

Wannier
Mode 2

* Finite temperature, "bigger” time crystal, higher dimension,

e DTC in kicked Lieb-Liniger model.
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