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QUASINORMAL MODES

•Phenomenological approach:
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•Wave equation on (spherically sym.) black-hole 
background

� ,t̄t̄ + ,xx � P = 0
<latexit sha1_base64="fKNIlOMHca3JRL0xO0CqQVUY9mc=">AAACIHicbVDLSsNAFJ34rPUVdelmsAiCtiQi1I1QdOMygn1AE8JkOmmHTiZhZiItIZ/ixl9x40IR3enXOG2z0NYDl3s4515m7gkSRqWyrC9jaXlldW29tFHe3Nre2TX39lsyTgUmTRyzWHQCJAmjnDQVVYx0EkFQFDDSDoY3E7/9QISkMb9X44R4EepzGlKMlJZ8s151HUn97MwNkMhUXrQcnsLCGI1yWIWZixGDTj4R4RW0fLNi1awp4CKxC1IBBRzf/HR7MU4jwhVmSMqubSXKy5BQFDOSl91UkgThIeqTrqYcRUR62fTAHB5rpQfDWOjiCk7V3xsZiqQcR4GejJAayHlvIv7ndVMVXnoZ5UmqCMezh8KUQRXDSVqwRwXBio01QVhQ/VeIB0ggrHSmZR2CPX/yImmd12yrZt9dVBrXRRwlcAiOwAmwQR00wC1wQBNg8AiewSt4M56MF+Pd+JiNLhnFzgH4A+P7B7RFof8=</latexit><latexit sha1_base64="fKNIlOMHca3JRL0xO0CqQVUY9mc=">AAACIHicbVDLSsNAFJ34rPUVdelmsAiCtiQi1I1QdOMygn1AE8JkOmmHTiZhZiItIZ/ixl9x40IR3enXOG2z0NYDl3s4515m7gkSRqWyrC9jaXlldW29tFHe3Nre2TX39lsyTgUmTRyzWHQCJAmjnDQVVYx0EkFQFDDSDoY3E7/9QISkMb9X44R4EepzGlKMlJZ8s151HUn97MwNkMhUXrQcnsLCGI1yWIWZixGDTj4R4RW0fLNi1awp4CKxC1IBBRzf/HR7MU4jwhVmSMqubSXKy5BQFDOSl91UkgThIeqTrqYcRUR62fTAHB5rpQfDWOjiCk7V3xsZiqQcR4GejJAayHlvIv7ndVMVXnoZ5UmqCMezh8KUQRXDSVqwRwXBio01QVhQ/VeIB0ggrHSmZR2CPX/yImmd12yrZt9dVBrXRRwlcAiOwAmwQR00wC1wQBNg8AiewSt4M56MF+Pd+JiNLhnFzgH4A+P7B7RFof8=</latexit><latexit sha1_base64="fKNIlOMHca3JRL0xO0CqQVUY9mc=">AAACIHicbVDLSsNAFJ34rPUVdelmsAiCtiQi1I1QdOMygn1AE8JkOmmHTiZhZiItIZ/ixl9x40IR3enXOG2z0NYDl3s4515m7gkSRqWyrC9jaXlldW29tFHe3Nre2TX39lsyTgUmTRyzWHQCJAmjnDQVVYx0EkFQFDDSDoY3E7/9QISkMb9X44R4EepzGlKMlJZ8s151HUn97MwNkMhUXrQcnsLCGI1yWIWZixGDTj4R4RW0fLNi1awp4CKxC1IBBRzf/HR7MU4jwhVmSMqubSXKy5BQFDOSl91UkgThIeqTrqYcRUR62fTAHB5rpQfDWOjiCk7V3xsZiqQcR4GejJAayHlvIv7ndVMVXnoZ5UmqCMezh8KUQRXDSVqwRwXBio01QVhQ/VeIB0ggrHSmZR2CPX/yImmd12yrZt9dVBrXRRwlcAiOwAmwQR00wC1wQBNg8AiewSt4M56MF+Pd+JiNLhnFzgH4A+P7B7RFof8=</latexit><latexit sha1_base64="fKNIlOMHca3JRL0xO0CqQVUY9mc=">AAACIHicbVDLSsNAFJ34rPUVdelmsAiCtiQi1I1QdOMygn1AE8JkOmmHTiZhZiItIZ/ixl9x40IR3enXOG2z0NYDl3s4515m7gkSRqWyrC9jaXlldW29tFHe3Nre2TX39lsyTgUmTRyzWHQCJAmjnDQVVYx0EkFQFDDSDoY3E7/9QISkMb9X44R4EepzGlKMlJZ8s151HUn97MwNkMhUXrQcnsLCGI1yWIWZixGDTj4R4RW0fLNi1awp4CKxC1IBBRzf/HR7MU4jwhVmSMqubSXKy5BQFDOSl91UkgThIeqTrqYcRUR62fTAHB5rpQfDWOjiCk7V3xsZiqQcR4GejJAayHlvIv7ndVMVXnoZ5UmqCMezh8KUQRXDSVqwRwXBio01QVhQ/VeIB0ggrHSmZR2CPX/yImmd12yrZt9dVBrXRRwlcAiOwAmwQR00wC1wQBNg8AiewSt4M56MF+Pd+JiNLhnFzgH4A+P7B7RFof8=</latexit>

Ansatz for time dependence (Fourier modes)
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(bifurcation point)
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•Wave equation on (spherically sym.) black-hole 
background
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•Phenomenological approach:
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•Wave equation on (spherically sym.) black-hole 
background
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•Phenomenological approach:
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•Wave equation on (spherically sym.) black-hole 
background
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Ansatz for time dependence (Fourier modes)
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QUASINORMAL MODES

•Phenomenological approach:

Boundary conditions
τ = constant
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(bifurcation point)
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•Wave equation on (spherically sym.) black-hole 
background

� ,t̄t̄ + ,xx � P = 0
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Ansatz for time dependence (Fourier modes)
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QUASINORMAL MODES

•Phenomenological approach:

Boundary conditions
τ = constant
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•Wave equation on (spherically sym.) black-hole 
background

� ,t̄t̄ + ,xx � P = 0
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Ansatz for time dependence (Fourier modes)

) = e�i!t̄ (x)
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QUASINORMAL MODES

•Phenomenological approach:

Boundary conditions
τ = constant

H−

I +

I −

H+
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B : Horizon  
(bifurcation point)

x ! �1
i0 : spacelike infinity
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•Comparison to normal 
modes: eigenvalue problem

•Wave equation on (spherically sym.) black-hole 
background

� ,t̄t̄ + ,xx � P = 0
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Ansatz for time dependence (Fourier modes)

) = e�i!t̄ (x)
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<latexit sha1_base64="ce3K9Uc/5NJksrBg/Br1lX42RYw=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIU7EbQM2lhGMB+QO8PeZpIs2b09dvfEcFzjX7GxUMTWn2Hnv3GTXKGJDwYe780wMy9KONPG876dpeWV1bX10kZ5c2t7Z9fd229qmSoKDSq5VO2IaOAshoZhhkM7UUBExKEVja4nfusBlGYyvjPjBEJBBjHrM0qMlbruYZBohgPNBIb7jAVSwIDgx7zrVryqNwVeJH5BKqhAvet+BT1JUwGxoZxo3fG9xIQZUYZRDnk5SDUkhI7IADqWxkSADrPpAzk+sUoP96WyFRs8VX9PZERoPRaR7RTEDPW8NxH/8zqp6V+GGYuT1EBMZ4v6KcdG4kkauMcUUMPHlhCqmL0V0yFRhBqbWdmG4M+/vEiaZ1Xfq/q355XaVRFHCR2hY3SKfHSBaugG1VEDUZSjZ/SK3pwn58V5dz5mrUtOMXOA/sD5/AFdd5Y/</latexit><latexit sha1_base64="ce3K9Uc/5NJksrBg/Br1lX42RYw=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIU7EbQM2lhGMB+QO8PeZpIs2b09dvfEcFzjX7GxUMTWn2Hnv3GTXKGJDwYe780wMy9KONPG876dpeWV1bX10kZ5c2t7Z9fd229qmSoKDSq5VO2IaOAshoZhhkM7UUBExKEVja4nfusBlGYyvjPjBEJBBjHrM0qMlbruYZBohgPNBIb7jAVSwIDgx7zrVryqNwVeJH5BKqhAvet+BT1JUwGxoZxo3fG9xIQZUYZRDnk5SDUkhI7IADqWxkSADrPpAzk+sUoP96WyFRs8VX9PZERoPRaR7RTEDPW8NxH/8zqp6V+GGYuT1EBMZ4v6KcdG4kkauMcUUMPHlhCqmL0V0yFRhBqbWdmG4M+/vEiaZ1Xfq/q355XaVRFHCR2hY3SKfHSBaugG1VEDUZSjZ/SK3pwn58V5dz5mrUtOMXOA/sD5/AFdd5Y/</latexit><latexit sha1_base64="ce3K9Uc/5NJksrBg/Br1lX42RYw=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIU7EbQM2lhGMB+QO8PeZpIs2b09dvfEcFzjX7GxUMTWn2Hnv3GTXKGJDwYe780wMy9KONPG876dpeWV1bX10kZ5c2t7Z9fd229qmSoKDSq5VO2IaOAshoZhhkM7UUBExKEVja4nfusBlGYyvjPjBEJBBjHrM0qMlbruYZBohgPNBIb7jAVSwIDgx7zrVryqNwVeJH5BKqhAvet+BT1JUwGxoZxo3fG9xIQZUYZRDnk5SDUkhI7IADqWxkSADrPpAzk+sUoP96WyFRs8VX9PZERoPRaR7RTEDPW8NxH/8zqp6V+GGYuT1EBMZ4v6KcdG4kkauMcUUMPHlhCqmL0V0yFRhBqbWdmG4M+/vEiaZ1Xfq/q355XaVRFHCR2hY3SKfHSBaugG1VEDUZSjZ/SK3pwn58V5dz5mrUtOMXOA/sD5/AFdd5Y/</latexit><latexit sha1_base64="ce3K9Uc/5NJksrBg/Br1lX42RYw=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIU7EbQM2lhGMB+QO8PeZpIs2b09dvfEcFzjX7GxUMTWn2Hnv3GTXKGJDwYe780wMy9KONPG876dpeWV1bX10kZ5c2t7Z9fd229qmSoKDSq5VO2IaOAshoZhhkM7UUBExKEVja4nfusBlGYyvjPjBEJBBjHrM0qMlbruYZBohgPNBIb7jAVSwIDgx7zrVryqNwVeJH5BKqhAvet+BT1JUwGxoZxo3fG9xIQZUYZRDnk5SDUkhI7IADqWxkSADrPpAzk+sUoP96WyFRs8VX9PZERoPRaR7RTEDPW8NxH/8zqp6V+GGYuT1EBMZ4v6KcdG4kkauMcUUMPHlhCqmL0V0yFRhBqbWdmG4M+/vEiaZ1Xfq/q355XaVRFHCR2hY3SKfHSBaugG1VEDUZSjZ/SK3pwn58V5dz5mrUtOMXOA/sD5/AFdd5Y/</latexit>



NORMAL OPERATORS:  
SPECTRAL THEOREMS

Def. Given matrix     and its adjoint     . Then    is normal iff     
<latexit sha1_base64="0a/bmF+wmFP3nrh1Rlxb/cRvoDs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKV78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6WBjNY=</latexit>

L
<latexit sha1_base64="YB/UI7QO0hn56hlVDrBiFtRZS5g=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68eChgv2QNpbNZpMu3d2E3Y1QQn+FFw+KePXnePPfuG1z0NYHA4/3ZpiZF6ScaeO6387S8srq2nppo7y5tb2zW9nbb+kkU4Q2ScIT1QmwppxJ2jTMcNpJFcUi4LQdDK8nfvuJKs0SeW9GKfUFjiWLGMHGSg+3j70QxzFV/UrVrblToEXiFaQKBRr9ylcvTEgmqDSEY627npsaP8fKMMLpuNzLNE0xGeKYdi2VWFDt59ODx+jYKiGKEmVLGjRVf0/kWGg9EoHtFNgM9Lw3Ef/zupmJLv2cyTQzVJLZoijjyCRo8j0KmaLE8JElmChmb0VkgBUmxmZUtiF48y8vktZpzTuveXdn1fpVEUcJDuEITsCDC6jDDTSgCQQEPMMrvDnKeXHenY9Z65JTzBzAHzifP5y9kEo=</latexit>

L† <latexit sha1_base64="0a/bmF+wmFP3nrh1Rlxb/cRvoDs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKV78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6WBjNY=</latexit>

L
<latexit sha1_base64="duE5w8CQqxegCFJYSPCw+ipRjf4=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFcSElE1I1QdOOiiwr2AWksk8lNOnTyYGYiltBfceNCEbf+iDv/xmmbhbYeuHA4517uvcdLOZPKsr6NpeWV1bX10kZ5c2t7Z9fcq7RlkgkKLZrwRHQ9IoGzGFqKKQ7dVACJPA4db3gz8TuPICRL4ns1SsGNSBizgFGitNQ3K07jBDceej4JQxAuvsJW36xaNWsKvEjsglRRgWbf/Or5Cc0iiBXlRErHtlLl5kQoRjmMy71MQkrokITgaBqTCKSbT28f4yOt+DhIhK5Y4an6eyInkZSjyNOdEVEDOe9NxP88J1PBpZuzOM0UxHS2KMg4VgmeBIF9JoAqPtKEUMH0rZgOiCBU6bjKOgR7/uVF0j6t2ec1++6sWr8u4iihA3SIjpGNLlAd3aImaiGKntAzekVvxth4Md6Nj1nrklHM7KM/MD5/AIgnktI=</latexit>

[L,L†] = 0

Ex. Symmetric, hermitian, orthogonal, unitary…

Spectral Theo. (matrices):    is normal iff is unitarily diagonalisable 
<latexit sha1_base64="0a/bmF+wmFP3nrh1Rlxb/cRvoDs=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp2IWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKV78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6WBjNY=</latexit>

L

Obs. Theorem extends to normal operators in Hilbert (or Banach) space

Hermitian Physics (self adjoint operators):  
Eigenvectors are orthogonal and form complete basis 
Eigenvalues are stable

<latexit sha1_base64="yAdedImXBGpKvBel4qE15jWl6WA="></latexit>

L ! L+ ✏�L ) � ! �+ ✏��



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

self adjoint operator:
<latexit sha1_base64="gnwiCi8wkxl2s2afKwOj+I4wRKQ="></latexit>

L = L† ) ri k li ) i = 1

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

self adjoint operator:
<latexit sha1_base64="gnwiCi8wkxl2s2afKwOj+I4wRKQ="></latexit>

L = L† ) ri k li ) i = 1

Small perturbation in operator; small displacement in eigenvalue

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

non-self adjoint operator:
<latexit sha1_base64="YPi2qi/Td4YVGaivvUx+ba9RFpg="></latexit>

L 6= L† ?) ri , li ) i > 1

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



Eigenvalue Condition Number:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="bUMGPbaVDR62QJ690UDJg+q31k0=">AAACInicbVDLSgMxFM3UV62vqks3wSJU0DIj4mNXdOOygn1Ap5RMetuGZjIxyQil7be48VfcuFDUleDHmD4UbT0QODnnXJJ7AsmZNq774STm5hcWl5LLqZXVtfWN9OZWSUexolCkEY9UJSAaOBNQNMxwqEgFJAw4lIPO5dAv34HSLBI3piuhFpKWYE1GibFSPX3e97lNN0idZX2QmvFI7B/+aH3sc7jFfodIaa/YP8DfqXo64+bcEfAs8SYkgyYo1NNvfiOicQjCUE60rnquNLUeUYZRDoOUH2uQhHZIC6qWChKCrvVGKw7wnlUauBkpe4TBI/X3RI+EWnfDwCZDYtp62huK/3nV2DTPaj0mZGxA0PFDzZhjE+FhX7jBFFDDu5YQqpj9K6Ztogg1ttWULcGbXnmWlI5y3knOuz7O5C8mdSTRDtpFWeShU5RHV6iAioiie/SIntGL8+A8Oa/O+ziacCYz2+gPnM8v/Bij7g==</latexit>

|�i(✏)� �i|  i ✏
<latexit sha1_base64="nAa0jqfWyLxxHe8uTcmA83B8gis=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyCCymJSHUjFN24rGAv0JQwmUzaoZNJmJkIJcmbuPFV3LhQRNz1bZy0WWjrDwM/3zmHM+f3YkalsqypsbK6tr6xWdmqbu/s7u2bB4cdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xrju6LefSJC0og/qklMBiEachpQjJRGrtlwxiiOkUvhDXT8QCCcZplwaZZB5xxmGStsnhYIOtiPFCxI7po1q27NBJeNXZoaKNVyzW/Hj3ASEq4wQ1L2bStWgxQJRTEjedVJJIkRHqMh6WvLUUjkIJ3dl8NTTXwYREI/ruCM/p5IUSjlJPR0Z4jUSC7WCvhfrZ+o4HqQUh4ninA8XxQkDKoIFmFBnwqCFZtog7Cg+q8Qj5AOSelIqzoEe/HkZdO5qNuNuv1wWWvelnFUwDE4AWfABlegCe5BC7QBBs/gFbyDD+PFeDM+ja9564pRzhyBPzKmP+c2o4k=</latexit>

i =
||ri|| ||li||
|ri · li|

non-self adjoint operator:

Small perturbation in operator; (potential) large displacement in eigenvalue

<latexit sha1_base64="YPi2qi/Td4YVGaivvUx+ba9RFpg="></latexit>

L 6= L† ?) ri , li ) i > 1

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

(Left eigenvector)

(Right eigenvector)
<latexit sha1_base64="V2+mfKCu8JmTxah9ykzEtcj7Azw=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCCymJiLoRim5cuKhgH9CEMJlM2qGTBzMToYSCG3/FjQtF3PoT7vwbp20W2npg4HDOPdy5x085k8qyvo3SwuLS8kp5tbK2vrG5ZW7vtGSSCUKbJOGJ6PhYUs5i2lRMcdpJBcWRz2nbH1yP/fYDFZIl8b0aptSNcC9mISNYackz926dYyQ8hi6Rw3UswB4rFM+sWjVrAjRP7IJUoUDDM7+cICFZRGNFOJaya1upcnMsFCOcjipOJmmKyQD3aFfTGEdUuvnkhhE61EqAwkToFys0UX8nchxJOYx8PRlh1Zez3lj8z+tmKrxwcxanmaIxmS4KM45UgsaFoIAJShQfaoKJYPqviPSxwETp2iq6BHv25HnSOqnZZzX77rRavyrqKMM+HMAR2HAOdbiBBjSBwCM8wyu8GU/Gi/FufExHS0aR2YU/MD5/ABkQlec=</latexit>

Lri = �i ri
<latexit sha1_base64="uwru6Du5CU2C7rqQ6C36g1OYudM=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6kYounHhooJ9QBPDzWTSDp08mJkIJfQP3Pgrblwo4tatO//GaZuFth64cDjn3pl7j59yJpVlfRtz8wuLS8ullfLq2vrGprm13ZRJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nL71+N/NYDFZIl8Z0apNSNoBuzkBFQWvLMg5t7J4BulwrnCHOP4Qvs+CAcrp8IwGOF6pkVq2qNgWeJXZAKKlD3zC8nSEgW0VgRDlJ2bCtVbg5CMcLpsOxkkqZA+tClHU1jiKh08/E9Q7yvlQCHidAVKzxWf0/kEEk5iHzdGYHqyWlvJP7ndTIVnrs5i9NM0ZhMPgozjlWCR+HggAlKFB9oAkQwvSsmPRBAlI6wrEOwp0+eJc3jqn1atW9PKrXLIo4S2kV76BDZ6AzV0DWqowYi6BE9o1f0ZjwZL8a78TFpnTOKmR30B8bnD3YWmwg=</latexit>

L† li = �̄i li



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

Pseudospectra:
<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1
<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i
<latexit sha1_base64="JrLH0TVNxZVE1lCFZwDfojIXUKw=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GpJabbsrunFZwT6gHUomzbShmWRMMkIp/Qk3LhRx6++4829MH4KKHrhwOOde7r0nTAQ3FqEPL7Oyura+kd3MbW3v7O7l9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoaua37pk2XMlbO05YEJOB5BGnxDqp3WWJ4ULJXr6AfITL1UoJIr94VsXlc0cqyAFD7KM5CmCJei//3u0rmsZMWiqIMR2MEhtMiLacCjbNdVPDEkJHZMA6jkoSMxNM5vdO4YlT+jBS2pW0cK5+n5iQ2JhxHLrOmNih+e3NxL+8TmqjSjDhMkktk3SxKEoFtArOnod9rhm1YuwIoZq7WyEdEk2odRHlXAhfn8L/SbPo4wsf35QKtctlHFlwBI7BKcCgDGrgGtRBA1AgwAN4As/enffovXivi9aMt5w5BD/gvX0CrYKQZw==</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i<latexit sha1_base64="TVeSsM99KpsgmOvZwxwcMMFyc4E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURUZdFNy4r2Ac0IUwmk3boZCbMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnhCmjSjvOt1VZW9/Y3Kpu13Z29/YP7MOjnhKZxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44uZ35/UciFRX8Qecp8RM04jSmGGkjBXbdYyYcoYA2PZIqygQ/C+yG03LmgKvELUkDlOgE9pcXCZwlhGvMkFJD10m1XyCpKWZkWvMyRVKEJ2hEhoZylBDlF/Pjp/DUKBGMhTSPazhXf08UKFEqT0KTTJAeq2VvJv7nDTMdX/sF5WmmCceLRXHGoBZw1gSMqCRYs9wQhCU1t0I8RhJhbfqqmRLc5S+vkt55y71sufcXjfZNWUcVHIMT0AQuuAJtcAc6oAswyMEzeAVv1pP1Yr1bH4toxSpn6uAPrM8fZJ6Umw==</latexit>

�i(✏) <latexit sha1_base64="JrLH0TVNxZVE1lCFZwDfojIXUKw=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GpJabbsrunFZwT6gHUomzbShmWRMMkIp/Qk3LhRx6++4829MH4KKHrhwOOde7r0nTAQ3FqEPL7Oyura+kd3MbW3v7O7l9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoaua37pk2XMlbO05YEJOB5BGnxDqp3WWJ4ULJXr6AfITL1UoJIr94VsXlc0cqyAFD7KM5CmCJei//3u0rmsZMWiqIMR2MEhtMiLacCjbNdVPDEkJHZMA6jkoSMxNM5vdO4YlT+jBS2pW0cK5+n5iQ2JhxHLrOmNih+e3NxL+8TmqjSjDhMkktk3SxKEoFtArOnod9rhm1YuwIoZq7WyEdEk2odRHlXAhfn8L/SbPo4wsf35QKtctlHFlwBI7BKcCgDGrgGtRBA1AgwAN4As/enffovXivi9aMt5w5BD/gvX0CrYKQZw==</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i<latexit sha1_base64="TVeSsM99KpsgmOvZwxwcMMFyc4E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURUZdFNy4r2Ac0IUwmk3boZCbMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnhCmjSjvOt1VZW9/Y3Kpu13Z29/YP7MOjnhKZxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44uZ35/UciFRX8Qecp8RM04jSmGGkjBXbdYyYcoYA2PZIqygQ/C+yG03LmgKvELUkDlOgE9pcXCZwlhGvMkFJD10m1XyCpKWZkWvMyRVKEJ2hEhoZylBDlF/Pjp/DUKBGMhTSPazhXf08UKFEqT0KTTJAeq2VvJv7nDTMdX/sF5WmmCceLRXHGoBZw1gSMqCRYs9wQhCU1t0I8RhJhbfqqmRLc5S+vkt55y71sufcXjfZNWUcVHIMT0AQuuAJtcAc6oAswyMEzeAVv1pP1Yr1bH4toxSpn6uAPrM8fZJ6Umw==</latexit>

�i(✏) <latexit sha1_base64="JrLH0TVNxZVE1lCFZwDfojIXUKw=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GpJabbsrunFZwT6gHUomzbShmWRMMkIp/Qk3LhRx6++4829MH4KKHrhwOOde7r0nTAQ3FqEPL7Oyura+kd3MbW3v7O7l9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoaua37pk2XMlbO05YEJOB5BGnxDqp3WWJ4ULJXr6AfITL1UoJIr94VsXlc0cqyAFD7KM5CmCJei//3u0rmsZMWiqIMR2MEhtMiLacCjbNdVPDEkJHZMA6jkoSMxNM5vdO4YlT+jBS2pW0cK5+n5iQ2JhxHLrOmNih+e3NxL+8TmqjSjDhMkktk3SxKEoFtArOnod9rhm1YuwIoZq7WyEdEk2odRHlXAhfn8L/SbPo4wsf35QKtctlHFlwBI7BKcCgDGrgGtRBA1AgwAN4As/enffovXivi9aMt5w5BD/gvX0CrYKQZw==</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

Wave on Sphere (self-adjoint problem) 
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Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

non-self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i
<latexit sha1_base64="pwvSSUb8VQ70udZzmYDF8Wegr7g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH07JkCY=</latexit>✏

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

non-self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i
<latexit sha1_base64="pwvSSUb8VQ70udZzmYDF8Wegr7g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH07JkCY=</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

non-self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

<latexit sha1_base64="TVeSsM99KpsgmOvZwxwcMMFyc4E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURUZdFNy4r2Ac0IUwmk3boZCbMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnhCmjSjvOt1VZW9/Y3Kpu13Z29/YP7MOjnhKZxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44uZ35/UciFRX8Qecp8RM04jSmGGkjBXbdYyYcoYA2PZIqygQ/C+yG03LmgKvELUkDlOgE9pcXCZwlhGvMkFJD10m1XyCpKWZkWvMyRVKEJ2hEhoZylBDlF/Pjp/DUKBGMhTSPazhXf08UKFEqT0KTTJAeq2VvJv7nDTMdX/sF5WmmCceLRXHGoBZw1gSMqCRYs9wQhCU1t0I8RhJhbfqqmRLc5S+vkt55y71sufcXjfZNWUcVHIMT0AQuuAJtcAc6oAswyMEzeAVv1pP1Yr1bH4toxSpn6uAPrM8fZJ6Umw==</latexit>

�i(✏)

<latexit sha1_base64="pwvSSUb8VQ70udZzmYDF8Wegr7g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH07JkCY=</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1



Pseudospectra:

NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator):

<latexit sha1_base64="NxghkXP9J3phxme3bBTze5N0Bj4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJiLosunHRRQX7gDSWyfQ2HTqZxJmJUEPxV9y4UMSt/+HOv3H6WGjrgQuHc+7l3nuChDOlHefbyi0sLi2v5FcLa+sbm1v29k5dxamkUKMxj2UzIAo4E1DTTHNoJhJIFHBoBP2rkd94AKlYLG71IAE/IqFgXUaJNlLb3vMqx5W7VoeEIUgftwTcY6dtF52SMwaeJ+6UFNEU1bb91erENI1AaMqJUp7rJNrPiNSMchgWWqmChNA+CcEzVJAIlJ+Nrx/iQ6N0cDeWpoTGY/X3REYipQZRYDojontq1huJ/3leqrsXfsZEkmoQdLKom3KsYzyKAneYBKr5wBBCJTO3YtojklBtAiuYENzZl+dJ/aTknpXcm9Ni+XIaRx7towN0hFx0jsroGlVRDVH0iJ7RK3qznqwX6936mLTmrOnMLvoD6/MHzOWUKQ==</latexit>

[L,L†] 6= 0

Spectra:
(Eigenvalue)

<latexit sha1_base64="NsO0LlcTL6Rkn1FNf4IdteNqgJQ=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC0MioiIIRTcKXVSwD2hCmEwm7dDJg5mJUNL+hRt/xY0LRdzqzr9x0nahrQcGDufcw9x7vIRRIU3zWyssLC4trxRXS2vrG5tb+vZOU8Qpx6SBYxbztocEYTQiDUklI+2EExR6jLS8/nXutx4IFzSO7uUgIU6IuhENKEZSSa5u2IJ2Q1SpHV5AOBzCGjyCNlN5H7kUZnaIZM/z4O1IeZ fQdPWyaZhjwHliTUkZTFF39S/bj3EakkhihoToWGYinQxxSTEjo5KdCpIg3Edd0lE0QiERTja+awQPlOLDIObqRRKO1d+JDIVCDEJPTeZ7ilkvF//zOqkMzp2MRkkqSYQnHwUpgzKGeUnQp5xgyQaKIMyp2hXiHuIIS1VlSZVgzZ48T5rHhnVqWHcn5erVtI4i2AP7oAIscAaq4AbUQQNg8AiewSt40560F+1d+5iMFrRpZhf8gfb5A+jOnUc=</latexit>

�(L) : ||L� �iI|| = 0

<latexit sha1_base64="Ual0bVCeLr9tzmxiJ88OYNVXZTY=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyURUZdFNy6r2Ac0oUwmt+3QySTMTJQS+yluXCji1i9x5984bbPQ1gMDh3Pu4d45QcKZ0o7zbRVWVtfWN4qbpa3tnd09u7zfUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHoeuq3H0AqFot7PU7Aj8hAsD6jRBupZ5czT0b4DiZVj5tUSE56dsWpOTPgZeLmpIJyNHr2lxfGNI1AaMqJUl3XSbSfEakZ5TApeamChNARGUDXUEEiUH42O32Cj40S4n4szRMaz9TfiYxESo2jwExGRA/VojcV//O6qe5f+hkTSapB0PmifsqxjvG0BxwyCVTzsSGESmZuxXRIJKHatFUyJbiLX14mrdOae15zb88q9au8jiI6REeoilx0geroBjVQE1H0iJ7RK3qznqwX6936mI8WrDxzgP7A+vwBaPKTcw==</latexit>

Re(�)

<latexit sha1_base64="Qrms0r0/UxMZ/Ma/W+cvT+ZijiQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahbkoioi6LbnRXwT6gCWUymbZDZ5IwM1FK7Ke4caGIW7/EnX/jtM1CWw8MHM65h3vnBAlnSjvOt1VYWV1b3yhulra2d3b37PJ+S8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4j1GcHaSD27nHlSoFsxqXrcpEJ80rMrTs2ZAS0TNycVyNHo2V9eGJNU0EgTjpXquk6i/QxLzQink5KXKppgMsID2jU0woIqP5udPkHHRglRP5bmRRrN1N+JDAulxiIwkwLroVr0puJ/XjfV/Us/Y1GSahqR+aJ+ypGO0bQHFDJJieZjQzCRzNyKyBBLTLRpq2RKcBe/vExapzX3vObenVXqV3kdRTiEI6iCCxdQhxtoQBMIPMIzvMKb9WS9WO/Wx3y0YOWZA/gD6/MHZ1uTcg==</latexit>

Im(�)

<latexit sha1_base64="j9yxmHDiBylN3SLJORGPiSdTm0o=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8uMiIqIFN0odFHBPqAzDJk0bUMzmSHJCGXav3Hjr7gRVESX/omZtoK2Hggczrn35t7jR4xKZVmfRmZufmFxKbucW1ldW98wN7dqMowFJlUcslA0fCQJo5xUFVWMNCJBUOAzUvd7V6lfvydC0pDfqX5E3AB1OG1TjJSWPPPCkbQTIM8hkaQs5IXy/hmEgwEswwPoMD2ohTwKEydAqu v78GaovXP4U+6ZeatojQBniT0heTBBxTNfnFaI44BwhRmSsmlbkXITJBTFjAxzTixJhHAPdUhTU44CIt1kdOcQ7mmlBduh0I8rOFJ/dyQokLIf+LoyXVdOe6n4n9eMVfvUTSiPYkU4Hn/UjhlUIUxDgy0qCFasrwnCgupdIe4igbDS0eZ0CPb0ybOkdli0j4v27VG+dDmJIwt2wC4oABucgBK4BhVQBRg8gCfwCt6MR+PZeDc+xqUZY9KzDf7A+PoG5r2kwQ==</latexit>

�✏(L) : ||L� �iI|| < ✏

<latexit sha1_base64="GkRSVVBa3Q4BICNcHvHpNji9OuM=">AAACIHicbVDLSsQwFE19juOr6tJNcBAUZWhF1I0w6MbFLEZwVJiWIU1vNUya1CQVhuqnuPFX3LhQRHf6NWYegq8DF07OuZfce6KMM208790ZGR0bn5gsTZWnZ2bn5t2FxVMtc0WhSSWX6jwiGjgT0DTMcDjPFJA04nAWdQ57/tk1KM2kODHdDMKUXAiWMEqMldrubn0tgEwzLsU63sd1vIG/3jiIgRuC65s4uMpJjG++hJt9v+1WvKrXB/5L/CGpoCEabfctiCXNUxCGcqJ1y/cyExZEGUY53JaDXENGaIdcQMtSQVLQYdE/8BavWiXGiVS2hMF99ftEQVKtu2lkO1NiLvVvryf+57Vyk+yFBRNZbkDQwUdJzrGRuJcWjpkCanjXEkIVs7tiekkUocZmWrYh+L9P/ktOt6r+TtU/3q7UDoZxlNAyWkFryEe7qIaOUAM1EUV36AE9oWfn3nl0XpzXQeuIM5xZQj/gfHwC1s2g8Q==</latexit>

L(✏) = L+ ✏�L, |�L| = 1

non-self adjoint operator:

<latexit sha1_base64="igMgnpftNemkVKOQaHEltEpLQK0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG5cVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6mfoPT1QbpuS9Hac0FHggWcIItk567HEXjXGf9as1v+7PgJZJUJAaFGj2q1+9WJFMUGkJx8Z0Az+1YY61ZYTTSaWXGZpiMsID2nVUYkFNmM8WnqATp8QoUdo9adFM/T2RY2HMWEQuKbAdmkVvKv7ndTObXIU5k2lmqSTzj5KM I6vQ9HoUM02J5WNHMNHM7YrIEGtMrOuo4koIFk9eJu2zenBRD+7Oa43roo4yHMExnEIAl9CAW2hCCwgIeIZXePO09+K9ex/zaMkrZg7hD7zPH72nkF8=</latexit>

�i

<latexit sha1_base64="TVeSsM99KpsgmOvZwxwcMMFyc4E=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyURUZdFNy4r2Ac0IUwmk3boZCbMTIQQ6q+4caGIWz/EnX/jtM1CWw8MHM45l3vnhCmjSjvOt1VZW9/Y3Kpu13Z29/YP7MOjnhKZxKSLBRNyECJFGOWkq6lmZJBKgpKQkX44uZ35/UciFRX8Qecp8RM04jSmGGkjBXbdYyYcoYA2PZIqygQ/C+yG03LmgKvELUkDlOgE9pcXCZwlhGvMkFJD10m1XyCpKWZkWvMyRVKEJ2hEhoZylBDlF/Pjp/DUKBGMhTSPazhXf08UKFEqT0KTTJAeq2VvJv7nDTMdX/sF5WmmCceLRXHGoBZw1gSMqCRYs9wQhCU1t0I8RhJhbfqqmRLc5S+vkt55y71sufcXjfZNWUcVHIMT0AQuuAJtcAc6oAswyMEzeAVv1pP1Yr1bH4toxSpn6uAPrM8fZJ6Umw==</latexit>

�i(✏)

<latexit sha1_base64="pwvSSUb8VQ70udZzmYDF8Wegr7g=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH07JkCY=</latexit>✏

<latexit sha1_base64="f3me9P0MJGZXot7JrGxLg4W5Pj0=">AAAB+3icdVDLSsNAFJ3UV62vWJduBotQNyGp1ba7ohsXLirYBzQhTKaTduhkEmYmYgn9FTcuFHHrj7jzb5w+BBU9cOFwzr3ce0+QMCqVbX8YuZXVtfWN/GZha3tnd8/cL3ZknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4wvZ373jghJY36rJgnxIjTkNKQYKS35ZtGVdBgh3yWJpCzm5esT3yzZlu3UGvUqtK3KacOpnWlStzUc6Fj2HCWwRMs3391BjNOIcIUZkrLv2InyMiQUxYxMC24qSYLwGA1JX1OOIiK9bH77FB5rZQDDWOjiCs7V7xMZiqScRIHujJAayd/eTPzL66cqrHsZ5UmqCMeLRWHKoIrhLAg4oIJgxSaaICyovhXiERIIKx1XQYfw9Sn8n3QqlnNuOTfVUvNiGUceHIIjUAYOqIEmuAIt0AYY3IMH8ASejanxaLwYr4vWnLGcOQA/YLx9AvTMlGU=</latexit>

�✏(L)

<latexit sha1_base64="trs097+kwqcvauqQYwEg+4NtV9U=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1MIiaGMZwZjA5Qh7m0myZG/32N0TQsjPsLFQxNZfY+e/cZNcoYkPBh7vzTAzL04FN9b3v73Cyura+kZxs7S1vbO7V94/eDQq0wwbTAmlWzE1KLjEhuVWYCvVSJNYYDMe3k795hNqw5V8sKMUo4T2Je9xRq2TwjamhgslyXXQKVf8qj8DWSZBTiqQo94pf7W7imUJSssENSYM/NRGY6otZwInpXZmMKVsSPsYOippgiYaz06ekBOndElPaVfSkpn6e2JME2NGSew6E2oHZtGbiv95YWZ7V9GYyzSzKNl8US8TxCoy/Z90uUZmxcgRyjR3txI2oJoy61IquRCCxZeXyeNZNbioBvfnldpNHkcRjuAYTiGAS6jBHdShAQwUPMMrvHnWe/HevY95a8HLZw7hD7zPH53mkNE=</latexit>

✏ < 1

Take away message:
The unperturbed operator contains all pieces of 
information to assess potential spectral instabilities 
Tools to measure: condition number and pseudospectra



NON-NORMAL OPERATORS:  
NO SPECTRAL THEOREMS

If
Completeness more difficult to study 
Eigenvectors not necessarily orthogonal
Spectral Instabilities

Non-Hermitian Physics (non-self adjoint operator): 
Flow of energy, particles and information to external degrees of 
freedom out of the Hilbert space
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<latexit sha1_base64="cDwNzxxW5LSFSUeCg7pC9yHIGg0=">AAACAnicbVC7SgNBFL3rM8bXqpXYDAbBKuyKqI0QtLGwiGAekF2W2clsMmT2wTyEEIKNv2JjoYitX2Hn3zibbKGJBy4czrl35t4TZpxJ5Tjf1sLi0vLKammtvL6xubVt7+w2ZaoFoQ2S8lS0QywpZwltKKY4bWeC4jjktBUOrnO/9UCFZGlyr4YZ9WPcS1jECFZGCux9L8NCMcwDT2GNNEKXiKFbhHRgV5yqMwGaJ25BKlCgHt hfXjclOqaJIhxL2XGdTPmj/HnC6bjsaUkzTAa4RzuGJjim0h9NThijI6N0UZQKU4lCE/X3xAjHUg7j0HTGWPXlrJeL/3kdraILf8SSTCuakOlHkeZIpSjPA3WZoETxoSGYCGZ2RaSPBSbKpFY2IbizJ8+T5knVPau6d6eV2lURRwkO4BCOwYVzqMEN1KEBBB7hGV7hzXqyXqx362PaumAVM3vwB9bnD8B4lbU=</latexit>

@⌧u = iLu
<latexit sha1_base64="VElvyTqvPM9uDezkSvQY84EEc3U="></latexit>

L =
1

i

✓
0 1
L1 L2

◆

<latexit sha1_base64="aPeLtkHtfa6zzttog3R1V4BMm/I=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4kJKIqMeiF48V7AcksWy2m3bp7ibsbpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8y8KOVMG9f9dpaWV1bX1ksb5c2t7Z3dyt5+SyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1oeDPx249UaZbIezNKaShwX7KYEWys9BBo1hc4YNJ3T72wW6m6NXcKtEi8glShQKNb+Qp6CckElYZwrLXvuakJc6wMI5yOy0GmaYrJEPepb6nEguown149RsdW6aE4UbakQVP190SOhdYjEdlOgc1Az3sT8T/Pz0x8FeZMppmhkswWxRlHJkGTCFCPKUoMH1mCiWL2VkQGWGFibFBlG4I3//IiaZ3VvIuad3derV8XcZTgEI7gBDy4hDrcQgOaQEDBM7zCm/PkvDjvzsesdckpZg7gD5zPH6E3kfE=</latexit>

� 2 [0, 1]

<latexit sha1_base64="WA9tOTZ0IW+GZQF98n4n9+xeqVQ="></latexit>

L2 = (1 + �)�1

 
(1� 2�2)@� � 2�

!

<latexit sha1_base64="GI+3EXAu+3ShkKuJ29eArsspyic="></latexit>

L1 = (1 + �)�1

 
@�
⇥
�2(1� �)@�

⇤

�
⇥
`(`+ 1) + (1� s2)�

⇤
| {z }

q`

!



SPECTRAL INSTABILITY
•Condition Number + Pseudospectral tools applied to Schwarzschild

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

−50

−40

−30

−20

−10

0

−10 −8 −6 −4 −2 0 2 4 6 8 10

Re(ωn)

0

1

2

3

4

5

6

7

8

9

10

11

12

Im(ωn)

0

30

60

0 4 8 12

0

2

4

6

8

10

12

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

log

(

κn

κ0

)

n

Im(ωn)

Re(ωn)

<latexit sha1_base64="57Pp2gOwwkzGOpzj5OQEcUK2Fjs=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGRN0IRTcuXFSwD+gMJZNm2tA8hiQjlKG48VfcuFDErV/hzr8xbUfQ1gMXTs65l9x7ooRRbTzvyyksLC4trxRXS2vrG5tb7vZOQ8tUYVLHkknVipAmjApSN9Qw0koUQTxipBkNrsZ+854oTaW4M8OEhBz1BI0pRsZKHXfvBgZ9ZGAKL2AgOemhn3fHLXsVbwI4T/yclEGOWsf9DL oSp5wIgxnSuu17iQkzpAzFjIxKQapJgvAA9UjbUoE40WE2OWEED63ShbFUtoSBE/X3RIa41kMe2U6OTF/PemPxP6+dmvg8zKhIUkMEnn4UpwwaCcd5wC5VBBs2tARhRe2uEPeRQtjY1Eo2BH/25HnSOK74pxX/9qRcvczjKIJ9cACOgA/OQBVcgxqoAwwewBN4Aa/Oo/PsvDnv09aCk8/sgj9wPr4BgCGVlQ==</latexit>
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Partial Conclusions:
Condition number and pseudospectra indicate potential 
instabilities under perturbation of the operator.
Physical scenario: ad hoc modification of the potential
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Partial Conclusions:
Fundamental Mode is stable (potential perturbation respects 
asymptotic decays: ultra-violet effect)
Overtones are stable under low wave number perturbation
Overtones are unstable under high wave number perturbations
Fundamental Mode is unstable (potential perturbation disturbs 
asymptotic decays: infra-red effect)  
“the elephant and the flea effect- M. Cheung, K. Destounis, RPM, E. Berti, V. Cardoso. PRL 128 11 (2022)”



TIME X FREQUENCY DOMAIN
•Can we read, unveil, detect instability in the GW signal?
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CONCLUSION
•Hyperboloidal Framework for perturbation theory: 

•Fundamental aspects of black-hole physics: 
Use of tools from theory of scattering resonances and non-self adjoint 
operators — pseudospectra — to assess structural aspects of QNM spectra.

•Perspectives: 
Astrophysics and Cosmology: Black hole spectroscopy; universality of 
compact object QNM 
 
Fundamental gravitational physics: (Sub)planckian-scale physics; QNMs and 
strong cosmic censorship; spacetime semiclassical limits  
e.g. R. Konoplya et al. JCAP 10 091 (2021) - Asymptotically safe gravity 
 
Mathematical relativity: Formal statements of the numerical experiments
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