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Linking, number partitioning, and entanglement
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The Borromean rings, a type of topological link, and the quantum GHZ state share a common feture. Cutting
out or removing one of the components in the Borromean rings leaves the two others unlinked. Analogously,
tracing out the Hilbert space of one of the subsystems in the GHZ yields a separable state. Aravind, Kauffman
and others put forward the question if such an analogy may be used to map quantum states in a way similar to
graph states. The relation between topological linking and quantum entanglement is an interesting concept
in its own right; One may wonder what would be the quantum mechanical analog of topological equivalence
of knots and links. In this work, we present some new results connecting topological linking and entangled
quantum states. In particular, we construct a quantum state analog of the Brunnian links, of which the Bor-
romean rings is the simplest case.The newly constructed states have the property of becoming uncorrelated
upon tracing out any one of the subsystems.

Our approach relies on a unique representation of number partitioning —the problem of determining whether
or not a set of integers may be partitioned into two subsets having the same sum. This problem is sometimes
referred to as the easiest NP-complete problem for having a pseudo-polynomial time dynamic programming
solution. The idea is to construct a n- partite quantum state based on a set of n integer numbers, which is
necessarily entangled if the set of numbers admit a balanced partitioning, and is uncorrelated otherwise. The
distinguished feature of the Brunnian links may, at that point, be readily translated into number partitioning: a
set of numbers admitting a balanced partitioning of which the subsets have no partition. The Borromean rings,
for instance, may correspond to a state encoded by the set {1,2,3}. Indeed, this set has a balanced partition, {1,2}
and {3}. Removing any one of the numbers from this set yield the subsets {1,2}, {1,3}, or {2,3}, none of which have
a partition. Similarly, the 4-component Brunnian link corresponds to {2,3,4,9}. Our scheme for constructing
the mentioned quantum states shows that the Brunnian linking property may be translated into partitioning
which may be further translated into quantum entanglement, or concisely written: topological linking —->
balanced partition exists —> entangled state, and unlink —-> unbalanced partitioning —-> uncorrelated state.

We discuss the implications of this new construction in the context of topological quantum information.
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