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In the QCD era

- Let us leave the old Regge theory for now, we keep in our

discussion though terms like “Regge Limit’", “trajectory’,
“power-like rise with energy”

- We believe that QCD is the fundamental theory for hadronic
collisions

- What does QCD have to say about the rise of the scattering
amplitudes at high energies

+ Does the Pomeron fit within pQCD or is it of non-perturbative
nature?

- The answers (or attempts to answers) to the above started in
the 70's



In the early days of QCD

. A(s, 1) ~ B(1)s™? Regge trajectory
- The Pomeron couples to quarks as a photon (?)
- Donnachie and Landshoff (1979, 1984) fitted

4 20(1)—2
do_el g4 [3F1(t)] S ’ _
— — to the available pp data and

dr 4rsin2 (”“””(”> S0

2
obtained ap(0) = 1.08, ap = 0.25GeV~, g*=3.21GeV~2
- Soft Pomeron
- Low and Nussinov (1975, 1976) proposed to picture Pomeron
as a two-gluon exchange



Donnachie & Landshoff (2013)
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The QCD perturbative Pomeron



The Balitsky-Fadin-Kuraev-Lipatov
(BFKL) equation

This big adventure started almost 50 years ago

L. N. Lipatov, Sov. J. Nucl. Phys. 23 (1976) 338; 1464 citations

E. A. Kuraev, L. N. Lipatov, V. S. Fadin, Phys. Lett. B 60 (1975) 50, Sov. Phys. JETP 44
(1976) 443, Sov. Phys. JETP 45 (1977) 199. 3670 citations

Ia. Ia. Balitsky, L. N. Lipatov, Sov. J. Nucl. Phys. 28 (1978) 822. 4056 citations



» NLO BFKL

What we will cover and what not

- Reggeization of the - CCFM
gluon . BK

- LO BFKL equation - CGC

+ Intro to methodology . Saturation

+ ... and many more
- Impact factors

The aim is to show you that this is “good
physics”. If still things are not so clear, please

o SSUGS/prOblemS do not despair, many great people found it
hard in the beginning.

- Phenomenology



BFKL how to, step O

P

1

Y

Start from the simplest q q scattering,
with momenta p1 and p2

Remember that you will have to see
an power-like rise to cross sections

You will be hunting logarithms, in
particular, In s

The last two points are D
interconnected as we will soon see




Some considerations before
resummation

- Q: What is the most relevant scale in high energy scattering?

- A: The center-of-mass energy squared s

- Q: In which functional form does s appear in the Feynman diagrams?

. Ara'(In s)" If m=n, a;'(In 5)", leading logarithmic approximation LLA

- Q: Can one isolate those Feynman diagrams that come with a numerically important
[a]"(In s)" ~ 1] contribution?

- A: It depends (for this lecture the answer is yes)

- Q: Can one resum all these diagrams with important as™ In(s)" contributions to all
orders in as?

- A: It depends (for this lecture the answer is yes)



a,p

Feynman rules for QCD
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BFKL how to, still step O

Assume that whatever is exchanged
to the t-channel has mainly
transverse components and also that
it is much smaller than s.

Actually the kinematical limit we are
working inis s >> |t|, u~-s

Then the quark-gluon vertex can be
written as

_igs'a(pl)'ﬁtu(pl) = —2’1293]# p
2

Y

Y
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Sudakov parametrization

\
AR = (A% AY, A%, 4°%) = (A%, A, A3) = (A°, A)
Light-cone
Ai 1 (AO A3) e (A+ - A ) > components
— T = T — . —7 L1
\/5 J
P = —=(4,0,0,4), AT = apf 4 fnf + A)
e = (A-m)p" + (A-p)n* + A4
nt = 7 (A71,0,0,—A71)
A’ =203 — A?
2 _ 1
n“=0, p-n=1, nmT=p =0
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BFKL how to, step 1

q=oap1 + Bp2+ q1

2

S

2
Juv = g(plp,p%/ +p11/p2u) + Guv |

2p1p2 and t = ¢ = afs — q2

A0 (s,t) = 8mastlty,

p, Iz p,
> '
Ay A
q
Ay Ay
> »- -
p V P2

S . o
q_2 — SWastijtklZ
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BFKL how to, step 2

" cut ,
| % | a
[F‘ - C’%\ \9(\?/ 1
Ik k] B e | f
S § 9/ O&\ k v ! k -q
g A |
P, P, P, P, :
(@) (b) T T
P, P,

ImA®D (s 1) = / A, AO) (s, k2) AOT (s, (k — q)?)

\

y
WOL010101010I010

A (s,k2) = —8ra(t5;t5) 5

/dH /d4k 5((p1 = k)*)8((p2 + k)?)

—ap1+Bp2+ ki A (s, (k —0)?) = ~Br0(17ut0)" G oo

4k = %dadﬂaﬁk

2 2
AW (s,t) = —4—3 (t*t%)i; (17w 1n( )s / kz(z kq)fJ

Dispersion relations



BFKL how to, still step 2

\
16T
(1) — S (o aiBy °
AV (s,t) N, (t%t7)s5 (E%¢ )kl ln( ) €(t) The two
6 } one-lloocpl)
T U U amplitudes
Ado(5,1) = = (1) () M e(t) | 7
‘ y
- t_NCas/_2 d?k
after setting: €(t) = A2 q k2(k — q)2

Remember that we said we are hunting logsin s

A= ReA+ iImA ~ Blnz —Blnﬂ — BB

ReA = —1 ~ImAln ml
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BFKL how to, step 2 final

Putting together the two amplitudes for the one-loop, we obtain:

S S

Aél) (S,t) = 87T(1,3t% %lz h’l(m) C(t) = A(O) ln(—) C(t)

These

diagrams
come in the 3L 4
next order S S

\
\
SN ‘ ) v
SHNe N4 e
RSN 3 X




BFKL how to, step 3

P, . . . .
o e -
3 3 )
K I
K l l Kk o ke # 3 J
Cy‘ C)‘ ()]
e e .
3 3 e
> » > = > > / /
p2 p2
p, P,
o ' O\ /é\
é%] ' Cg}\ \)
N A '
- O D
ky | Lk, O kA s : /
1 - )
ﬂ , S O\
P P,

Agz)(s,t) = A0 (s, 1) lln ( °

Stay on the virtual contributions, real contributions will come afterward 17



BFKL how to, ... pause...

Guv [ S\ (@)
D, (s,q2) = —iIH (—)
M (Sac.Z) ¢ q2 k2

The reggeization of the gluon; Bootstrap equation
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BFKL how to, next step, real

corrections

P,

Y
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Lipatov's effective vertex (-




BFKL how to, next step, real

corrections
k1 = a1p1 + Bipa + k11 1 >> a1 >> a
ko = awp1 + Bap2 + ko | . 1 >> |B2] >> |5

82
dll. = doi doodB: dBod?kd%k
/ 3 4(27r)5/ a1dagdf1dfad k1 d ks

5(—P1(1 — o1)s —kT) 6(c2(1 + B2)s — k3) P,
5((a1 — a2)(B1 — B2)s — (k1 — k2)?).

1
/ dll; = ! / doy d?k, d?k,
5}
4(2m)°s Jxz/s o

\ J
Y

S
n (k—s)




Al mOSt there “u s Strong ordering in rapidity

pl
Now, time to iterate, assume the t- 'k a ’/;1 . .
. 1’
channel gluons to be reggeized gluons, 1 S
use the conditions: I
K, a,, f,
ki~ k) ~ ki >~k ;.. @k, ~ ko > g =~ s, . : .
S '
1> a1 > a > ..o > aip1 > apt1 > ?0, ’ :
so k o, .pP,
1> [Bra| > 1Bal > o> B > |51 > . T 2 "R TH
The (n+2)-body phase will now be
k.l aj ’ I[)).i

much more complicated

] [ ]
L ®
Kn, a., P

21
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Ladder
diagrams

Remember that we were
calculating the imaginary part of
the amplitude to the right.

This type of diagrams are called
ladder diagrams

Y

K, a,, f,
&)
8]
o]
)
Ky Oy Psa
K; a;, fi

Y

\
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1 n
Im A(S, t) — § (—1) gp101 * 'gann

/d]]n+2A2_,n+2(k1,... k) A7 (ky = gy ko — )



Almost there... but before we have to
do something with the phase space ...

— 2
Mo = gy oy | 1] desdsid®s
=1

x 8 (=il —ar)s —k7) 8 (ans1(1+ Bas1)s —knsy) >

n

% H5 (0 — @j+1) (B = Bj+1)s — (kj — kj+1)?)

=1

After integrating over ,Bi we obtain:

d(li
Qg

1 n 1 1
dIl ;42 = d
T2 gnd (27)3n+2 E/am /0 Qn+1

n+1
X H /dzkjd (ans15 — k%) .
a=1

The (n+2)-body
phase space



Mellin transform

Inverse Mellin transform

Mellin transform of f(s):

Mellin transform

19 =55 [0 ()

f(s) is the convolution of n functions g;

n 1
daoy;
f(s) = H/ o 9i
i=1"Y Xit1

fw =1]

(%‘-1) S0 0(ans — So)

) 07

1 1 n
/ dpi p¥ " gi <—) = Hﬁi(w)
0 Pi i1

(1)

(2)

(3)

(4)
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Mellin and inverse Mellin transform

Remember also that to unfold the nested integration we took a Mellin transform

= 7o) () e

26



Mellin transformed amplitude

oo n+l
d?k;

fr(w,q®) = (4mas)?Gr Y]] 2m)?

) | n=0 i1=1 .
k2(k1 — q)? w— (k) — e((k1 — 9)?)
X (—2asnr) K(k1, k2)
1 1
“K2(kz — q)% w— e(kZ) — e((ka — )2)

9 1 1
k%—i—l(k'nﬁ-l - Q)2 w@ 6((kn+l _ Q)Q)
27




Mellin transformed amplitude

oo n+l
d?k;

fr(w,q") = (Ura)Gr 3 [ o

1 n=0 i=1 1
“ K2k — )2 w— e(k2) — (k1 —9)?)
X (—2asnr) K(k1, k2)

1 1
“ KZ(ks — )2 w— €(k2) — e((k2 — q)?)

X (—2asnr) K(kn,kni1)
1 1

X
k%+1(kn+1 —q)* w— f(k721+1) — €((kny1 — 9)?)

The equation is an infinite series where each term
Involves multiple integrals

over the transverse momenta k;.

The kernel K (k;, k;11) and the

propagators = appear in each term.

k?(ki_Q)

28



Mellin transformed amplitude

oo n+l
2

fr(w,q*) 47ras

1 1
K2k — q)? w— e(k2) — (k1 — 0)?)
X (—2asnr) K(k1, k2)
y 1 1
k3(ks — q)2 w — (k) — e((k2 — q)?)

X (—2asnr) K(kn,kni1)
1 1

k%+1(kn+1 —q)* w— f(k721+1) €((kny1 — q)?)

X

Introduce Fr(w, k,q):
Define the function Fr(w, k, q) such that it

encapsulates the infinite series of integrals and summations.

This function will then satisfy an integral equation,
which can be recursively solved.

29



Mellin transformed amplitude

oo n+l
2

fr(w,q%) 47r04S

1 1
K (k1 — @)% w — e(k?) — e((k1 — 9)%)
x (—2asnr) K (k1, k2)
X ! 1

K30z — @) w— e(R3) - e((kz — 0))

X (—-2(137']]?,) K(kn7 kn+1)
1 1

k%+1(kn+1 - q)? w— 6(k721+1) €((kny1 — q)?)

X

Recursive Structure: Each subsequent term in the series

Notice that FR(Q, k,q) can be defined reFursively. can be written in terms of the previous
The initial term in the series (forn = 0) gives: term by introducing an additional
1 integration over K and multiplying by
FR W, k7 q) — .. K.
( ) w— () — e((k —q)?) the kernel K(K;, K;, 1)

30



Mellin transformed amplitude

oo n+l

fr(w, q 47ras

1 1
“ K2 (k1 — )2 w— e(k2) — e((k1 — q)?)
X (—2as77R) K(kl, kg)
y 1 1
k3(kz — q)? w — e(kZ) — e((kz — q)?)

X (—2asnr) K(kn, kni1)
1 1

k%+1(kn+1 —q)* w— €(k721+1) €((kny1 — q)?)

X

1 20i5MR d’k
/ ey > K(k,k)Fr(w, K,q)

FR(w,k, Cl) — w — E(kz) — 6((1{ — q)z) [1 — A2 K — Q)

BFKL equation

31



Let us try to understand the BFKL
equation

Let us define the following:

f_l_(W, q2) - (87{20‘3)

5 N2 —1 d2k / d’k’ F(w,k,k',q)
4N, (2m)? ) (27)%2 K2(k — q)?

Then we will have the following integral equation in which we
encode the behaviour of f,(w, q°):

w— €(—k?) — e(—(k - @)*)] F(w,k,K',q)

N .« K(k,K)
L2 S )
= 6“(k — k') — 53 /dzn T p——" F(w,k, k', q)

32
The subscript R in f will be from now on 1



Let us try to understand the BFKL
equation

|l
+




Let us try to understand the BFKL
equation

1 n
Im A(S,t) = 5 (_1) dpi01 ++Gpnon

« / ATy AZP0 (K, o ) ASS 7 (B = gy K = q)

1 00 1 1 e(k?)+e((k1—q)?)
Im Ag(s,t) 4s5%g dII,
i T2 nz() / e k3 (k1 — q)? (al)

<11

Z:1 { ’I,-+—1 7'+]. q)2
( a; )e(ki+1)+€((ki+IQ)2)
41

CPi(ki, kiv1) Cp, (ki + g, —kiy1 + q)

_ o [q2 ki (kisi—q)® ki, (ki —q)”
(ki — kig1)? (ki —kiy1)?

(—2nr) K (ki, kit1)

X

effective vertices

Contraction of Lipatov's}

] = -2 K(kz, ki+1)34



Flna”y the BFKL equation Strong ordering in rapidity
pl

- . 1 - -
- - - -

Again, time to iterate, set the t-channel K a,, B
gluons to reggeized gluons, use the 1 S
conditions: K, o, f,
k2zszz...k?'zkfﬂ...:ki:kflﬂ>>q2230, . : .
S0 o ' o

1> a1 > a > .. ap > aip1 > apt1 > 3

80
1> |Bnt1| > |ﬁn| > L > |,32| > |,B1| > "

and after the Mellin transform to unfold
the nested integrations over phase
space, we finally get:

wf,(k1,ka,q) = 6%(k; — ko)
2

ds 2 —q
+27l‘ d l{ (l — (1)21(% fw(la kQ,Q)

2
e (ke Gh199)
1 ((k1 — q)*1fu(1, ko, g%)
(1 k)2 (1-q)2k?
(k1 — ) fu(k, ke, qz)) }
(1—-q)?(k; —1)? ’

+

Y

Y
o
n




The BFKL equation for zero
momentum transfer

wf,(ki, ko) = 6%(k; — ko)

Qg d?1 k%fw(kl,kg)
+27r/(l—k1)2 (f‘*’(l’k2)_ l2+(k1—l)2> a

We can rewrite the equation above very nicely as
wfo(ki, ko) = 62(k; — ko) + /d2l K(ki,1) f(1, ko)

where K(ki,1) is the BFKL kernel:

N0 1
7!'2 (k1 — k2)2 .
K::;;l

K(ki,1) = 2¢(—k?)6%(ky —1) +

N
K:virt

We can go back to s-space:

1 c+1i00 S w
f(87k17k27Q) — a_- dw | — fw(klakQaq)

270 J o ioo 50
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A hadronic elastic amplitude
0

A

Impact factors... ? (4N.In2)/m)as ~ 0.5. (s ~ 0.2)

B —>

O

d2k1 d2k2 (s kl,kz,q)
= (0]

k27 Q)

37



Let us make a summary here

- \We have shown how to derive the BFKL equation at LO

- We find that the exchange of ladder-diagrams leads to an
exponential rise for the total cross section

- The resummation of all these ladders gives an intercept ~
0.5, perturbative Pomeron

- What is the connection between 'soft' and 'hard' Pomeron?

- Old ideas from Regge theory find accommodation -not in
an always clear way- in QCD

38



The BFKL equation, again

wF(w, k, k', q) = 62(k — k)

Nc S —q*
+ a /d2n{( | F(w,k, k', q)

_+_

+

272 K — q)*k?
1 i k?F(w,k,k', q)

F '.q) —
(h‘,—k)2 - (UJ,R,’C,Q) K,2+(k—K,)2
1 P(k—Q)Q K* F(w,f‘i,k’,Q)

(k — k)? (k —q)* k2

g Ff( |}
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To complete the story...

Suppose now that we know F'(w, k, k', q)

The we take an inverse Mellin
transform to go back to s-space

1 c+100 w
F(S,k,k,,Q) — / dw (I%) F(w,k,k,,Q)

2'/Tl —io0o

To recover the imaginary part of the ladder diagrams all we need to do is:

ImAl(s,t) _ (87r2a )

o N2 —1 d?k / d’k’ F(s,k,k',q)
S 4N, (27)?

(27)? k"% (k — q)?

40



The BFKL equation for zero
momentum transfer, q=0

2
CUF(w,k,k,) — 52(k . kl) + Ncas / d K

2 (k — K)?
X [F(w,ko,k’) ~ (k;c ) F(w,k, k')]

Or symbolically:

wF(w, k, k') =6k —-K)+ /dzn Kk,k) Flw,k, k")

N o 1

where K(k,k) = 26(—’“2) 52(k —K)+ 2 (k — n)2

N .o
Kok, ) = 26(—k2) (k= )| | Kromt(k, ) =~ ——

2 (k—K)?
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SOLVING THE BFKL EQUATION



Solution for zero momentum transfer

Let us write symbolically: wF =14+ F

By solving the equation we
mean finding IC X ¢a = wad)a

eigenfunctions such that:

The eigenfunction obey the Z bo (k) d% (k') = 6% (k — k')

completeness relation:

* /
ba(k) O (k')
equation will be: T W — Wy
/V
a denotes a set of indices that can be discrete or continuous and the
summation symbol can hide an integration

Then the solution to the first F(w, k k') =

43



Solution for zero momentum transfer

Let us write symbolically: wF =14+ F

By solving the equation we

mean finding K QR by = waPa

eigenfunctions such that:

Actually, if we use polar coordinates k — (|k|, 19)

1

_ _ | . k ’19 — k2 —-%-}-il/ ein’l9
the eigenfunctions are: ¢ (| | ) ’/T\/§ ( )
obeying: /ko ¢"V(k) (bn’u’(k) = Onn’ 5(’/ - V,)
204N, In|+1 .
whereas the eigenvalues are: wn(u) - Y4 Re [w ( 2 + 11/) Bl w(i4)J



Solution for zero momentum transfer

The solution will then be:

00 +00 eiu ln(:%—)
F(w, k, k') = -y eln- 0>/ dv
272 k2k’2 ERe— 00 w — wn (V)

Here, n is also called conformal spin, it is connected to the angular

information encoded in the gluon Green's function F(w, Kk, k).
45



Solution for zero momentum transfer

Hands on... Let us use Mathematica to plot things and draw conclusions

omegal[n , v ] := Module[{asBar = 1/5},
Return[2 asBar (PolyGamma[O, 1] -
Re [PolyGamma [ (Abs[n] + 1)/2 + I v]1)11;

Plot[{omega[0O, v], omegal[l, v], omegal2, V],
omegal[3, v], omegal4, v]}, {v, 0, 3}]

Out{6)=

46



Solution for zero momentum transfer

1 o0 . , +00 eiu ln(ki,zg-)
F(w, k, k') = -y eln@=?) / dv
2m? (k2k'?)2 = 00 w — wp (V)

!

Retain only the n=0 term, this
from the analysis before

F(w,k, k") =

D=

1 /—I—oo eiu ln(%)

dv
272 (k2k'2)

oo w — wp(V)

Ncas

Expandi und
ze%a\?vhggee\‘/\rlg hnave WO(V) (4 ln 2—14 <(3) V2 + .. )

the maximum gives: 7T 47




Solution for zero momentum transfer

N
wo(v) = =22 (41n2 — 14¢(3) V2 +...)
T
NC S NC S
Set. A=y m2, N = =220 98¢(3)
T T
Take the inverse Mellin transform
1 oo s \wo(v) iuln(""z)
N _ o WP
Fls, k. k) = - CTaE /_OO dv (kz) oV n (%
1 1
F(s, k, k') = > >
\/27T3)\’ k2K’ \/ln(s/k ) Pomeron solution

2. 7 of the BFKL
« (i))‘ exp | — lnz(k2/k’ ) equation
k> 2\ In(s/k?)

48




Solution for zero momentum transfer

1 1
F(s,k, k') =
( ) V23N k2K’ _x/ln(s/kz)

s\ lnz(kz/k:'2) 1
8 (ﬁ) P __2)\’ ln(s/kz)_

N«

ap(0)=1+A=14+—"41n2
s

QCD Pomeron intercept way too large in comparison to the soft Pomeron intercept



Solution for zero momentum transfer

Again in Mathematica:

omegaln , v ] := Module[{asBar = 1/5},
Return[2 asBar (PolyGamma[O, 1] -
Re[PolyGamma [ (Abs[n] + 1)/2 + I v]1)11:;

analytic[n , Y , ka , kb , angle ] :=
NIntegrate[Exp[I*n*angle]/ (2Pi"2) /ka/kb*2*Exp[omega[n,v]Y]*
Cos[2 Log[(ka/kb)] v], {v, 0, Infinity}, WorkingPrecision -> 20];

Now you can calculate the LO gluon Green's function for a given rapidity Y,
conformal spin n, and certain momenta of the reggeized gluons.

Note: Many times, in the

literature, the leading 1
eigenvalue is denoted as XO(V) — —92 Re {770 (— -4 zy) — Qp(]_)}
Xo. It is also called

sometimes as the LO BFKL
kernel!



The gluon Green's function

- f 1 - - pl - h — L.
k, ay, Py : k, a,, Py
k, a,, p,
L
®
L
kj—l * 1 'l[))j-l
Kot i f j+1
[ ] L
] ®
L] ®
Ky o, Pa
Kot < . f ot : Kot < 0y /0 nat
- . ' . > - > > » 81
> > > > > > > DT



Unintegrated gluon distributions

OF (s,k,k') 1 [etie s \@ )
Oln(s/k?) ~— 2ni /C_ioo dw (p) w F(w, k, k')
OF(s,k,k") _ Ncas / d?k > Evolution eq. in
dln(s/k?) 2 (k — K)2 rapidity
k2
" [F(S"’”’ ) = I® "'""’)]
/

[.ng(CC k; ] Umntegratgd gluo_n dIStrIbUtIOI‘]Z.
the probability to find a gluon with

longitudinal momentum fraction x
and transverse momentum k

> DIS
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2-loop trajectory

NLO BFKL

1-loop g emission

pair production
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Regge ansatz

a
FA—>A’

B— B’
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A hadronic elastic amplitude
0

A

Impact factors... ? (4N.In2)/m)as ~ 0.5. (s ~ 0.2)

B —>

O

d2k1 d2k2 (s kl,kz,q)
= (0]

k27 Q)
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Impact factors

Impact factors are effective couplings of the BFKL gluon
Green's function to the colliding projectiles

They are process dependent objects

One needs to calculate them at a certain order of the
perturbative expansion, preferably the same one as that of
the BFKL gluon Green's function.

It is not an easy task to calculate impact factors to NLO.
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Impact factors

@ Impact factors are process-dependent;

only very few have been calculated in the NLA:

e colliding partons
[V.S. Fadin, R. Fiore, M.I. Kotsky, A. Papa (2000)]
[M. Ciafaloni and G. Rodrigo (2000)]

o v*¥ — V, with V = p°, w, ¢, forward case
[D.Yu. Ivanov, M.I. Kotsky, A. Papa (2004)]

e forward jet production
[J. Bartels, D. Colferai, G.P. Vacca (2003)]
[F. Caporale, D.Yu. Ivanov, B. M., A. Papa, A. Perri (2012)]

(small-cone approximation) [D.Yu. Ivanov, A. Papa (2012)]
o forward identified hadron production [D.Yu. lvanov, A. Papa (2012)]

o y¥ — ¥ [J. Bartels et al. (2001) —]
[I. Balitsky, G.A. Chirilli (2011)-(2014)] s

Taken from a talk by B. Murdaca
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