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Abstract – Relativistic thermodynamics is constructed from the point of view of special
relativistic hydrodynamics. A relativistic four-current for heat and a general treatment of thermal
equilibrium between moving bodies are presented. The different temperature transformation
formulas of Planck and Einstein, Ott, Landsberg and Doppler appear upon particular assumptions
about internal heat current.
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Introduction. – Considering the temperature of
moving bodies, the easier question is to answer, what is
the apparent spectral temperature. In this case a spectral
parameter is transformed if the thermalized source is
moving with respect to the observer (detector system),
and the transformation rule can be derived from that of
the energy and momentum in the co-moving system.
This has been known from the beginnings of the theory

of special relativity and never has been seriously chal-
lenged. An essentially tougher problem is to understand
the relativistic thermalization: what is the intensive
parameter governing the state with energy exchange equi-
librium between two relatively moving bodies in the frame-
work of special relativity. In particular how this general
temperature should transform and how does it depend on
the speed of the motion. Here several answers have been
historically offered, practically including all possibilities.
Planck and Einstein concluded that moving bodies are

cooler by a Lorentz factor [1–3], first Blanus̆a then Ott
have challenged this opinion [4,5] by stating that, on
the contrary, such bodies are hotter by a Lorentz factor.
During later disputes several authors supported one or the
other view (see, e.g., [6–13] and the references therein)
and also some new opinions emerged. Landsberg argued
for unchanged values of the temperature [14,15]. Other
authors observed that for a thermometer in equilibrium
with black-body radiation the temperature transformation
is related to the Doppler formula [16–20], therefore the
measured temperature seems to depend on the physical
state of the thermometer. This problem is circumvented

(a)E-mail: vpet@rmki.kfki.hu

by the suggestion that thermal equilibrium would have a
meaning only in case of equal velocities [21–23].
Behind these different conclusions there are, in our

opinion, different views about the energy transfer and
mechanical work, and the identification of the heat [12].
In a simplifying manner the assumptions and views about
the Lorentz transformation properties of internal energy,
work, heat, and entropy influence such properties and the
very definition of the absolute temperature. Coming to the
era of fast computers, a renewed interest emerged in such
questions by modelling stochastic phenomena at relativis-
tic energy exchanges and relative speeds [24–26]. In partic-
ular, dissipative hydrodynamics applied to high-energy
heavy-ion collisions requires the proper identification of
temperature and entropy [27–35]. In this letter we show
that our approach to replace the Israel-Stewart theory
of dissipative hydrodynamics, proposed earlier [36–39],
is related to the problem of thermalization of relatively
moving bodies with relativistic velocities and our
suggestion is compatible with the foundations of thermo-
dynamics and guarantees causal heat propagation.
By doing so we encounter the following questions in our

analysis:

1) What moves (or flows)? Total energy and momen-
tum do flow correlated, but further conserved charges
(baryon number, electric charge, etc.) may flow differ-
ently. In relativistic systems one has to deal with
the possibility that the velocity field is not fixed to
either current, not being restricted to the Landau-
Lifshitz [40] or Eckart [41] frames.
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2) What is a body? We exploit, how do integrals over
extended volumes relate to the local theory of hydro-
dynamics, and what is a good local definition for
volume change in relativistic fluids. In close relation
to this, we suggest a four-vector generalization to the
concept of heat.

3) What is a proper equation of state? Here the func-
tional dependency between entropy and the relativis-
tic internal energy is fixed to a particular form.

4) What is the proper transformation of the tempera-
ture? As we have mentioned above, prominent physi-
cists expressed divergent opinions on this in the past.
This problem is intimately related to that of thermal
equilibrium and to the proper description of internal
energy.

Hydro- and thermodynamics. – In this letter
we concentrate on the energy-momentum density of a
one-component fluid, but the results can be general-
ized considering conserved currents in multicomponent
systems easily. The energy-momentum tensor can be split
into components aligned to the fiducial four-velocity field,
ua(x), and orthogonal ones:

T ab = euaub+uaqb+ qaub+P ab (1)

with uaq
a = 0 and uaP

ab = P abub = 0. When considering
complex systems, like a quark-gluon plasma, the velocity
field can be aligned only with one of the conserved
currents, unless several currents are parallel (i.e. different
conserved charges are fixed to the same carriers). In our
present treatment the velocity field is general.
Relativistic thermodynamics is obtained by integrating

the local energy-momentum conservation on a suitably
defined extended and homogeneous thermodynamic body.
Therefore in the balance of energy-momentum we separate
the terms perpendicular and parallel to the velocity field as

∂bT
ab =

d

dτ
(eua+ qa)+ (eua+ qa)∂bu

b

+p

(

d

dτ
ua+ua∂bu

b

)

− dub
dτ
(uaqb+Πab)

−∇ap+∇b(uaqb+Πab) = 0a. (2)

From now on the proper time derivative is denoted
by a dot ḟ =df/dτ = ua∂

af for an arbitrary function
f(x). ∇a = ∂a−uauc∂c denotes a derivative perpendic-
ular to the velocity field and we also split the pressure
tensor into a hydrostatic part and a remainder: P ab =
p(uaub− gab)+Πab.
Let us now assume, that ua is smooth and we may give a

connected smooth surface H that is initially perpendicular
to the velocity field and has a smooth (two-dimensional)
boundary. As a further simplification we will assume that
the velocity field is not accelerating u̇a = 0a, therefore
∂au

a =∇aua and the hypersurface remains perpendicular

to the four-velocity field. Hence the propagation of the
surface can be characterized by the proper time τ of
any of its worldlines. We refer to this hypersurface —a
three-dimensional spacelike set related to our fluid— as a
thermodynamic body. Considering homogeneous bodies we
set ∇ae= 0 and ∇ap= 0. It is important that the velocity
field itself is not homogeneous, ∇aub �= 0. Now integration
of (2) on H(τ) results in

∫

H(τ)

(ėua+ q̇a+(eua+ qa)∂bu
b+ pua∂bu

b)dV =

∫

H(τ)

∇b(uaqb+Πab)dV. (3)

With the above conditions we apply the transport theorem
of Reynolds to the l.h.s. of eq. (3) and the Gauss-
Ostrogradsky theorem to the r.h.s. of eq. (3) and obtain

Ėūa+ Ġa+ pūaV̇ =

∮

∂H(τ)

(

uaqb+Πab
)

dAb = δQ
a. (4)

Here ūa =
∫

H
uadV/V is the average velocity inside H,

E = eV is the total energy, Ga =
∫

H
qadV, and dAb is the

two-form surface measure circumventing the homogeneous
body in the region H(τ). The two-dimensional surface
integral term is the physical energy and momentum leak
(dissipation rate) from the body under study, we denote it
by δQa. This is a four-vector generalization of the concept
of heat. It describes both energy and momentum transfers
to or from the homogeneous body.
The derivation of the temperature in thermodynamics

is related to the maximum of the total entropy of a system
(under various constraints). This way its reciprocal, 1/T is
an integrating factor to the heat in order to obtain a total
differential of the entropy [42,43]. Here we follow the same
strategy considering a vectorial integrating factor Aa:

δQa = Ėa+ pūaV̇ =AaṠ+Σa (5)

with Ea =Eūa+Ga the energy-momentum vector of the
body, ˙̄u

a
= 0 and Σa orthogonal to Aa. The decisive point

is, that —according to the above— the entropy of the
homogeneous body is a function of the energy-momentum
vector and the volume: S = S(Ea, V ). Multiplying eq. (5)
by Aadτ/(AbA

b) and utilizing the fact that dūa = 0, we
obtain

dS =
Aaū

a

AbAb
dE+

Aa
AbAb

dGa+ p
Aaū

a

AbAb
dV. (6)

The connection to classical thermodynamics is best
established by the temperature definition

1

T
:=
Aaū

a

AbAb
. (7)

The intensive parameter associated to the change of the
four-vector Ga is denoted by

ga

T
:=
Aa

AbAb
. (8)
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With these notations we arrive at the following form of
the Gibbs relation:

TdS =dE+ gadG
a+ pdV. (9)

Due to the definitions (7), (8) gaū
a = 1. Hence the Gibbs

relation can be written in the alternative form

TdS = ga dE
a+ pdV, (10)

suggesting that the traditional change of the energy, dE,
has to be generalized to the change of the total energy-
momentum four-vector, dEa =d(Eūa+Ga).
For the well-known Jüttner distribution [44] ga = ūa.

This equality has been postulated among others in the
classical theory of Israel and Stewart [45]. Then (10)
reduces to

TdS =dẼ+ pdV, (11)

where Ẽ = ūaE
a. In this case the internal energy can be

interpreted as Ẽ, but its total differential contributes
to the Gibbs relation. In the general case ga �= ūa
—considered below— there remains a term, related to
momentum transfer. It is reasonable to assume that the
new intensive variable is timelike: gag

a � 0. Then we
introduce

wa := ga− ūa. (12)

Now ‖wa‖2 =−wawa =−gaga+1� 1 follows. The space-
like four-vector wa has the physical dimension of velocity.
Due to −1�wawa � 0 and ūawa = 0 its general form is
given by wa = (γv|w|, γw). In this case |w|2 � 1. We inter-
pret w as the velocity of the internal energy current.
Here some important physical questions arise: is it only

a single or several differential terms describing the change
of energy and momentum? When two, relatively moving
bodies come into thermal contact what can be exchanged
among them in the evolution towards the equilibrium?

Two bodies in equilibrium. – Let us now consider
two different bodies with different average velocities and
energy currents. When all components of Ea and the total
volume are kept constant independently, i.e. dEa1+dE

a
2 =0

and dV1+dV2 = 0, while dS(E
a
1 , V1)+dS(E

a
2 , V2) = 0 in

the entropy maximum, then from (10) we obtain the
conditions

ga1
T1
=
ga2
T2
,

p1
T1
=
p2
T2
. (13)

This, in general, does not mean the equality of temp-
eratures.
In order to simplify the discussion we restrict ourselves

to one-dimensional motions and consider ūa = (γ, γv)
with γ = 1/

√
1− v2 Lorentz-factors. The energy current

velocity is given by wa = (γvw, γw) and qa = (γ(1+ vw),
γ(v+w)). Here w describes the speed of the internal

Doppler red shift

Planck – Einstein

Blanusa – Ott

Landsberg

Doppler blue shift
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Fig. 1: Ratio of the temperatures of the observed body in its
rest frame, T2, to that shown by an ideal thermometer, T1, as
a function of the the speed of the heat current in the body, w2,
while approaching with the relative velocity v=−0.6.

energy current. The thermal-equilibrium condition (13)
hence requires

γ1(1+ v1w1)

T1
=
γ2(1+ v2w2)

T2
,

(14)
γ1(v1+w1)

T1
=
γ2(v2+w2)

T2
.

The ratio of these two equations reveals that in equilib-
rium the composite relativistic velocities are equal,

v1+w1
1+ v1w1

=
v2+w2
1+ v2w2

, (15)

and the difference of their squares leads to

√

1−w21
T1

=

√

1−w22
T2

. (16)

The equality of some other velocities were investigated by
several authors [21–23,46].
One realizes that in the thermal-equilibrium condition

four velocities are involved for a general observer: v1, v2,
w1 and w2. By a Lorentz transformation only one of them
can be eliminated. The remaining three (relative) veloc-
ities reflect physical conditions in the system. According
to eq. (15)

w1 =
v+w2
1+ vw2

(17)

with v= (v2− v1)/(1− v1v2) relative velocity. The
associated factor,

√

1−w21 can be expressed and the
temperatures satisfy

T1 = T2

√
1− v2
1+ vw2

. (18)

This includes the general Doppler formula [16–20,47].
It is enlightening to investigate this formula with differ-

ent assumptions about the energy current speed in the
observed body, w2. The induced energy current speed in
an ideal thermometer, w1 and the temperature it shows,
T1, are now determined by eqs. (17) and (18). Figure 1
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v = -0.6

u1

u2

w1 w2

g1

g2

Fig. 2: The space-time figure for the Planck-Einstein rule of
two thermodynamic bodies in equilibrium. There is no energy
current in the observed body (wa2 = 0), therefore the u

a

2 four-
velocity (solid arrow) is parallel to the vectors (ga1 , g

a

2 ). The
ratio of the temperatures is T1/T2 < 1.

v = -0.6

u1

u2

w1

w2

g1

g2

Fig. 3: The space-time figure for the Blanuša-Ott rule. The
energy current stands in the thermometer (wa1 = 0), therefore
the ua1 four-velocity (solid arrow) is parallel to the vectors
(ga1 , g

a

2 ). The ratio of the temperatures is T1/T2 > 1.

plots temperature ratios T1/T2 for a body closing with
v=−0.6 as a function of the energy current speed, w2.

1) w2 = 0: the current stands in the observed body. In
this case w1 = v, the measured energy current speed
is that of the moving body, and T1=T2

√
1− v2<T2,

the moving body appears cooler by a Lorentz
factor [1–3] (see fig. 2).

2) w1 = 0: the current stands in the thermometer. In this
case we must have w2=−v and T1=T2/

√
1− v2>T2,

the moving body appears hotter [4,5,7,12] (see fig. 3).

3) w1+w2 = 0: the current is standing in the total
system of moving body and thermometer, the
individual contributions exactly compensate each
other. This is achieved by a special value of the

v = -0.6

u1

u2

w1

w2

g1g2

Fig. 4: The space-time figure for the Landsberg rule. There
is no energy current in the composed system, therefore the
four-vectors (ga1 , g

a

2 , dotted arrows) are equal. The ratio of
temperatures is T1/T2 = 1. Here w1 =−0.33, w2 = 0.33.

v = -0.6

u1

u2

w1

w2

g1

g2

Fig. 5: The space-time figure for the Doppler red shift rule of
two thermodynamic bodies in equilibrium. The energy current
speed (dashed arrows) in the observed body is that of the light
w2 = 1, therefore w1 = 1, and the four-vectors g

a

1 , g
a

2 (dotted
arrows) are light-like.

energy current velocities, w2 =−w, w1 =w with w=
(1−
√
1− v2)/v. In this case even the apparent

temperatures are equal, T1 = T2 [14,15] (see fig. 4).

4) w2 = 1: a radiating body (e.g. a photon gas) is
moving. In this case w1 = 1, and one obtains

T1 = T2

√

1−v
1+v . It means that T1 <T2 for v > 0, a

Doppler-red-shifted temperature is measured for
a separated body (see fig. 5) —quite common for
astronomical objects— and T1 >T2 for v < 0, a
Doppler-blue-shifted temperature appears for closing
bodies —more common in high-energy accelerator
experiments.

In figs. 2–5 we fix the reference frame to the thermo-
meter, therefore ua1 = (1, 0) (the vertical axis is time).
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The energy current velocity four-vectors are perpendic-
ular to the corresponding four-velocities, therefore they
are on lines symmetrical to the light cones. The four-
velocity vectors end on the timelike hyperbolas and the
spacelike energy current velocities end inside the spacelike
hyperbolas. The temperature ratios are determined by the
magnitudes of the ga’s as T1/T2 = ‖ga1‖/‖ga2‖ (see [48]).
Lorentz scalar temperature. – According to the

classical ansatz ga = ūa, the total entropy has to depend
on the total energy E = ūaE

a. Then the equilibrium
conditions (17) and (18) result in zero relative velocity
v= 0 and the temperatures are equal, T1 = T2.
However, thermodynamic and generic stability consid-

erations are favoring an other Lorentz-scalar combination
‖E‖=

√
EaEa [36–39]. Denoting the partial derivative of

entropy S(‖E‖, V ) with respect to its first argument by
1/θ= ∂S

∂‖E‖ , one re-writes the total differential,

dS =
1

θ
d‖E‖+ p̃

θ
dV =

ga
T
dEa+

p

T
dV, (19)

and comparing to the general Gibbs relation (10) one
obtains the correspondence

ga

T
=
1

θ

Ea

‖E‖ ,
p

T
=
p̃

θ
. (20)

It follows that the length of the intensive four-vector,
ga, is the ratio of the traditional (energy associated) and
scalar (energy-momentum four-vector length associated)
temperatures:

√
gaga = T/θ. On the other hand, its

projection to the average velocity reveals the value in the
comoving system:

gaū
a =
T

θ

Eaū
a

‖E‖ = 1. (21)

This equation relates the energy-momentum–associated
scalar temperature, θ to the energy-associated one, T . As
a consequence we obtain

ga =
Ea

Ebūb
, wa =

Ea− ūa(Ebūb)
Ecūc

. (22)

The later formula clearly interpret wa as the quotient
of the comoving, average-velocity–related energy current
(momentum) and energy of the thermodynamic body, that
is the energy current velocity.
Finally we remark, that in the simple two-dimensional

particular case we obtain that θ= T/
√
1−w2. Therefore

the equilibrium condition (16) gives equal scalar temper-
atures: θ1 = θ2. This is a stronger reflection of Lands-
berg’s view, and his physical arguments in [14,15] than
the assumption of zero total energy current velocity.

Summary. – We investigated the possible derivation of
basic thermodynamical laws for homogeneous bodies from
relativistic hydrodynamics. The dependence of entropy
on internal energy is replaced by a dependence on the

energy-momentum four-vector, Ea. As a novelty a rela-
tivistic heat four-vector has been formulated. For the
traditional, energy-exchange–related temperature, T , a
universal transformation formula is obtained. For a general
observer four velocities are involved in the equilibrium
condition of two thermodynamic bodies in equilibrium.
One of them can be eliminated by choosing the observ-
ing frame, the physical relation depends only on the rela-
tive velocity. Another condition connects the internal heat
currents in the bodies in thermal contact. So there remains
two velocity-like parameters to describe thermal equilib-
rium: the energy current speed (the velocity related to
the integrated internal heat current density) in one of the
bodies and their relative velocity. The traditional temper-
ature transformation formulas belong to corresponding
particular choices of the energy current speeds. This can
be the reason why no agreement could be achieved histor-
ically. For the most common cases there is no heat current
in the observed body but it flows in the thermometer. This
leads to the Planck-Einstein transformation formula.
The closer relation to dissipative hydrodynamics favors

a particular dependence of entropy on energy-momentum
and leads to a Lorentz scalar temperature.
Our approach is covariant, and the compatibility to

hydrodynamics clarifies that the Planck-Ott imbroglio is
not a problem of synchronization as it was supposed
in [25,49]. It makes possible to interpret the classical
paradoxical results of Planck and Einstein, Ott, Landsberg
and Doppler in a unified treatment. Our investigations
reveal that despite of the apparent paradoxes related to
Lorentz transformations, there is a covariant relativistic
thermodynamics with proper absolute temperature in full
agreement with relativistic hydrodynamics.

∗ ∗ ∗

The authors thank to L. Csernai for his enlighting
remarks.
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[4] Blanuša D., Glas. Mat. Fiz.; Astron., 2 (1947) 249.
[5] Ott H., Z. Phys., 175 (1963) 70.
[6] Eberly J. H. and Kujawski A., Phys. Rev., 155 (1967)
10.

[7] Ter Haar D. andWergeland H., Phys. Rep., 1 (1971)
31.

[8] Von Treder H.-J., Ann. Phys. (Leipzig), 7 (1977) 23.
[9] Møller C., The Theory of Relativity, The International
Series of Monographs in Physics, 2nd edition (Oxford
University Press, Delhi, Bombay, Calcutta, Madras) 1972.

[10] Newburgh R. G., Phys. Lett. A, 78 (1980) 1.
[11] Chuang Liu, Stud. Hist. Philos. Sci., 25 (1994) 983.
[12] Requardt M., arXiv:0801.2639v.1 [gr-qc] (2008).

30001-p5
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