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Hydrodynamics: the theory

3

∂µT
µν = 0

Tµν = (p+ ε)uµuν − pgµν

uµuν = 1

p = p(ε)

non-viscous hydrodynamics: energy and momentum conservation

constraint for velocity:

5 unknowns: pressure, energy density, 3 components of velocity
need one more equation: the equation of state

In general, this is 3+1 dimensional problem. By assuming that the 
solution is boost-invariant, it can be simplified to 2+1. 
Invariant in η
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Initial conditions: Glauber model
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Number of binary collisions

Number of wounded nucleons
(at least one inelastic scattering)
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Multiplicity: interpolation for p+p
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Parametrization of pp multiplicity data

Extrapolate from 2.36 TeV measurement 
(closest data point) to 2.76 prediction

Saturation and Scaling of Multiplicity, Mean pT and pT Distributions . . . 1919

Fig. 1. Charged particle rapidity density as a function of energy compared to a

power law 3.7043 E0.23
. Data from the LHC [1–5], UA(1) [44], UA(5) [45] and

CDF [46,47].

On dimensional grounds, at very high energy, we expect the average
transverse momentum will be proportional to the saturation momentum.
Since this term does not entirely dominate the contribution to the transverse
momentum at accessible energies, we add a constant, so that the result has a
reasonable low limit at lower energy. In this case, there is a small difference
seen in the data between pp and pp scattering. The power law growth should
be, however, universal. We fit the average pT with the following form

�pT� = B + CEλ/2 . (3)

The results of such a fit are shown in Fig. 2. We see that indeed the power
of the energy and its coefficient (within errors which we do not quote here)
are identical both for pp and pp data. Similar form of the average �pT� has
been recently postulated in Ref. [48] with higher power of E equal to 0.414.
However, the recent 7 TeV CMS point is far below their curve.

If the saturation momentum is the only scale that controls pT distribu-
tions, on dimensional grounds, these distributions should have a geometrical
scaling

1
σ

dN ch
dηd2pT

= F

�
pT

Qsat(pT/
√

s)

�
. (4)

This means that there is a universal function of the scaling variable
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[L. McLerran, M. Praszalowicz, Acta Phys. Polonica B 41 (2010) 1917]
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Multiplicity: extrapolation from pp to PbPb
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Fig. 1. Charged particle multiplicity density in pseudorapidity for Au + Au collisions
at

!
sNN = 200 GeV (solid line) together with the PHOBOS data [20], and predic-

tions for Pb + Pb collisions at 2.76 TeV using ! = 0.16. The model calculations are
performed with GLISSANDO [18] and use Eqs. (3) and (4).

[17] at E = 2.36 TeV. The weighted average of the two results
with weights given by the inverse of statistical uncertainties gives
dNpp(2.36)/d"|"=0 = 4.65. This result is extrapolated with the
power-law prescription (1) to

dNpp(2.76)
d"

!!!!
"=0

=
"
2.76
2.36

#0.23

4.65 = 4.82. (2)

This value will be used in our further calculations.
The expected multiplicity in Pb + Pb collisions is obtained by

the multiplication of the pp result by the number of sources that
are identified with the wounded (participant) nucleons and binary
collisions

dNPbPb(b,2.76)
d"

!!!!
"=0

= dNpp(2.76)
d"

!!!!
"=0

Nsr(b) = 4.82Nsr(b), (3)

Nsr = 1" !

2
Nw + !Nbin. (4)

Here the number of participant nucleons Nw, binary collisions
Nbin, and the number of sources Nsr depend on centrality and are
obtained from the GLISSANDO code [18] that is a Monte Carlo im-
plementation of the Glauber model. The parameter ! in (4) takes
into account the contribution of minijets to the fireball density.
The jet contribution is expected to rise with the energy of the col-
lisions. The centrality studies performed by PHOBOS on Au + Au
collisions gave ! = 0.12 at

!
sNN = 19.6 GeV and ! = 0.145 at

200 GeV [19]. In the present analysis, assuming the linear growth
of ! with log(s), we take ! = 0.16.

The centrality dependence of the charged particle pseudorapid-
ity density follows from the centrality dependence of Nsr(b) that
is obtained from GLISSANDO with NN cross section of 63 mb. It is
presented in Fig. 1.

3. For our hydrodynamic simulations we need the initial pro-
files of the entropy density. Following the standard approach used
in hydrodynamic models we assume that the initial entropy den-
sity is proportional to the source density in the transverse plane

s(b, x#) = s(Ti)
#sr(b, x#)

#sr(0,0)
, (5)

where s(Ti) is the central entropy density at zero impact param-
eter. The source density #sr(b, x#) is a combination, analogous to
(4), of participant nucleon and binary collision densities from the
optical Glauber approach, in which we fix the impact parameter b

Fig. 2. Predictions for transverse momentum (upper part) and transverse mass
(lower part) spectra of pions, kaons, and protons for centrality c = 0–5%.

in such a way that we reproduce the number of sources obtained
in GLISSANDO, in agreement with

Nsr(b) =
$

d2x# #sr(b, x#). (6)

The absolute scale of the entropy density is estimated from the
ratio of the multiplicity densities in collisions at RHIC and the
LHC. We assume that the ratios of total entropies in the trans-
verse plane (at midrapidity and at the same initial proper time)
should be equal to the ratios of the multiplicities. The total entropy
is defined by the entropy density parameter s(Ti). This entropy
density is connected to the temperature through the equation of
state constructed in [21]. The multiplicity in Au + Au collisions
at

!
sNN = 200 GeV is reproduced if the initial temperature at

$i = 0.25 fm is Ti = 520 MeV. From this we derive the initial tem-
perature for

!
sNN = 2.76 TeV to be 735 MeV at the initial proper

time $i = 0.25 fm (the one used in the present Letter), or 480 MeV
if $i = 1 fm. A short thermalization time for the hydrodynamic
expansion, $i = 0.25 fm, is favored in order to reproduce the ex-
perimental ratio of the Hanbury Brown–Twiss (HBT) correlations
radii Rout/Rside at RHIC [22,9]. Since we are studying only the
transverse flow in a boost invariant geometry, such a procedure
can effectively describe some more general mechanism generat-
ing pre-equilibrium flow [23]. The transverse size of the fireball
S# = 4%

%
$x2%$y2% = 91.6 fm2 for the most central Au + Au colli-

sions at RHIC is almost the same as for central Pb + Pb collisions
at the LHC: S# = 92.8 fm2. Since the geometrical sizes of the fire-
balls are similar at the two energies, we find that both the total
entropy as well as the entropy density s(Ti) increase by approxi-
mately the same factor & 3.2 (for central collisions), which is the
multiplicity ratio at the LHC and RHIC.

4. In Figs. 2–5 we present our results for the transverse-
momentum (transverse-mass) spectra of pions, kaons, and protons,
the mean transverse momentum, the elliptic flow of charged parti-
cles, and the HBT radii of pions. The hydrodynamic calculations use
the following parameters: the starting time of the hydrodynamic

9

FIG. 3. Charged particle pseudo-rapidity density per partic-
ipant pair for central nucleus–nucleus [16–24] and non-single
diffractive pp/pp collisions [25–31], as a function of

√
sNN.

The energy dependence can be described by s0.15NN for nucleus–
nucleus, and s0.11NN for pp/ppcollisions.

ity variables (SPD hits, or combined use of the ZDC and
VZERO signals).

We measure a density of primary charged particles
at mid-rapidity dNch/dη = 1584 ± 4 (stat.) ± 76
(sys.). Normalizing per participant pair, we obtain
dNch/dη/(0.5 �Npart�) = 8.3 ± 0.4 (sys.) with negligi-
ble statistical error. In Fig. 3, this value is compared
to the measurements for Au–Au and Pb–Pb, and non-
single diffractive (NSD) pp and pp collisions over a wide
range of collision energies [16–31]. The energy depen-
dence can be described by s0.11NN for pp and pp, and
by s0.15NN for nucleus–nucleus collisions. A significant in-
crease, by a factor 2.2, in the pseudo-rapidity density is
observed at

√
sNN = 2.76 TeV for Pb–Pb compared to√

sNN = 0.2 TeV for Au–Au. The average multiplicity
per participant pair for our centrality selection is found
to be a factor 1.9 higher than that for pp and pp collisions
at similar energies.

Figure 4 compares the measured pseudo-rapidity den-
sity to model calculations that describe RHIC measure-
ments at

√
sNN = 0.2 TeV, and for which predictions at√

sNN = 2.76 TeV are available. Empirical extrapolation
from lower energy data [4] significantly underpredicts the
measurement. Perturbative QCD-inspired Monte Carlo
event generators, based on the HIJING model tuned to
7 TeV pp data without jet quenching [5] or on the Dual
Parton Model [6], are consistent with the measurement.
Models based on initial-state gluon density saturation
have a range of predictions depending on the specific im-
plementation [7–11], and exhibit a varying level of agree-
ment with the measurement. The prediction of a hybrid
model based on hydrodynamics and saturation of final-
state phase space of scattered partons [12] is close to
the measurement. A hydrodynamic model in which mul-

FIG. 4. Comparison of this measurement with model predic-
tions. Dashed lines group similar theoretical approaches.

tiplicity is scaled from p+p collisions overpredicts the
measurement [13], while a model incorporating scaling
based on Landau hydrodynamics underpredicts the mea-
surement [14]. Finally, a calculation based on modified
PYTHIA and hadronic rescattering [15] underpredicts
the measurement.
In summary, we have measured the charged-particle

pseudo-rapidity density at mid-rapidity in Pb–Pb colli-
sions at

√
sNN = 2.76 TeV, for the most central 5% frac-

tion of the hadronic cross section. We find dNch/dη =
1584 ± 4 (stat.) ± 76 (sys.), corresponding to 8.3 ±
0.4 (sys.) per participant pair. These values are signif-
icantly larger than those measured at RHIC, and indi-
cate a stronger energy dependence than measured in pp
collisions. The result presented in this Letter provides
an essential constraint for models describing high energy
nucleus–nucleus collisions.
The ALICE collaboration would like to thank all its en-
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accelerator teams for the outstanding performance of
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mento Cient́ıfico e Tecnológico (CNPq), Financiadora
de Estudos e Projetos (FINEP), Fundação de Amparo
à Pesquisa do Estado de São Paulo (FAPESP); Na-
tional Natural Science Foundation of China (NSFC), the
Chinese Ministry of Education (CMOE) and the Min-
istry of Science and Technology of China (MSTC); Min-
istry of Education and Youth of the Czech Republic;
Danish Natural Science Research Council, the Carlsberg
Foundation and the Danish National Research Founda-
tion; The European Research Council under the Eu-
ropean Community’s Seventh Framework Programme;
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Freeze-out, THERMINATOR
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• freeze-out - at some hypersurface assume sudden change from 
hydrodynamic behaviour to free streaming

• here use hypersurface T=150 MeV

• produce all hadrons (incl. resonances)
at this hypersurface and let resonances
decay

freeze-out

R2

h1

h5h4
h3h2

R1
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Fig. 1. Charged particle multiplicity density in pseudorapidity for Au + Au collisions
at

!
sNN = 200 GeV (solid line) together with the PHOBOS data [20], and predic-

tions for Pb + Pb collisions at 2.76 TeV using ! = 0.16. The model calculations are
performed with GLISSANDO [18] and use Eqs. (3) and (4).

[17] at E = 2.36 TeV. The weighted average of the two results
with weights given by the inverse of statistical uncertainties gives
dNpp(2.36)/d"|"=0 = 4.65. This result is extrapolated with the
power-law prescription (1) to

dNpp(2.76)
d"

!!!!
"=0

=
"
2.76
2.36

#0.23

4.65 = 4.82. (2)

This value will be used in our further calculations.
The expected multiplicity in Pb + Pb collisions is obtained by

the multiplication of the pp result by the number of sources that
are identified with the wounded (participant) nucleons and binary
collisions

dNPbPb(b,2.76)
d"

!!!!
"=0

= dNpp(2.76)
d"

!!!!
"=0

Nsr(b) = 4.82Nsr(b), (3)

Nsr = 1" !

2
Nw + !Nbin. (4)

Here the number of participant nucleons Nw, binary collisions
Nbin, and the number of sources Nsr depend on centrality and are
obtained from the GLISSANDO code [18] that is a Monte Carlo im-
plementation of the Glauber model. The parameter ! in (4) takes
into account the contribution of minijets to the fireball density.
The jet contribution is expected to rise with the energy of the col-
lisions. The centrality studies performed by PHOBOS on Au + Au
collisions gave ! = 0.12 at

!
sNN = 19.6 GeV and ! = 0.145 at

200 GeV [19]. In the present analysis, assuming the linear growth
of ! with log(s), we take ! = 0.16.

The centrality dependence of the charged particle pseudorapid-
ity density follows from the centrality dependence of Nsr(b) that
is obtained from GLISSANDO with NN cross section of 63 mb. It is
presented in Fig. 1.

3. For our hydrodynamic simulations we need the initial pro-
files of the entropy density. Following the standard approach used
in hydrodynamic models we assume that the initial entropy den-
sity is proportional to the source density in the transverse plane

s(b, x#) = s(Ti)
#sr(b, x#)

#sr(0,0)
, (5)

where s(Ti) is the central entropy density at zero impact param-
eter. The source density #sr(b, x#) is a combination, analogous to
(4), of participant nucleon and binary collision densities from the
optical Glauber approach, in which we fix the impact parameter b

Fig. 2. Predictions for transverse momentum (upper part) and transverse mass
(lower part) spectra of pions, kaons, and protons for centrality c = 0–5%.

in such a way that we reproduce the number of sources obtained
in GLISSANDO, in agreement with

Nsr(b) =
$

d2x# #sr(b, x#). (6)

The absolute scale of the entropy density is estimated from the
ratio of the multiplicity densities in collisions at RHIC and the
LHC. We assume that the ratios of total entropies in the trans-
verse plane (at midrapidity and at the same initial proper time)
should be equal to the ratios of the multiplicities. The total entropy
is defined by the entropy density parameter s(Ti). This entropy
density is connected to the temperature through the equation of
state constructed in [21]. The multiplicity in Au + Au collisions
at

!
sNN = 200 GeV is reproduced if the initial temperature at

$i = 0.25 fm is Ti = 520 MeV. From this we derive the initial tem-
perature for

!
sNN = 2.76 TeV to be 735 MeV at the initial proper

time $i = 0.25 fm (the one used in the present Letter), or 480 MeV
if $i = 1 fm. A short thermalization time for the hydrodynamic
expansion, $i = 0.25 fm, is favored in order to reproduce the ex-
perimental ratio of the Hanbury Brown–Twiss (HBT) correlations
radii Rout/Rside at RHIC [22,9]. Since we are studying only the
transverse flow in a boost invariant geometry, such a procedure
can effectively describe some more general mechanism generat-
ing pre-equilibrium flow [23]. The transverse size of the fireball
S# = 4%

%
$x2%$y2% = 91.6 fm2 for the most central Au + Au colli-

sions at RHIC is almost the same as for central Pb + Pb collisions
at the LHC: S# = 92.8 fm2. Since the geometrical sizes of the fire-
balls are similar at the two energies, we find that both the total
entropy as well as the entropy density s(Ti) increase by approxi-
mately the same factor & 3.2 (for central collisions), which is the
multiplicity ratio at the LHC and RHIC.

4. In Figs. 2–5 we present our results for the transverse-
momentum (transverse-mass) spectra of pions, kaons, and protons,
the mean transverse momentum, the elliptic flow of charged parti-
cles, and the HBT radii of pions. The hydrodynamic calculations use
the following parameters: the starting time of the hydrodynamic

Author's personal copy
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Fig. 3. The mean transverse momentum in different centrality bins for protons, K+

and !+ (from top to bottom) for Pb + Pb collisions at
!
s = 2.76 TeV.

Fig. 4. The elliptic flow coe!cient v2 of charged particles shown as a function of
the transverse momentum from hydrodynamic for Pb + Pb collisions at the LHC
(solid line), for Au + Au collisions at

!
s = 200 GeV from a hydrodynamic calcu-

lation (dashed line) and the data from the PHENIX Collaboration [24] (points), for
centrality 20–30%.

evolution "i = 0.25 fm, the initial central temperature (in the most
central collisions) Ti = 735 MeV, and the freeze-out temperature
T f = 150 MeV. From the measured p̄/p ratios in proton–proton
collisions at the LHC [25] we estimate that p̄/p = 0.97 in nuclear
collisions at

!
sNN = 2.76 TeV, which corresponds to a small value

of the baryon chemical potential µB " 2.2 MeV, if no additional
baryon stopping occurs in Pb+ Pb collisions. In our calculations all
chemical potentials in THERMINATOR have been set equal to zero.
At RHIC energies, the freeze-out temperature of 150 MeV is nec-
essary to reproduce the correct slope of the spectra. The chemical
equilibration temperature as given by the particle ratios is above
160 MeV [26]. If the chemical freeze-out temperature at the LHC
is the same, our approach would predict the correct shape of the
spectra but too small abundances for heavy species.

The spectra shown in the upper plot of Fig. 2 yield the follow-
ing mean values of the transverse momentum: #ppions

$ % = 656 MeV,
#pkaons

$ % = 1028 MeV, and #pprotons
$ % = 1460 MeV for the centrality

class c = 0–5%. The mean transverse momentum increases from
the top RHIC energies to the LHC energies by about 35–40%. In
Fig. 3 we show the mean p$ of different particles as function of
centrality. Compared to RHIC energies, the flow component in the
transverse momentum is more important, which causes a strong
increase of the mean transverse momentum with the particle mass
and a slightly stronger centrality dependence. The spectra plotted
as functions of the transverse kinetic energy m$ &m0 (lower panel
in Fig. 2) show that the slope at high m$ & m0 for different par-
ticles is similar, as expected in a statistical emission model with
hydrodynamic flow. The expected pseudorapidity (rapidity) density

Fig. 5. The pionic HBT radii shown as functions of the transverse momentum of the
pairs for the central (squares) and non-central (triangles) collisions.

of charged particles is dN/d# = 2161 (dN/dy = 2457) for c = 0–5%,
and 905 (1036) for c = 20–30%, these values are higher than pre-
dicted in constituent-quark models [27,28]. More specifically we
predict

dN
dy

= 930, 146, and 69, (7)

for !+ , K+ and protons respectively, in central collisions. The rise
of the entropy from RHIC to the LHC and the similarity of the
transverse sizes of the fireballs lead to an increase of the upper
range of the scaling density [29] from the value

1
S$

dN
dy

" 9 fm&2 (8)

at RHIC energies, to

1
S$

dN
dy

" 26 fm&2 (9)

for the central Pb + Pb collisions at
!
sNN = 2.76 GeV.

In Fig. 4 the elliptic-flow coe!cient v2 of charged particles for
Pb + Pb collisions at the LHC (solid line) is shown as a function
of transverse momentum. Compared to the results at RHIC en-
ergies (dashed line) the p$ dependence is very similar (slightly

freeze-out at T=150 MeV

resonance decays by 
THERMINATOR
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Fig. 3. The mean transverse momentum in different centrality bins for protons, K+

and !+ (from top to bottom) for Pb + Pb collisions at
!
s = 2.76 TeV.

Fig. 4. The elliptic flow coe!cient v2 of charged particles shown as a function of
the transverse momentum from hydrodynamic for Pb + Pb collisions at the LHC
(solid line), for Au + Au collisions at

!
s = 200 GeV from a hydrodynamic calcu-

lation (dashed line) and the data from the PHENIX Collaboration [24] (points), for
centrality 20–30%.

evolution "i = 0.25 fm, the initial central temperature (in the most
central collisions) Ti = 735 MeV, and the freeze-out temperature
T f = 150 MeV. From the measured p̄/p ratios in proton–proton
collisions at the LHC [25] we estimate that p̄/p = 0.97 in nuclear
collisions at

!
sNN = 2.76 TeV, which corresponds to a small value

of the baryon chemical potential µB " 2.2 MeV, if no additional
baryon stopping occurs in Pb+ Pb collisions. In our calculations all
chemical potentials in THERMINATOR have been set equal to zero.
At RHIC energies, the freeze-out temperature of 150 MeV is nec-
essary to reproduce the correct slope of the spectra. The chemical
equilibration temperature as given by the particle ratios is above
160 MeV [26]. If the chemical freeze-out temperature at the LHC
is the same, our approach would predict the correct shape of the
spectra but too small abundances for heavy species.

The spectra shown in the upper plot of Fig. 2 yield the follow-
ing mean values of the transverse momentum: #ppions

$ % = 656 MeV,
#pkaons

$ % = 1028 MeV, and #pprotons
$ % = 1460 MeV for the centrality

class c = 0–5%. The mean transverse momentum increases from
the top RHIC energies to the LHC energies by about 35–40%. In
Fig. 3 we show the mean p$ of different particles as function of
centrality. Compared to RHIC energies, the flow component in the
transverse momentum is more important, which causes a strong
increase of the mean transverse momentum with the particle mass
and a slightly stronger centrality dependence. The spectra plotted
as functions of the transverse kinetic energy m$ &m0 (lower panel
in Fig. 2) show that the slope at high m$ & m0 for different par-
ticles is similar, as expected in a statistical emission model with
hydrodynamic flow. The expected pseudorapidity (rapidity) density

Fig. 5. The pionic HBT radii shown as functions of the transverse momentum of the
pairs for the central (squares) and non-central (triangles) collisions.

of charged particles is dN/d# = 2161 (dN/dy = 2457) for c = 0–5%,
and 905 (1036) for c = 20–30%, these values are higher than pre-
dicted in constituent-quark models [27,28]. More specifically we
predict

dN
dy

= 930, 146, and 69, (7)

for !+ , K+ and protons respectively, in central collisions. The rise
of the entropy from RHIC to the LHC and the similarity of the
transverse sizes of the fireballs lead to an increase of the upper
range of the scaling density [29] from the value

1
S$

dN
dy

" 9 fm&2 (8)

at RHIC energies, to

1
S$

dN
dy

" 26 fm&2 (9)

for the central Pb + Pb collisions at
!
sNN = 2.76 GeV.

In Fig. 4 the elliptic-flow coe!cient v2 of charged particles for
Pb + Pb collisions at the LHC (solid line) is shown as a function
of transverse momentum. Compared to the results at RHIC en-
ergies (dashed line) the p$ dependence is very similar (slightly

hydro tuned to multiplicity
overshoots v2

needs reduction due to 
viscosity (here perfect fluid)

LHC calculation gives less
elliptic flow than RHIC 
because of long lifetime
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Fig. 3. The mean transverse momentum in different centrality bins for protons, K+

and !+ (from top to bottom) for Pb + Pb collisions at
!
s = 2.76 TeV.

Fig. 4. The elliptic flow coe!cient v2 of charged particles shown as a function of
the transverse momentum from hydrodynamic for Pb + Pb collisions at the LHC
(solid line), for Au + Au collisions at

!
s = 200 GeV from a hydrodynamic calcu-

lation (dashed line) and the data from the PHENIX Collaboration [24] (points), for
centrality 20–30%.

evolution "i = 0.25 fm, the initial central temperature (in the most
central collisions) Ti = 735 MeV, and the freeze-out temperature
T f = 150 MeV. From the measured p̄/p ratios in proton–proton
collisions at the LHC [25] we estimate that p̄/p = 0.97 in nuclear
collisions at

!
sNN = 2.76 TeV, which corresponds to a small value

of the baryon chemical potential µB " 2.2 MeV, if no additional
baryon stopping occurs in Pb+ Pb collisions. In our calculations all
chemical potentials in THERMINATOR have been set equal to zero.
At RHIC energies, the freeze-out temperature of 150 MeV is nec-
essary to reproduce the correct slope of the spectra. The chemical
equilibration temperature as given by the particle ratios is above
160 MeV [26]. If the chemical freeze-out temperature at the LHC
is the same, our approach would predict the correct shape of the
spectra but too small abundances for heavy species.
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• calculated multiplicity overshoots data ⇒ smaller contribution of 
binary collision scaling

• elliptic flow data comparable to RHIC - contrary to prediction ⇒ 
very fast break up of the fireball

• will be interesting to see the azimuthally sensitive correlation radii


