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What if* the RIGHT BSM model has not been formulated?

*very likely                                                                                                                                   s


Would we still see the SM fail to describe data?

Most likely not !

BSM is tiny departure from SM, or large in tiny prob. region

Affecting few (unknown) observables over ∞ many we can measure
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Regular New Physics searches are Model Dependent

Choose observables sensitive to one BSM model

This observable in general not sensitive to another BSM model
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Regular New Physics searches are Model Dependent

Choose observables sensitive to one BSM model

This observable in general not sensitive to another BSM model

We must design Model Independent searches*

aimed at detecting “generic” data departures from SM 

SM = “Reference Model”, to be compared with data


without reference to alternative physics model
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Regular New Physics searches are Model Dependent

Choose observables sensitive to one BSM model

This observable in general not sensitive to another BSM model

We must design Model Independent searches*

aimed at detecting “generic” data departures from SM 

SM = “Reference Model”, to be compared with data


without reference to alternative physics model

What if* the RIGHT BSM model has not been formulated?

*very likely                                                                                                                                   s


Would we still see the SM fail to describe data?

Most likely not !

BSM is tiny departure from SM, or large in tiny prob. region

Affecting few (unknown) observables over ∞ many we can measure

“Regular” Model-Independence: 

weaken hypothesis on BSM nature, e.g.

•Simplified Model (of, say, SUSY, or DM, or HVT, …)

•Effective Field Theories

•Bump Hunt


“Machine-Learner” Model-Independence: 

eliminate phenomenological modelling altogether
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Regular New Physics searches are Model Dependent

Choose observables sensitive to one BSM model

This observable in general not sensitive to another BSM model

We must design Model Independent searches*

aimed at detecting “generic” data departures from SM 

SM = “Reference Model”, to be compared with data


without reference to alternative physics model

What if* the RIGHT BSM model has not been formulated?

*very likely                                                                                                                                   s


Would we still see the SM fail to describe data?

Most likely not !

BSM is tiny departure from SM, or large in tiny prob. region

Affecting few (unknown) observables over ∞ many we can measure

Conceptually, same problem as 
assessing quality of a fit to data.


AKA, GoF Problem 
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(Foundation of entire LHC statistical practice)  

Data: D = {xi}, i = 1, . . . ,ND
<latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit>

I.i.d. measurements of, e.g., reconstructed 
particle momenta in a region of interest 
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(Foundation of entire LHC statistical practice)  

Data: D = {xi}, i = 1, . . . ,ND
<latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit>

n(x) = N P (x)
<latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit>

N =

Z
dxn(x)

<latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit>

Reference Distribution: n(x|R)
<latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit>

Alternative Distribution:

depending on parameters (composite)

n(x|w)
<latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit>
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(Foundation of entire LHC statistical practice)  

Data: D = {xi}, i = 1, . . . ,ND
<latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit>

n(x) = N P (x)
<latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit>

N =

Z
dxn(x)

<latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit>

Reference Distribution: n(x|R)
<latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit>

Alternative Distribution:

depending on parameters (composite)

n(x|w)
<latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit>

t(D) = 2Max
w

(
log

"
e�N(w)

e�N(R)

NDY

i=1

n(xi|w)

n(xi|R)

#)
=

<latexit sha1_base64="9KFyfKjeR7kP3EAk0tImwgFgSMY="></latexit><latexit sha1_base64="9KFyfKjeR7kP3EAk0tImwgFgSMY="></latexit><latexit sha1_base64="9KFyfKjeR7kP3EAk0tImwgFgSMY="></latexit><latexit sha1_base64="9KFyfKjeR7kP3EAk0tImwgFgSMY="></latexit>

Test statistic:

Model Dependent Strategy
<latexit sha1_base64="j/7hCpP1tCzCdSBUaWe8TP6f9RM=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZkRRRcKBTeupIJ9QDuUTJppQ5PMkGTUMs7Sjb/ixoUibv0Ed/6NaTuCth64cHLOveTe40eMKu04X9bM7Nz8wmJuKb+8srq2bm9s1lQYS0yqOGShbPhIEUYFqWqqGWlEkiDuM1L3++dDv35DpKKhuNaDiHgcdQUNKEbaSG17RxTv7pOW5C0/SG7TdP/sR0guK+bZtgtOyRkBThM3IwWQodK2P1udEMecCI0ZUqrpOpH2EiQ1xYyk+VasSIRwH3VJ01CBOFFeMjokhXtG6cAglKaEhiP190SCuFID7ptOjnRPTXpD8T+vGevgxEuoiGJNBB5/FMQM6hAOU4EdKgnWbGAIwpKaXSHuIYmwNtnlTQju5MnTpHZQco9KztVhoXyaxZED22AXFIELjkEZXIAKqAIMHsATeAGv1qP1bL1Z7+PWGSub2QJ/YH18AzYDmhE=</latexit>

n(x|w) = n(x|NP)
Alternative as predicted by “NP” model.

Few, or no, free parameters



Maximum Likelihood
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(Foundation of entire LHC statistical practice)  

Data: D = {xi}, i = 1, . . . ,ND
<latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit>

n(x) = N P (x)
<latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit>

N =

Z
dxn(x)

<latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit>

Reference Distribution: n(x|R)
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Alternative Distribution:

depending on parameters (composite)

n(x|w)
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Test statistic:

Model Dependent Strategy Model Independent Strategy
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n(x|w) = n(x|NP)

Testing the reference model for compatibility with the observed data set D unavoidably requires
comparison with an alternative hypothesis n(x|w). In general the alternative hypothesis is compos-
ite, labeled by a number of free parameters w. We are interested in problems where the distribution
according to which the data are truly distributed is “similar” (in the sense specified in the Introduc-
tion) to the reference one, hence it is convenient to parametrize n(x|w) in terms of n(x|R). Taking
also into account that n(x|w) is necessarily positive and that we will use log-likelihood ratios for
hypothesis testing, we best express it as

n(x|w) = n(x|R) e
f(x;w)

, (2)

in terms of a set of real functions F = {f(x;w), 8w}.
Once the set of alternative hypotheses is specified in this parametrized form, the optimal statis-

tical test for the reference model is defined by the Neyman–Pearson construction [65], based on the
maximum likelihood principle. The idea is to compare the reference with the best-fit distribution
n(x|bw), obtained at the point w = bw that maximizes the likelihood. This leads to the test statistic

t(D) = 2 log

"
e
�N(bw)

e�N(R)

Y

x2D

n(x|bw)

n(x|R)

#
= �2 Min

{w}

"
N(w) � N(R) �

X

x2D
f(x;w)

#
, (3)

where N(R) is the expected number of events in the reference model and N(w) is the expected in
the alternative hypothesis, namely

N(w) =

Z
dx n(x|w) =

Z
dx n(x|R) e

f(x;w)
. (4)

In order to associate a probability to the value of t (tobs) obtained with the observed data set, the
p.d.f. of t in the reference hypothesis needs to be computed by repeatedly evaluating t on a large
sample of toy datasets. From this distribution we obtain the observed p-value

pobs =

Z 1

tobs

dt P (t|R) , (5)

defined as usual as the probability that the reference model produces a dataset that is more in
tension with itself (has larger t) than the observed data.

The basic idea of the present paper is to parametrize the alternative hypothesis with neural
networks. We take f(x;w) to be fully connected neural networks, with free parameters w that
correspond to the weights and biases of the network. In order to turn this idea into a concrete
algorithm, the only missing step is to show how the minimization in eq. (3) can be transformed into
a neural network training problem. This step is taken in section 3, while here we further elaborate
on the conceptual foundations of our method and on the comparison with existing approaches. A
brief introduction to neural networks is reported in appendix A.

2.1 Model-Dependent Tests

The Neyman–Pearson formula in eq. (3) makes clear that the problem of searching for departures
from the reference model expectations (i.e., for new physics) merely reduces to the one of selecting

4
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f(x;w)
Alternative as predicted by “NP” model.

Few, or no, free parameters

Alternative in parametrised form.

             is flexible function approximant



Maximum Likelihood
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(Foundation of entire LHC statistical practice)  

Data: D = {xi}, i = 1, . . . ,ND
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n(x) = N P (x)
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N =

Z
dxn(x)
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Reference Distribution: n(x|R)
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Alternative Distribution:

depending on parameters (composite)

n(x|w)
<latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit>
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<latexit sha1_base64="9KFyfKjeR7kP3EAk0tImwgFgSMY="></latexit><latexit sha1_base64="9KFyfKjeR7kP3EAk0tImwgFgSMY="></latexit><latexit sha1_base64="9KFyfKjeR7kP3EAk0tImwgFgSMY="></latexit><latexit sha1_base64="9KFyfKjeR7kP3EAk0tImwgFgSMY="></latexit>

Test statistic:

Model Dependent Strategy Model Independent Strategy
<latexit sha1_base64="j/7hCpP1tCzCdSBUaWe8TP6f9RM=">AAACCHicbVDLSgMxFM34rPU16tKFwSLUTZkRRRcKBTeupIJ9QDuUTJppQ5PMkGTUMs7Sjb/ixoUibv0Ed/6NaTuCth64cHLOveTe40eMKu04X9bM7Nz8wmJuKb+8srq2bm9s1lQYS0yqOGShbPhIEUYFqWqqGWlEkiDuM1L3++dDv35DpKKhuNaDiHgcdQUNKEbaSG17RxTv7pOW5C0/SG7TdP/sR0guK+bZtgtOyRkBThM3IwWQodK2P1udEMecCI0ZUqrpOpH2EiQ1xYyk+VasSIRwH3VJ01CBOFFeMjokhXtG6cAglKaEhiP190SCuFID7ptOjnRPTXpD8T+vGevgxEuoiGJNBB5/FMQM6hAOU4EdKgnWbGAIwpKaXSHuIYmwNtnlTQju5MnTpHZQco9KztVhoXyaxZED22AXFIELjkEZXIAKqAIMHsATeAGv1qP1bL1Z7+PWGSub2QJ/YH18AzYDmhE=</latexit>

n(x|w) = n(x|NP)

Testing the reference model for compatibility with the observed data set D unavoidably requires
comparison with an alternative hypothesis n(x|w). In general the alternative hypothesis is compos-
ite, labeled by a number of free parameters w. We are interested in problems where the distribution
according to which the data are truly distributed is “similar” (in the sense specified in the Introduc-
tion) to the reference one, hence it is convenient to parametrize n(x|w) in terms of n(x|R). Taking
also into account that n(x|w) is necessarily positive and that we will use log-likelihood ratios for
hypothesis testing, we best express it as

n(x|w) = n(x|R) e
f(x;w)

, (2)

in terms of a set of real functions F = {f(x;w), 8w}.
Once the set of alternative hypotheses is specified in this parametrized form, the optimal statis-

tical test for the reference model is defined by the Neyman–Pearson construction [65], based on the
maximum likelihood principle. The idea is to compare the reference with the best-fit distribution
n(x|bw), obtained at the point w = bw that maximizes the likelihood. This leads to the test statistic

t(D) = 2 log

"
e
�N(bw)

e�N(R)

Y

x2D

n(x|bw)

n(x|R)

#
= �2 Min

{w}

"
N(w) � N(R) �

X

x2D
f(x;w)

#
, (3)

where N(R) is the expected number of events in the reference model and N(w) is the expected in
the alternative hypothesis, namely

N(w) =

Z
dx n(x|w) =

Z
dx n(x|R) e

f(x;w)
. (4)

In order to associate a probability to the value of t (tobs) obtained with the observed data set, the
p.d.f. of t in the reference hypothesis needs to be computed by repeatedly evaluating t on a large
sample of toy datasets. From this distribution we obtain the observed p-value

pobs =

Z 1

tobs

dt P (t|R) , (5)

defined as usual as the probability that the reference model produces a dataset that is more in
tension with itself (has larger t) than the observed data.

The basic idea of the present paper is to parametrize the alternative hypothesis with neural
networks. We take f(x;w) to be fully connected neural networks, with free parameters w that
correspond to the weights and biases of the network. In order to turn this idea into a concrete
algorithm, the only missing step is to show how the minimization in eq. (3) can be transformed into
a neural network training problem. This step is taken in section 3, while here we further elaborate
on the conceptual foundations of our method and on the comparison with existing approaches. A
brief introduction to neural networks is reported in appendix A.

2.1 Model-Dependent Tests

The Neyman–Pearson formula in eq. (3) makes clear that the problem of searching for departures
from the reference model expectations (i.e., for new physics) merely reduces to the one of selecting

4

If             is piece-wise constant
<latexit sha1_base64="gkB7fa404TExbFEDMMYfI+hK2FI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiFQUvBS8eK9gPaErZbDft0t0k7G6qJeSfePGgiFf/iTf/jds2B219MPB4b4aZeX7MmdKO820V1tY3NreK26Wd3b39A/vwqKWiRBLaJBGPZMfHinIW0qZmmtNOLCkWPqdtf3w789sTKhWLwgc9jWlP4GHIAkawNlLftoPK003qSeH5QfqYZed9u+xUnTnQKnFzUoYcjb795Q0ikggaasKxUl3XiXUvxVIzwmlW8hJFY0zGeEi7hoZYUNVL55dn6MwoAxRE0lSo0Vz9PZFiodRU+KZTYD1Sy95M/M/rJjq47qUsjBNNQ7JYFCQc6QjNYkADJinRfGoIJpKZWxEZYYmJNmGVTAju8surpHVRdS+rzn2tXK/lcRThBE6hAi5cQR3uoAFNIDCBZ3iFNyu1Xqx362PRWrDymWP4A+vzB13Sk3E=</latexit>

f(x;w)

Binned Histogram Test

(e.g., MUSiC at CMS)

<latexit sha1_base64="gkB7fa404TExbFEDMMYfI+hK2FI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiFQUvBS8eK9gPaErZbDft0t0k7G6qJeSfePGgiFf/iTf/jds2B219MPB4b4aZeX7MmdKO820V1tY3NreK26Wd3b39A/vwqKWiRBLaJBGPZMfHinIW0qZmmtNOLCkWPqdtf3w789sTKhWLwgc9jWlP4GHIAkawNlLftoPK003qSeH5QfqYZed9u+xUnTnQKnFzUoYcjb795Q0ikggaasKxUl3XiXUvxVIzwmlW8hJFY0zGeEi7hoZYUNVL55dn6MwoAxRE0lSo0Vz9PZFiodRU+KZTYD1Sy95M/M/rJjq47qUsjBNNQ7JYFCQc6QjNYkADJinRfGoIJpKZWxEZYYmJNmGVTAju8surpHVRdS+rzn2tXK/lcRThBE6hAi5cQR3uoAFNIDCBZ3iFNyu1Xqx362PRWrDymWP4A+vzB13Sk3E=</latexit>

f(x;w)
Alternative as predicted by “NP” model.

Few, or no, free parameters

Alternative in parametrised form.

             is flexible function approximant



Maximum Likelihood
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(Foundation of entire LHC statistical practice)  

Data: D = {xi}, i = 1, . . . ,ND
<latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit>

n(x) = N P (x)
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Alternative Distribution:

depending on parameters (composite)

n(x|w)
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Test statistic:

Model Dependent Strategy Model Independent Strategy
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n(x|w) = n(x|NP)

Testing the reference model for compatibility with the observed data set D unavoidably requires
comparison with an alternative hypothesis n(x|w). In general the alternative hypothesis is compos-
ite, labeled by a number of free parameters w. We are interested in problems where the distribution
according to which the data are truly distributed is “similar” (in the sense specified in the Introduc-
tion) to the reference one, hence it is convenient to parametrize n(x|w) in terms of n(x|R). Taking
also into account that n(x|w) is necessarily positive and that we will use log-likelihood ratios for
hypothesis testing, we best express it as

n(x|w) = n(x|R) e
f(x;w)

, (2)

in terms of a set of real functions F = {f(x;w), 8w}.
Once the set of alternative hypotheses is specified in this parametrized form, the optimal statis-

tical test for the reference model is defined by the Neyman–Pearson construction [65], based on the
maximum likelihood principle. The idea is to compare the reference with the best-fit distribution
n(x|bw), obtained at the point w = bw that maximizes the likelihood. This leads to the test statistic

t(D) = 2 log
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e
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#
, (3)

where N(R) is the expected number of events in the reference model and N(w) is the expected in
the alternative hypothesis, namely

N(w) =

Z
dx n(x|w) =

Z
dx n(x|R) e

f(x;w)
. (4)

In order to associate a probability to the value of t (tobs) obtained with the observed data set, the
p.d.f. of t in the reference hypothesis needs to be computed by repeatedly evaluating t on a large
sample of toy datasets. From this distribution we obtain the observed p-value

pobs =

Z 1

tobs

dt P (t|R) , (5)

defined as usual as the probability that the reference model produces a dataset that is more in
tension with itself (has larger t) than the observed data.

The basic idea of the present paper is to parametrize the alternative hypothesis with neural
networks. We take f(x;w) to be fully connected neural networks, with free parameters w that
correspond to the weights and biases of the network. In order to turn this idea into a concrete
algorithm, the only missing step is to show how the minimization in eq. (3) can be transformed into
a neural network training problem. This step is taken in section 3, while here we further elaborate
on the conceptual foundations of our method and on the comparison with existing approaches. A
brief introduction to neural networks is reported in appendix A.

2.1 Model-Dependent Tests

The Neyman–Pearson formula in eq. (3) makes clear that the problem of searching for departures
from the reference model expectations (i.e., for new physics) merely reduces to the one of selecting

4

If             is a neural network
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f(x;w)

Our Proposal 

Alternative as predicted by “NP” model.

Few, or no, free parameters

<latexit sha1_base64="gkB7fa404TExbFEDMMYfI+hK2FI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiFQUvBS8eK9gPaErZbDft0t0k7G6qJeSfePGgiFf/iTf/jds2B219MPB4b4aZeX7MmdKO820V1tY3NreK26Wd3b39A/vwqKWiRBLaJBGPZMfHinIW0qZmmtNOLCkWPqdtf3w789sTKhWLwgc9jWlP4GHIAkawNlLftoPK003qSeH5QfqYZed9u+xUnTnQKnFzUoYcjb795Q0ikggaasKxUl3XiXUvxVIzwmlW8hJFY0zGeEi7hoZYUNVL55dn6MwoAxRE0lSo0Vz9PZFiodRU+KZTYD1Sy95M/M/rJjq47qUsjBNNQ7JYFCQc6QjNYkADJinRfGoIJpKZWxEZYYmJNmGVTAju8surpHVRdS+rzn2tXK/lcRThBE6hAi5cQR3uoAFNIDCBZ3iFNyu1Xqx362PRWrDymWP4A+vzB13Sk3E=</latexit>

f(x;w)
Alternative in parametrised form.

             is flexible function approximant
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(Foundation of entire LHC statistical practice)  

Data: D = {xi}, i = 1, . . . ,ND
<latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit><latexit sha1_base64="cjWgMiuqvm1acqqQW03wcSgNqG4=">AAACJ3icbVDLSsNAFJ3UV62vqEs3g0VwUUoigoJUirpwJRXsA5oQJpNpO3TyYGYilpC/ceOvuBFURJf+iZM2oG09MHA451zm3uNGjAppGF9aYWFxaXmluFpaW9/Y3NK3d1oijDkmTRyykHdcJAijAWlKKhnpRJwg32Wk7Q4vM799T7igYXAnRxGxfdQPaI9iJJXk6OeJ5SM5wIglV2las5IHh1ppxTqjNbNiMS+UovIbuUlTZ2rA0ctG1RgDzhMzJ2WQo+Hor5YX4tgngcQMCdE1jUjaCeKSYkbSkhULEiE8RH3SVTRAPhF2Mr4zhQdK8WAv5OoFEo7VvxMJ8oUY+a5KZjuKWS8T//O6seyd2gkNoliSAE8+6sUMyhBmpUGPcoIlGymCMKdqV4gHiCMsVbUlVYI5e/I8aR1VTaNq3h6X6xd5HUWwB/bBITDBCaiDa9AATYDBI3gGb+Bde9JetA/tcxItaPnMLpiC9v0DMPGnXw==</latexit>

n(x) = N P (x)
<latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit><latexit sha1_base64="Bz30YMaXrV/C3entCQQzpmTJD1g=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBEqSJkRQTdC0Y0rqWAf0BlKJs20oZlMSDJiGfobblwo4tafceffmLaz0NYDl3s4515yc0LJmTau++0sLa+srq0XNoqbW9s7u6W9/aZOUkVogyQ8Ue0Qa8qZoA3DDKdtqSiOQ05b4fBm4rceqdIsEQ9mJGkQ475gESPYWMkXlaeTqzv/tG57t1R2q+4UaJF4OSlDjnq39OX3EpLGVBjCsdYdz5UmyLAyjHA6LvqpphKTIe7TjqUCx1QH2fTmMTq2Sg9FibIlDJqqvzcyHGs9ikM7GWMz0PPeRPzP66QmugwyJmRqqCCzh6KUI5OgSQCoxxQlho8swUQxeysiA6wwMTamog3Bm//yImmeVT236t2fl2vXeRwFOIQjqIAHF1CDW6hDAwhIeIZXeHNS58V5dz5mo0tOvnMAf+B8/gD8dpBV</latexit>

N =

Z
dxn(x)

<latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit><latexit sha1_base64="/+mq/X66Gqb3evYrbswf6zVMVIE=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAYhgoZdFfQiBL14kgjmAdklzM5OzJDZ2WWmVxKWnLz4K148KOLVb/Dm3zh5HDSxoKGo6qa7y48F12Db31Zmbn5hcSm7nFtZXVvfyG9u1XSUKMqqNBKRavhEM8ElqwIHwRqxYiT0Bav73auhX39gSvNI3kE/Zl5I7iVvc0rASK387s2FyyW4HR0TytKjkxgGOOi5h1gWewetfMEu2SPgWeJMSAFNUGnlv9wgoknIJFBBtG46dgxeShRwKtgg5yaamUVdcs+ahkoSMu2lozcGeN8oAW5HypQEPFJ/T6Qk1Lof+qYzJNDR095Q/M9rJtA+91Iu4wSYpONF7URgiPAwExxwxSiIviGEKm5uxbRDFKFgksuZEJzpl2dJ7bjk2CXn9rRQvpzEkUU7aA8VkYPOUBldowqqIooe0TN6RW/Wk/VivVsf49aMNZnZRn9gff4Ame+X5g==</latexit>

Reference Distribution: n(x|R)
<latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit><latexit sha1_base64="ccuFk+osZiIDC4MgOCP4VzF7FUo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXsquCHosevFYxX5Au5RsmrahSXZNssWy7u/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dhg5jRWidhDxUrQBrypmkdcMMp61IUSwCTpvB6HrqN8dUaRbKezOJqC/wQLI+I9hYyZflx6eko0Ryl6an3WLJrbgzoGXiZaQEGWrd4lenF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT2ZHp+jEKj3UD5UtadBM/T2RYKH1RAS2U2Az1IveVPzPa8emf+knTEaxoZLMF/VjjkyIpgmgHlOUGD6xBBPF7K2IDLHCxNicCjYEb/HlZdI4q3huxbs9L1WvsjjycATHUAYPLqAKN1CDOhB4gGd4hTdn7Lw4787HvDXnZDOH8AfO5w/oQpIs</latexit>

Alternative Distribution:

depending on parameters (composite)

n(x|w)
<latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit><latexit sha1_base64="6lIgN9JmxNvULlVi8lsyRAdPElg=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSLUTUlE0GXRjcsK9gFtKJPppB06mYSZibWk/RQ3LhRx65e482+ctFlo64GBwzn3cs8cP+ZMacf5ttbWNza3tgs7xd29/YNDu3TUVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/us381iOVikXiQU9i6oV4IFjACNZG6tklUXmapt0Q66EfpOPZ7Lxnl52qMwdaJW5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Vu4miMSYjPKAdQwUOqfLSefQZOjNKHwWRNE9oNFd/b6Q4VGoS+mYyy6iWvUz8z+skOrj2UibiRFNBFoeChCMdoawH1GeSEs0nhmAimcmKyBBLTLRpq2hKcJe/vEqaF1XXqbr3l+XaTV5HAU7gFCrgwhXU4A7q0AACY3iGV3izptaL9W59LEbXrHznGP7A+vwBpuCUPQ==</latexit>
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Test statistic:

Model Dependent Strategy Model Independent Strategy
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n(x|w) = n(x|NP)

Testing the reference model for compatibility with the observed data set D unavoidably requires
comparison with an alternative hypothesis n(x|w). In general the alternative hypothesis is compos-
ite, labeled by a number of free parameters w. We are interested in problems where the distribution
according to which the data are truly distributed is “similar” (in the sense specified in the Introduc-
tion) to the reference one, hence it is convenient to parametrize n(x|w) in terms of n(x|R). Taking
also into account that n(x|w) is necessarily positive and that we will use log-likelihood ratios for
hypothesis testing, we best express it as

n(x|w) = n(x|R) e
f(x;w)

, (2)

in terms of a set of real functions F = {f(x;w), 8w}.
Once the set of alternative hypotheses is specified in this parametrized form, the optimal statis-

tical test for the reference model is defined by the Neyman–Pearson construction [65], based on the
maximum likelihood principle. The idea is to compare the reference with the best-fit distribution
n(x|bw), obtained at the point w = bw that maximizes the likelihood. This leads to the test statistic
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where N(R) is the expected number of events in the reference model and N(w) is the expected in
the alternative hypothesis, namely

N(w) =

Z
dx n(x|w) =

Z
dx n(x|R) e

f(x;w)
. (4)

In order to associate a probability to the value of t (tobs) obtained with the observed data set, the
p.d.f. of t in the reference hypothesis needs to be computed by repeatedly evaluating t on a large
sample of toy datasets. From this distribution we obtain the observed p-value

pobs =

Z 1

tobs

dt P (t|R) , (5)

defined as usual as the probability that the reference model produces a dataset that is more in
tension with itself (has larger t) than the observed data.

The basic idea of the present paper is to parametrize the alternative hypothesis with neural
networks. We take f(x;w) to be fully connected neural networks, with free parameters w that
correspond to the weights and biases of the network. In order to turn this idea into a concrete
algorithm, the only missing step is to show how the minimization in eq. (3) can be transformed into
a neural network training problem. This step is taken in section 3, while here we further elaborate
on the conceptual foundations of our method and on the comparison with existing approaches. A
brief introduction to neural networks is reported in appendix A.

2.1 Model-Dependent Tests

The Neyman–Pearson formula in eq. (3) makes clear that the problem of searching for departures
from the reference model expectations (i.e., for new physics) merely reduces to the one of selecting

4

If             is a neural network
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f(x;w)

Our Proposal 

Basic idea: 

replace histograms with NN, literally!

Highly motivated attempt: 

•NN “effective” flexible but smooth function approx.

•Often “sold” as alternative to hist. to fit distributions

•Better dimensionality scaling 

f(x; w) = NN

Alternative as predicted by “NP” model

Few, or no, free parameters
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f(x;w)
Alternative in parametrised form.

             is flexible function approximant
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Turn the evaluation of “t” into supervised training problem:

Testing the reference model for compatibility with the observed data set D unavoidably requires
comparison with an alternative hypothesis n(x|w). In general the alternative hypothesis is compos-
ite, labeled by a number of free parameters w. We are interested in problems where the distribution
according to which the data are truly distributed is “similar” (in the sense specified in the Introduc-
tion) to the reference one, hence it is convenient to parametrize n(x|w) in terms of n(x|R). Taking
also into account that n(x|w) is necessarily positive and that we will use log-likelihood ratios for
hypothesis testing, we best express it as

n(x|w) = n(x|R) e
f(x;w)

, (2)

in terms of a set of real functions F = {f(x;w), 8w}.
Once the set of alternative hypotheses is specified in this parametrized form, the optimal statis-

tical test for the reference model is defined by the Neyman–Pearson construction [65], based on the
maximum likelihood principle. The idea is to compare the reference with the best-fit distribution
n(x|bw), obtained at the point w = bw that maximizes the likelihood. This leads to the test statistic

t(D) = 2 log
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where N(R) is the expected number of events in the reference model and N(w) is the expected in
the alternative hypothesis, namely

N(w) =

Z
dx n(x|w) =

Z
dx n(x|R) e

f(x;w)
. (4)

In order to associate a probability to the value of t (tobs) obtained with the observed data set, the
p.d.f. of t in the reference hypothesis needs to be computed by repeatedly evaluating t on a large
sample of toy datasets. From this distribution we obtain the observed p-value

pobs =

Z 1

tobs

dt P (t|R) , (5)

defined as usual as the probability that the reference model produces a dataset that is more in
tension with itself (has larger t) than the observed data.

The basic idea of the present paper is to parametrize the alternative hypothesis with neural
networks. We take f(x;w) to be fully connected neural networks, with free parameters w that
correspond to the weights and biases of the network. In order to turn this idea into a concrete
algorithm, the only missing step is to show how the minimization in eq. (3) can be transformed into
a neural network training problem. This step is taken in section 3, while here we further elaborate
on the conceptual foundations of our method and on the comparison with existing approaches. A
brief introduction to neural networks is reported in appendix A.

2.1 Model-Dependent Tests

The Neyman–Pearson formula in eq. (3) makes clear that the problem of searching for departures
from the reference model expectations (i.e., for new physics) merely reduces to the one of selecting
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We need a Reference Sample, distributed according to Reference Model
R = {xi}, i = 1, . . . ,NR
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Approximate integral as Monte Carlo sum:

N(w) =

Z
dxn(x|R) ef(x;w) =

N(R)

NR

X

x2R
ef(x;w)
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Turn the evaluation of “t” into supervised training problem:

Testing the reference model for compatibility with the observed data set D unavoidably requires
comparison with an alternative hypothesis n(x|w). In general the alternative hypothesis is compos-
ite, labeled by a number of free parameters w. We are interested in problems where the distribution
according to which the data are truly distributed is “similar” (in the sense specified in the Introduc-
tion) to the reference one, hence it is convenient to parametrize n(x|w) in terms of n(x|R). Taking
also into account that n(x|w) is necessarily positive and that we will use log-likelihood ratios for
hypothesis testing, we best express it as

n(x|w) = n(x|R) e
f(x;w)

, (2)

in terms of a set of real functions F = {f(x;w), 8w}.
Once the set of alternative hypotheses is specified in this parametrized form, the optimal statis-

tical test for the reference model is defined by the Neyman–Pearson construction [65], based on the
maximum likelihood principle. The idea is to compare the reference with the best-fit distribution
n(x|bw), obtained at the point w = bw that maximizes the likelihood. This leads to the test statistic
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where N(R) is the expected number of events in the reference model and N(w) is the expected in
the alternative hypothesis, namely

N(w) =

Z
dx n(x|w) =

Z
dx n(x|R) e

f(x;w)
. (4)

In order to associate a probability to the value of t (tobs) obtained with the observed data set, the
p.d.f. of t in the reference hypothesis needs to be computed by repeatedly evaluating t on a large
sample of toy datasets. From this distribution we obtain the observed p-value

pobs =

Z 1

tobs

dt P (t|R) , (5)

defined as usual as the probability that the reference model produces a dataset that is more in
tension with itself (has larger t) than the observed data.

The basic idea of the present paper is to parametrize the alternative hypothesis with neural
networks. We take f(x;w) to be fully connected neural networks, with free parameters w that
correspond to the weights and biases of the network. In order to turn this idea into a concrete
algorithm, the only missing step is to show how the minimization in eq. (3) can be transformed into
a neural network training problem. This step is taken in section 3, while here we further elaborate
on the conceptual foundations of our method and on the comparison with existing approaches. A
brief introduction to neural networks is reported in appendix A.

2.1 Model-Dependent Tests

The Neyman–Pearson formula in eq. (3) makes clear that the problem of searching for departures
from the reference model expectations (i.e., for new physics) merely reduces to the one of selecting
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We need a Reference Sample, distributed according to Reference Model
R = {xi}, i = 1, . . . ,NR
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In order to read this as “equal”, we need

Like saying that  is “known”, as it 
is infinitely samplable

n(x |R)
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Turn the evaluation of “t” into supervised training problem:

Testing the reference model for compatibility with the observed data set D unavoidably requires
comparison with an alternative hypothesis n(x|w). In general the alternative hypothesis is compos-
ite, labeled by a number of free parameters w. We are interested in problems where the distribution
according to which the data are truly distributed is “similar” (in the sense specified in the Introduc-
tion) to the reference one, hence it is convenient to parametrize n(x|w) in terms of n(x|R). Taking
also into account that n(x|w) is necessarily positive and that we will use log-likelihood ratios for
hypothesis testing, we best express it as

n(x|w) = n(x|R) e
f(x;w)

, (2)

in terms of a set of real functions F = {f(x;w), 8w}.
Once the set of alternative hypotheses is specified in this parametrized form, the optimal statis-

tical test for the reference model is defined by the Neyman–Pearson construction [65], based on the
maximum likelihood principle. The idea is to compare the reference with the best-fit distribution
n(x|bw), obtained at the point w = bw that maximizes the likelihood. This leads to the test statistic

t(D) = 2 log

"
e
�N(bw)

e�N(R)

Y

x2D

n(x|bw)

n(x|R)

#
= �2 Min

{w}

"
N(w) � N(R) �

X

x2D
f(x;w)

#
, (3)

where N(R) is the expected number of events in the reference model and N(w) is the expected in
the alternative hypothesis, namely

N(w) =

Z
dx n(x|w) =

Z
dx n(x|R) e

f(x;w)
. (4)

In order to associate a probability to the value of t (tobs) obtained with the observed data set, the
p.d.f. of t in the reference hypothesis needs to be computed by repeatedly evaluating t on a large
sample of toy datasets. From this distribution we obtain the observed p-value

pobs =

Z 1

tobs

dt P (t|R) , (5)

defined as usual as the probability that the reference model produces a dataset that is more in
tension with itself (has larger t) than the observed data.

The basic idea of the present paper is to parametrize the alternative hypothesis with neural
networks. We take f(x;w) to be fully connected neural networks, with free parameters w that
correspond to the weights and biases of the network. In order to turn this idea into a concrete
algorithm, the only missing step is to show how the minimization in eq. (3) can be transformed into
a neural network training problem. This step is taken in section 3, while here we further elaborate
on the conceptual foundations of our method and on the comparison with existing approaches. A
brief introduction to neural networks is reported in appendix A.

2.1 Model-Dependent Tests

The Neyman–Pearson formula in eq. (3) makes clear that the problem of searching for departures
from the reference model expectations (i.e., for new physics) merely reduces to the one of selecting

4

t(D) = �2Min
w

"
N(w)�N(R)�

NDX

i=1

f(xi;w)

#
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We need a Reference Sample, distributed according to Reference Model
R = {xi}, i = 1, . . . ,NR
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Approximate integral as Monte Carlo sum:

N(w) =
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dxn(x|R) ef(x;w) =
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Train D vs. R
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Network
<latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit>

x
<latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit>

f(x; bw)
<latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit><latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit><latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit>

Neural
<latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit>

Network
<latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit>

x
<latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit>

bw
<latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit><latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit><latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit>

f(x; bw) ' log


n(x|T)

n(x|R)

�

<latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit><latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit><latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit>

data sample D
<latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit><latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit><latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit>

computed on the
<latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit><latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit><latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit>

Dist. log ratio
<latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit><latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit><latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit>

Data sample D
<latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit><latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit><latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit>

Reference sample R
<latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit><latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit><latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit>

Test statistic t
<latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit><latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit><latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit>

data/reference
<latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit><latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit><latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit>

INPUT
<latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit><latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit><latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit>

OUTPUT
<latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit><latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit><latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit>

t(D) = �2Min
{w}

L[f ]
<latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit><latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit><latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit>
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Figure 1: A schematic representation of the implementation of our strategy.

time. We estimate N(w) by the Monte Carlo method, namely we write 5

N(w) =
N(R)

NR

X

x2R
e
f(x;w)

. (9)

Eq. (3) thus becomes

t(D) = �2 Min
{w}

"
N(R)

NR

X

x2R
(ef(x;w) � 1) �

X

x2D
f(x;w)

#
⌘ �2 Min

{w}
L[f( · ,w)] , (10)

where L has precisely the form of a loss function. It can be written as a single sum over events by
introducing a target variable y which is set to 0 for the events in R and to 1 and for those in D.
Explicitly, we have

L[f ] =
X

(x,y)


(1 � y)

N(R)

NR
(ef(x) � 1) � y f(x)

�
. (11)

The minimization of L with respect to the neural network parameters w can thus be carried out
as a standard supervised training process. The test statistic is simply minus 2 times the loss at
the end of training. The trained neural network, f(x; bw), is the maximum likelihood fit to the

5There is an equality in the equation that follows because we assume a large enough reference sample to reduce
the Monte Carlo integration error to a negligible level.

9

Train D vs. R
<latexit sha1_base64="tLbrL+JMezgVpQS8gUvjgzffP7s=">AAACGnicbVBNS8NAEN34WetX1KOXYBE8hbQIKvVQ0IPHKo0tNKFstpt26e4m7G4KJeR/ePGvePGg4k28+G/ctDnY1gcDj/dmmJkXxJRI5Tg/xsrq2vrGZmmrvL2zu7dvHhw+yigRCLsoopHoBFBiSjh2FVEUd2KBIQsobgejm9xvj7GQJOItNYmxz+CAk5AgqLTUM2ueYGlLQMK9epZ6DKohgjS9zbLc8Opjac8ZD1nWMyuO7UxhLZNqQSqgQLNnfnn9CCUMc4UolLJbdWLlp1AogijOyl4icQzRCA5wV1MOGZZ+Ov0ts0610rfCSOjiypqqfydSyKScsEB35jfKRS8X//O6iQov/ZTwOFGYo9miMKGWiqw8KKtPBEaKTjSBSBB9q4WGUECkdJxlHUJ18eVl4tbsK9u5P680ros0SuAYnIAzUAUXoAHuQBO4AIEn8ALewLvxbLwaH8bnrHXFKGaOwByM71+PT6KO</latexit><latexit sha1_base64="tLbrL+JMezgVpQS8gUvjgzffP7s=">AAACGnicbVBNS8NAEN34WetX1KOXYBE8hbQIKvVQ0IPHKo0tNKFstpt26e4m7G4KJeR/ePGvePGg4k28+G/ctDnY1gcDj/dmmJkXxJRI5Tg/xsrq2vrGZmmrvL2zu7dvHhw+yigRCLsoopHoBFBiSjh2FVEUd2KBIQsobgejm9xvj7GQJOItNYmxz+CAk5AgqLTUM2ueYGlLQMK9epZ6DKohgjS9zbLc8Opjac8ZD1nWMyuO7UxhLZNqQSqgQLNnfnn9CCUMc4UolLJbdWLlp1AogijOyl4icQzRCA5wV1MOGZZ+Ov0ts0610rfCSOjiypqqfydSyKScsEB35jfKRS8X//O6iQov/ZTwOFGYo9miMKGWiqw8KKtPBEaKTjSBSBB9q4WGUECkdJxlHUJ18eVl4tbsK9u5P680ros0SuAYnIAzUAUXoAHuQBO4AIEn8ALewLvxbLwaH8bnrHXFKGaOwByM71+PT6KO</latexit><latexit sha1_base64="tLbrL+JMezgVpQS8gUvjgzffP7s=">AAACGnicbVBNS8NAEN34WetX1KOXYBE8hbQIKvVQ0IPHKo0tNKFstpt26e4m7G4KJeR/ePGvePGg4k28+G/ctDnY1gcDj/dmmJkXxJRI5Tg/xsrq2vrGZmmrvL2zu7dvHhw+yigRCLsoopHoBFBiSjh2FVEUd2KBIQsobgejm9xvj7GQJOItNYmxz+CAk5AgqLTUM2ueYGlLQMK9epZ6DKohgjS9zbLc8Opjac8ZD1nWMyuO7UxhLZNqQSqgQLNnfnn9CCUMc4UolLJbdWLlp1AogijOyl4icQzRCA5wV1MOGZZ+Ov0ts0610rfCSOjiypqqfydSyKScsEB35jfKRS8X//O6iQov/ZTwOFGYo9miMKGWiqw8KKtPBEaKTjSBSBB9q4WGUECkdJxlHUJ18eVl4tbsK9u5P680ros0SuAYnIAzUAUXoAHuQBO4AIEn8ALewLvxbLwaH8bnrHXFKGaOwByM71+PT6KO</latexit>

w
<latexit sha1_base64="rI/4tC9VUChoWNcv+mzL2kXtKn0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIKngoePFYwdhCW8pmO2mXbjZxd6OUkD/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurZc2yptb2zu7lb39ex2niqHPYhGrVkA1Ci7RN9wIbCUKaRQIbAaj64nffESleSzvzDjBbkQHkoecUWOlVtYJwuwpz3uVqltzpyCLxCtIFQo0epWvTj9maYTSMEG1bntuYroZVYYzgXm5k2pMKBvRAbYtlTRC3c2m9+bk2Cp9EsbKljRkqv6eyGik9TgKbGdEzVDPexPxP6+dmvCim3GZpAYlmy0KU0FMTCbPkz5XyIwYW0KZ4vZWwoZUUWZsRGUbgjf/8iLxT2uXNff2rFq/KtIowSEcwQl4cA51uIEG+MBAwDO8wpvz4Lw4787HrHXJKWYO4A+czx8G1JAi</latexit><latexit sha1_base64="rI/4tC9VUChoWNcv+mzL2kXtKn0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIKngoePFYwdhCW8pmO2mXbjZxd6OUkD/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurZc2yptb2zu7lb39ex2niqHPYhGrVkA1Ci7RN9wIbCUKaRQIbAaj64nffESleSzvzDjBbkQHkoecUWOlVtYJwuwpz3uVqltzpyCLxCtIFQo0epWvTj9maYTSMEG1bntuYroZVYYzgXm5k2pMKBvRAbYtlTRC3c2m9+bk2Cp9EsbKljRkqv6eyGik9TgKbGdEzVDPexPxP6+dmvCim3GZpAYlmy0KU0FMTCbPkz5XyIwYW0KZ4vZWwoZUUWZsRGUbgjf/8iLxT2uXNff2rFq/KtIowSEcwQl4cA51uIEG+MBAwDO8wpvz4Lw4787HrHXJKWYO4A+czx8G1JAi</latexit><latexit sha1_base64="rI/4tC9VUChoWNcv+mzL2kXtKn0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIKngoePFYwdhCW8pmO2mXbjZxd6OUkD/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurZc2yptb2zu7lb39ex2niqHPYhGrVkA1Ci7RN9wIbCUKaRQIbAaj64nffESleSzvzDjBbkQHkoecUWOlVtYJwuwpz3uVqltzpyCLxCtIFQo0epWvTj9maYTSMEG1bntuYroZVYYzgXm5k2pMKBvRAbYtlTRC3c2m9+bk2Cp9EsbKljRkqv6eyGik9TgKbGdEzVDPexPxP6+dmvCim3GZpAYlmy0KU0FMTCbPkz5XyIwYW0KZ4vZWwoZUUWZsRGUbgjf/8iLxT2uXNff2rFq/KtIowSEcwQl4cA51uIEG+MBAwDO8wpvz4Lw4787HrHXJKWYO4A+czx8G1JAi</latexit>

f(x;w)
<latexit sha1_base64="kvmgogxtGifb2gUQisILHtaH8SI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigooeCl48VjC20Iay2W7apZtN3N1US8jv8OJBxat/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3715FiSTUJRGPZMvHinImqKuZ5rQVS4pDn9OmP7ye+M0RlYpF4k6PY+qFuC9YwAjWRvKC6tNl2vGD9DHLjrvlil2zp0CLxMlJBXI0uuWvTi8iSUiFJhwr1XbsWHsplpoRTrNSJ1E0xmSI+7RtqMAhVV46PTpDR0bpoSCSpoRGU/X3RIpDpcahbzpDrAdq3puI/3ntRAfnXspEnGgqyGxRkHCkIzRJAPWYpETzsSGYSGZuRWSAJSba5FQyITjzLy8S96R2UbNvTyv1qzyNIhzAIVTBgTOoww00wAUCD/AMr/BmjawX6936mLUWrHxmH/7A+vwB88eRvg==</latexit><latexit sha1_base64="kvmgogxtGifb2gUQisILHtaH8SI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigooeCl48VjC20Iay2W7apZtN3N1US8jv8OJBxat/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3715FiSTUJRGPZMvHinImqKuZ5rQVS4pDn9OmP7ye+M0RlYpF4k6PY+qFuC9YwAjWRvKC6tNl2vGD9DHLjrvlil2zp0CLxMlJBXI0uuWvTi8iSUiFJhwr1XbsWHsplpoRTrNSJ1E0xmSI+7RtqMAhVV46PTpDR0bpoSCSpoRGU/X3RIpDpcahbzpDrAdq3puI/3ntRAfnXspEnGgqyGxRkHCkIzRJAPWYpETzsSGYSGZuRWSAJSba5FQyITjzLy8S96R2UbNvTyv1qzyNIhzAIVTBgTOoww00wAUCD/AMr/BmjawX6936mLUWrHxmH/7A+vwB88eRvg==</latexit><latexit sha1_base64="kvmgogxtGifb2gUQisILHtaH8SI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigooeCl48VjC20Iay2W7apZtN3N1US8jv8OJBxat/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3715FiSTUJRGPZMvHinImqKuZ5rQVS4pDn9OmP7ye+M0RlYpF4k6PY+qFuC9YwAjWRvKC6tNl2vGD9DHLjrvlil2zp0CLxMlJBXI0uuWvTi8iSUiFJhwr1XbsWHsplpoRTrNSJ1E0xmSI+7RtqMAhVV46PTpDR0bpoSCSpoRGU/X3RIpDpcahbzpDrAdq3puI/3ntRAfnXspEnGgqyGxRkHCkIzRJAPWYpETzsSGYSGZuRWSAJSba5FQyITjzLy8S96R2UbNvTyv1qzyNIhzAIVTBgTOoww00wAUCD/AMr/BmjawX6936mLUWrHxmH/7A+vwB88eRvg==</latexit>

Neural
<latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit>

Network
<latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit>

x
<latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit>

f(x; bw)
<latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit><latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit><latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit>

Neural
<latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit>

Network
<latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit>

x
<latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit>

bw
<latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit><latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit><latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit>

f(x; bw) ' log


n(x|T)

n(x|R)

�

<latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit><latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit><latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit>

data sample D
<latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit><latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit><latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit>

computed on the
<latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit><latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit><latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit>

Dist. log ratio
<latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit><latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit><latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit>

Data sample D
<latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit><latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit><latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit>

Reference sample R
<latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit><latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit><latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit>

Test statistic t
<latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit><latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit><latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit>

data/reference
<latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit><latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit><latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit>

INPUT
<latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit><latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit><latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit>

OUTPUT
<latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit><latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit><latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit>

t(D) = �2Min
{w}

L[f ]
<latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit><latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit><latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit>
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Figure 1: A schematic representation of the implementation of our strategy.

time. We estimate N(w) by the Monte Carlo method, namely we write 5

N(w) =
N(R)

NR

X

x2R
e
f(x;w)

. (9)

Eq. (3) thus becomes

t(D) = �2 Min
{w}

"
N(R)

NR

X

x2R
(ef(x;w) � 1) �

X

x2D
f(x;w)

#
⌘ �2 Min

{w}
L[f( · ,w)] , (10)

where L has precisely the form of a loss function. It can be written as a single sum over events by
introducing a target variable y which is set to 0 for the events in R and to 1 and for those in D.
Explicitly, we have

L[f ] =
X

(x,y)


(1 � y)

N(R)

NR
(ef(x) � 1) � y f(x)

�
. (11)

The minimization of L with respect to the neural network parameters w can thus be carried out
as a standard supervised training process. The test statistic is simply minus 2 times the loss at
the end of training. The trained neural network, f(x; bw), is the maximum likelihood fit to the

5There is an equality in the equation that follows because we assume a large enough reference sample to reduce
the Monte Carlo integration error to a negligible level.

9

Get t = -2 * minimal loss. Trained net is fit to distribution log ratio
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The Algorithm

We compute “t” by supervised training using “ML-Loss”

•Observed (or Toy) Data are class “1” 
•Class “0” is a Reference Sample 


SM-distributed synthetic instances of the features “x”

Can come from Monte Carlo, or Data Driven 
Nothing different from “background sample” in regular searches

Preferably, more abundant than the data:

<latexit sha1_base64="YlTnjoaV8n1FeIchDX8SYsPr1fQ="></latexit>

NR � N(R)
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The Algorithm

Train D vs. R
<latexit sha1_base64="tLbrL+JMezgVpQS8gUvjgzffP7s=">AAACGnicbVBNS8NAEN34WetX1KOXYBE8hbQIKvVQ0IPHKo0tNKFstpt26e4m7G4KJeR/ePGvePGg4k28+G/ctDnY1gcDj/dmmJkXxJRI5Tg/xsrq2vrGZmmrvL2zu7dvHhw+yigRCLsoopHoBFBiSjh2FVEUd2KBIQsobgejm9xvj7GQJOItNYmxz+CAk5AgqLTUM2ueYGlLQMK9epZ6DKohgjS9zbLc8Opjac8ZD1nWMyuO7UxhLZNqQSqgQLNnfnn9CCUMc4UolLJbdWLlp1AogijOyl4icQzRCA5wV1MOGZZ+Ov0ts0610rfCSOjiypqqfydSyKScsEB35jfKRS8X//O6iQov/ZTwOFGYo9miMKGWiqw8KKtPBEaKTjSBSBB9q4WGUECkdJxlHUJ18eVl4tbsK9u5P680ros0SuAYnIAzUAUXoAHuQBO4AIEn8ALewLvxbLwaH8bnrHXFKGaOwByM71+PT6KO</latexit><latexit sha1_base64="tLbrL+JMezgVpQS8gUvjgzffP7s=">AAACGnicbVBNS8NAEN34WetX1KOXYBE8hbQIKvVQ0IPHKo0tNKFstpt26e4m7G4KJeR/ePGvePGg4k28+G/ctDnY1gcDj/dmmJkXxJRI5Tg/xsrq2vrGZmmrvL2zu7dvHhw+yigRCLsoopHoBFBiSjh2FVEUd2KBIQsobgejm9xvj7GQJOItNYmxz+CAk5AgqLTUM2ueYGlLQMK9epZ6DKohgjS9zbLc8Opjac8ZD1nWMyuO7UxhLZNqQSqgQLNnfnn9CCUMc4UolLJbdWLlp1AogijOyl4icQzRCA5wV1MOGZZ+Ov0ts0610rfCSOjiypqqfydSyKScsEB35jfKRS8X//O6iQov/ZTwOFGYo9miMKGWiqw8KKtPBEaKTjSBSBB9q4WGUECkdJxlHUJ18eVl4tbsK9u5P680ros0SuAYnIAzUAUXoAHuQBO4AIEn8ALewLvxbLwaH8bnrHXFKGaOwByM71+PT6KO</latexit><latexit sha1_base64="tLbrL+JMezgVpQS8gUvjgzffP7s=">AAACGnicbVBNS8NAEN34WetX1KOXYBE8hbQIKvVQ0IPHKo0tNKFstpt26e4m7G4KJeR/ePGvePGg4k28+G/ctDnY1gcDj/dmmJkXxJRI5Tg/xsrq2vrGZmmrvL2zu7dvHhw+yigRCLsoopHoBFBiSjh2FVEUd2KBIQsobgejm9xvj7GQJOItNYmxz+CAk5AgqLTUM2ueYGlLQMK9epZ6DKohgjS9zbLc8Opjac8ZD1nWMyuO7UxhLZNqQSqgQLNnfnn9CCUMc4UolLJbdWLlp1AogijOyl4icQzRCA5wV1MOGZZ+Ov0ts0610rfCSOjiypqqfydSyKScsEB35jfKRS8X//O6iQov/ZTwOFGYo9miMKGWiqw8KKtPBEaKTjSBSBB9q4WGUECkdJxlHUJ18eVl4tbsK9u5P680ros0SuAYnIAzUAUXoAHuQBO4AIEn8ALewLvxbLwaH8bnrHXFKGaOwByM71+PT6KO</latexit>

w
<latexit sha1_base64="rI/4tC9VUChoWNcv+mzL2kXtKn0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIKngoePFYwdhCW8pmO2mXbjZxd6OUkD/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurZc2yptb2zu7lb39ex2niqHPYhGrVkA1Ci7RN9wIbCUKaRQIbAaj64nffESleSzvzDjBbkQHkoecUWOlVtYJwuwpz3uVqltzpyCLxCtIFQo0epWvTj9maYTSMEG1bntuYroZVYYzgXm5k2pMKBvRAbYtlTRC3c2m9+bk2Cp9EsbKljRkqv6eyGik9TgKbGdEzVDPexPxP6+dmvCim3GZpAYlmy0KU0FMTCbPkz5XyIwYW0KZ4vZWwoZUUWZsRGUbgjf/8iLxT2uXNff2rFq/KtIowSEcwQl4cA51uIEG+MBAwDO8wpvz4Lw4787HrHXJKWYO4A+czx8G1JAi</latexit><latexit sha1_base64="rI/4tC9VUChoWNcv+mzL2kXtKn0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIKngoePFYwdhCW8pmO2mXbjZxd6OUkD/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurZc2yptb2zu7lb39ex2niqHPYhGrVkA1Ci7RN9wIbCUKaRQIbAaj64nffESleSzvzDjBbkQHkoecUWOlVtYJwuwpz3uVqltzpyCLxCtIFQo0epWvTj9maYTSMEG1bntuYroZVYYzgXm5k2pMKBvRAbYtlTRC3c2m9+bk2Cp9EsbKljRkqv6eyGik9TgKbGdEzVDPexPxP6+dmvCim3GZpAYlmy0KU0FMTCbPkz5XyIwYW0KZ4vZWwoZUUWZsRGUbgjf/8iLxT2uXNff2rFq/KtIowSEcwQl4cA51uIEG+MBAwDO8wpvz4Lw4787HrHXJKWYO4A+czx8G1JAi</latexit><latexit sha1_base64="rI/4tC9VUChoWNcv+mzL2kXtKn0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokIKngoePFYwdhCW8pmO2mXbjZxd6OUkD/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurZc2yptb2zu7lb39ex2niqHPYhGrVkA1Ci7RN9wIbCUKaRQIbAaj64nffESleSzvzDjBbkQHkoecUWOlVtYJwuwpz3uVqltzpyCLxCtIFQo0epWvTj9maYTSMEG1bntuYroZVYYzgXm5k2pMKBvRAbYtlTRC3c2m9+bk2Cp9EsbKljRkqv6eyGik9TgKbGdEzVDPexPxP6+dmvCim3GZpAYlmy0KU0FMTCbPkz5XyIwYW0KZ4vZWwoZUUWZsRGUbgjf/8iLxT2uXNff2rFq/KtIowSEcwQl4cA51uIEG+MBAwDO8wpvz4Lw4787HrHXJKWYO4A+czx8G1JAi</latexit>

f(x;w)
<latexit sha1_base64="kvmgogxtGifb2gUQisILHtaH8SI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigooeCl48VjC20Iay2W7apZtN3N1US8jv8OJBxat/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3715FiSTUJRGPZMvHinImqKuZ5rQVS4pDn9OmP7ye+M0RlYpF4k6PY+qFuC9YwAjWRvKC6tNl2vGD9DHLjrvlil2zp0CLxMlJBXI0uuWvTi8iSUiFJhwr1XbsWHsplpoRTrNSJ1E0xmSI+7RtqMAhVV46PTpDR0bpoSCSpoRGU/X3RIpDpcahbzpDrAdq3puI/3ntRAfnXspEnGgqyGxRkHCkIzRJAPWYpETzsSGYSGZuRWSAJSba5FQyITjzLy8S96R2UbNvTyv1qzyNIhzAIVTBgTOoww00wAUCD/AMr/BmjawX6936mLUWrHxmH/7A+vwB88eRvg==</latexit><latexit sha1_base64="kvmgogxtGifb2gUQisILHtaH8SI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigooeCl48VjC20Iay2W7apZtN3N1US8jv8OJBxat/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3715FiSTUJRGPZMvHinImqKuZ5rQVS4pDn9OmP7ye+M0RlYpF4k6PY+qFuC9YwAjWRvKC6tNl2vGD9DHLjrvlil2zp0CLxMlJBXI0uuWvTi8iSUiFJhwr1XbsWHsplpoRTrNSJ1E0xmSI+7RtqMAhVV46PTpDR0bpoSCSpoRGU/X3RIpDpcahbzpDrAdq3puI/3ntRAfnXspEnGgqyGxRkHCkIzRJAPWYpETzsSGYSGZuRWSAJSba5FQyITjzLy8S96R2UbNvTyv1qzyNIhzAIVTBgTOoww00wAUCD/AMr/BmjawX6936mLUWrHxmH/7A+vwB88eRvg==</latexit><latexit sha1_base64="kvmgogxtGifb2gUQisILHtaH8SI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoigooeCl48VjC20Iay2W7apZtN3N1US8jv8OJBxat/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKS8srq2vF9dLG5tb2Tnl3715FiSTUJRGPZMvHinImqKuZ5rQVS4pDn9OmP7ye+M0RlYpF4k6PY+qFuC9YwAjWRvKC6tNl2vGD9DHLjrvlil2zp0CLxMlJBXI0uuWvTi8iSUiFJhwr1XbsWHsplpoRTrNSJ1E0xmSI+7RtqMAhVV46PTpDR0bpoSCSpoRGU/X3RIpDpcahbzpDrAdq3puI/3ntRAfnXspEnGgqyGxRkHCkIzRJAPWYpETzsSGYSGZuRWSAJSba5FQyITjzLy8S96R2UbNvTyv1qzyNIhzAIVTBgTOoww00wAUCD/AMr/BmjawX6936mLUWrHxmH/7A+vwB88eRvg==</latexit>

Neural
<latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit>

Network
<latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit>

x
<latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit>

f(x; bw)
<latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit><latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit><latexit sha1_base64="Pfpzj/vYvRM3+vXoj4whWTvGTnI=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IR6qWkIqjooeDFYwVjC00om82mXbrZhN2NtYTgxb/ixYOKV/+FN/+NmzYHbX0w8Hhvhpl5XsyoVJb1bZQWFpeWV8qrlbX1jc0tc3vnTkaJwMTGEYtEx0OSMMqJrahipBMLgkKPkbY3vMr99j0Rkkb8Vo1j4oaoz2lAMVJa6pl7Qe3hwhlRnwyQSp0QqYEXpKMsO+qZVatuTQDnSaMgVVCg1TO/HD/CSUi4wgxJ2W1YsXJTJBTFjGQVJ5EkRniI+qSrKUchkW46eSGDh1rxYRAJXVzBifp7IkWhlOPQ0535jXLWy8X/vG6igjM3pTxOFOF4uihIGFQRzPOAPhUEKzbWBGFB9a0QD5BAWOnUKjqExuzL88Q+rp/XrZuTavOySKMM9sEBqIEGOAVNcA1awAYYPIJn8ArejCfjxXg3PqatJaOY2QV/YHz+APBll1M=</latexit>

Neural
<latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit><latexit sha1_base64="dI2HqpCGmEjSChqdGxxPT5gYMh4=">AAACAHicbVBPS8MwHE3nvzn/Vb0IXoJD8DRaGai3gRdPMsHqYC0jzX7dwpK2JKkwyrz4Vbx4UPHqx/DmtzHdetDNB4HHe7+X5PfClDOlHefbqiwtr6yuVddrG5tb2zv27t6dSjJJwaMJT2QnJAo4i8HTTHPopBKICDnch6PLwr9/AKlYEt/qcQqBIIOYRYwSbaSefeBTiDXIIp/7UuTXkEnCJ5OeXXcazhR4kbglqaMS7Z795fcTmglzHeVEqa7rpDrIidSMcpjU/ExBSuiIDKBraEwEqCCfbjDBx0bp4yiR5sQaT9XfiZwIpcYiNJOC6KGa9wrxP6+b6eg8yFmcZhpiOnsoyjjWCS7qwH0mgWo+NoRQycxfMR0SSajpRNVMCe78yovEO21cNJybZr3VLNuookN0hE6Qi85QC12hNvIQRY/oGb2iN+vJerHerY/ZaMUqM/voD6zPHxl6l3c=</latexit>

Network
<latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit><latexit sha1_base64="l6yN+f1QsOLsaSp4kJ0f/2w0hK8=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgroruHElFYwtNKFMpjft0MmDmYlSQnDjr7hxoeLWv3Dn3zhps9DWAwOHc+6ZmXv8hDOpLOvbqCwtr6yuVddrG5tb2zvm7t6djFNBwaExj0XXJxI4i8BRTHHoJgJI6HPo+OPLwu/cg5Asjm7VJAEvJMOIBYwSpaW+eeBSiBSIIp+5IsyuQT3EYpznfbNuNawp8CKxS1JHJdp988sdxDQN9X2UEyl7tpUoLyNCMcohr7mphITQMRlCT9OIhCC9bLpCjo+1MsBBLPSJFJ6qvxMZCaWchL6eDIkayXmvEP/zeqkKzr2MRUmqIKKzh4KUYxXjog88YAKo4hNNCBVM/xXTERGE6lJkTZdgz6+8SJzTxkXDumnWW82yjSo6REfoBNnoDLXQFWojB1H0iJ7RK3oznowX4934mI1WjDKzj/7A+PwBDxKYBA==</latexit>

x
<latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit><latexit sha1_base64="3fQIQLo0BGAEJj9Jm00fxBjph4A=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUMFDwYvHFowttKFstpN27WYTdjdiCf0FXjyoePUvefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8f3Os4VQw9FotYtQOqUXCJnuFGYDtRSKNAYCsY3Uz91iMqzWN5Z8YJ+hEdSB5yRo2Vmk+9csWtujOQZVLLSQVyNHrlr24/ZmmE0jBBte7U3MT4GVWGM4GTUjfVmFA2ogPsWCpphNrPZodOyIlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhpZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDYlG0Jt8eVl4p1Vr6pu87xSv87TKMIRHMMp1OAC6nALDfCAAcIzvMKb8+C8OO/Ox7y14OQzh/AHzucPUn+MyQ==</latexit>

bw
<latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit><latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit><latexit sha1_base64="GEXrqTgCiObLtyMOy6VCTZueEeU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5CRbBVUlFUMFFwY3LCsYWmlAmk0k7dDIJMzeWGoK/4saFils/xJ1/46TNQlsPDBzOuZd75vgJZwps+9uoLC2vrK5V12sbm1vbO+bu3r2KU0moQ2Iey66PFeVMUAcYcNpNJMWRz2nHH10XfueBSsVicQeThHoRHggWMoJBS33zwB2zgA4xZG6EYeiH2TjP+2bdbthTWIukWZI6KtHum19uEJM0ogIIx0r1mnYCXoYlMMJpXnNTRRNMRnhAe5oKHFHlZdP0uXWslcAKY6mfAGuq/t7IcKTUJPL1ZBFRzXuF+J/XSyG88DImkhSoILNDYcotiK2iCitgkhLgE00wkUxntcgQS0xAF1bTJTTnv7xInNPGZcO+Pau3rso2qugQHaET1ETnqIVuUBs5iKBH9Ixe0ZvxZLwY78bHbLRilDv76A+Mzx/uWJW3</latexit>

f(x; bw) ' log


n(x|T)

n(x|R)

�

<latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit><latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit><latexit sha1_base64="S28PvJeymb3fOw6+nBIVfS8Bwjw="></latexit>

data sample D
<latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit><latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit><latexit sha1_base64="f+aaVRC/KcY8vyqh5Dk9o8yx3aA=">AAACC3icbVDLSgMxFM3UV62vqks3wSK4KlMRVOqioAuXFRxb6JRyJ5NpQ5OZIckIJcwHuPFX3LhQcesPuPNvTB8LbT0QOJxzLrn3BClnSrvut1NYWl5ZXSuulzY2t7Z3yrt79yrJJKEeSXgi2wEoyllMPc00p+1UUhABp61geDX2Ww9UKpbEd3qU0q6AfswiRkBbqVeuGF8KE4IGv44ViJRTv57nxhegBwS4uc5zm3Kr7gR4kdRmpIJmaPbKX36YkEzQWBMOSnVqbqq7BqRmhNO85GeKpkCG0KcdS2MQVHXN5JgcH1klxFEi7Ys1nqi/JwwIpUYisMnxjmreG4v/eZ1MR+ddw+I00zQm04+ijGOd4HEzOGSSEs1HlgCRzO6KyQAkEG37K9kSavMnLxLvpHpRdW9PK43LWRtFdIAO0TGqoTPUQDeoiTxE0CN6Rq/ozXlyXpx352MaLTizmX30B87nDxbAm9U=</latexit>

computed on the
<latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit><latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit><latexit sha1_base64="CTk5b2fhJvef89ZC1hFJQOz1XPk=">AAACAnicbVBLSwMxGMz6rPW16k0vwSJ4KlsRVPRQ8OKxgmsL3aVks2kbmseSZIWyLHjxr3jxoOLVX+HNf2O23YO2DiQMM99HMhMljGrjed/OwuLS8spqZa26vrG5te3u7N5rmSpMfCyZVJ0IacKoIL6hhpFOogjiESPtaHRd+O0HojSV4s6MExJyNBC0TzEyVuq5+1mgeIYlT1JD4uASSmEvMyR53nNrXt2bAM6TRklqoESr534FscQpJ8JghrTuNrzEhBlShmJG8mqQapIgPEID0rVUIE50mE0y5PDIKjHsS2WPMHCi/t7IENd6zCM7yZEZ6lmvEP/zuqnpn4cZFUVAgacP9VMGjYRFITCmimDDxpYgrKj9K8RDpBA2traqLaExG3me+Cf1i7p3e1prXpVtVMABOATHoAHOQBPcgBbwAQaP4Bm8gjfnyXlx3p2P6eiCU+7sgT9wPn8AeE6XlA==</latexit>

Dist. log ratio
<latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit><latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit><latexit sha1_base64="7oGBlvyBwH1Rcj6SyN4OgSamCUg=">AAACBXicbVDLSsNAFJ34rPUVdSlCsAiuQiqCSl0UdOGygrGFJpTJdNIOnUeYmQglZOXGX3HjQsWt/+DOv3HSZqGtBy4czrmXe++JEkqU9rxva2FxaXlltbJWXd/Y3Nq2d3bvlUglwj4SVMhOBBWmhGNfE01xJ5EYsojidjS6Kvz2A5aKCH6nxwkOGRxwEhMEtZF69kEWSJYFUZxdm2Vu0KBiEDRk4eZ53rNrnutN4MyTeklqoESrZ38FfYFShrlGFCrVrXuJDjMoNUEU59UgVTiBaAQHuGsohwyrMJu8kTtHRuk7sZCmuHYm6u+JDDKlxiwynQzqoZr1CvE/r5vq+DzMCE9SjTmaLopT6mjhFJk4fSIx0nRsCESSmFsdNIQSIm2Sq5oQ6rMvzxP/xL1wvdvTWvOyTKMC9sEhOAZ1cAaa4Aa0gA8QeATP4BW8WU/Wi/VufUxbF6xyZg/8gfX5A0rVmTI=</latexit>

Data sample D
<latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit><latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit><latexit sha1_base64="99DX1wB4D7ChFAxRNF+KPQTTjFA=">AAACGHicbVBNSwMxEM3Wr1q/qh69LBbBU9mKoFIPBXvwWMHaQreU2TTbhibZJckKJezf8OJf8eJBxWtv/huz2x60+iDk8d4MM/OCmFGlPe/LKaysrq1vFDdLW9s7u3vl/YMHFSUSkzaOWCS7ASjCqCBtTTUj3VgS4AEjnWByk/mdRyIVjcS9nsakz2EkaEgxaCsNyp7xJTd+EJomaPDrCnjMiF9P09T4HPTYOvmPgZmmVQflilf1crh/SW1BKmiB1qA884cRTjgRGjNQqlfzYt03IDXFjKQlP1EkBjyBEelZKoAT1Tf5Zal7YpWhG0bSPqHdXP3ZYYArNeWBrcyWVMteJv7n9RIdXvYNFXGiicDzQWHCXB25WUzukEqCNZtaAlhSu6uLxyABaxtmyYZQWz75L2mfVa+q3t15pXG9SKOIjtAxOkU1dIEa6Ba1UBth9IRe0Bt6d56dV+fD+ZyXFpxFzyH6BWf2DV0eofk=</latexit>

Reference sample R
<latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit><latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit><latexit sha1_base64="Jq83u2Yb+uC83zpZI3YYKg0q4i8=">AAACHXicbVBNSwMxEM3Wr1q/Vj16CRbBU9mKoqKHghePtVhb6JaSTWfb0GR3SbJCCftLvPhXvHhQ8eBF/Dem2x60+iDM470ZMvOChDOlPe/LKSwsLi2vFFdLa+sbm1vu9s6dilNJoUljHst2QBRwFkFTM82hnUggIuDQCkZXE791D1KxOLrV4wS6ggwiFjJKtJV67onxpTB+EJoGhCAhouBfKCISbmuWZcYXRA+tnVdKuGlYteeWvYqXA/8l1RkpoxnqPffD78c0FRBpyolSnaqX6K4hUjPKISv5qYKE0BEZQMfSiAhQXZOfl+EDq/RxGEv7Io1z9eeEIUKpsQhs52RJNe9NxP+8TqrDs65hUZJqe/j0ozDlWMd4khXuMwlU87ElhEpmd8V0SCSh2iZasiFU50/+S5pHlfOKd3Ncrl3O0iiiPbSPDlEVnaIaukZ11EQUPaAn9IJenUfn2Xlz3qetBWc2s4t+wfn8Brs0pE4=</latexit>

Test statistic t
<latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit><latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit><latexit sha1_base64="SZztXJj5ZIpKHOGpBSLtDqjU6WM=">AAACCnicbVBNS8NAEN34WetX1KOX0CJ4KqkIKvVQ8OKxQmMLTSib7aZdutmE3YlQlty9+Fe8eFDx6i/w5r9x2+agrQ8GHu/N7M68MOVMget+Wyura+sbm6Wt8vbO7t6+fXB4r5JMEuqRhCeyG2JFORPUAwacdlNJcRxy2gnHN1O/80ClYolowySlQYyHgkWMYDBS365oX8baDyPdpgr8hgJjKGDEb+R5rjXked+uujV3BmeZ1AtSRQVaffvLHyQki6kAwrFSvbqbQqCxNM9ympf9TNEUkzEe0p6hAsdUBXp2S+6cGGXgRIk0JcCZqb8nNI6VmsSh6YwxjNSiNxX/83oZRJeBZiLNgAoy/yjKuAOJMw3GGTBJCfCJIZhIZnZ1yAhLTMDEVzYh1BdPXibeWe2q5t6dV5vXRRoldIwq6BTV0QVqolvUQh4i6BE9o1f0Zj1ZL9a79TFvXbGKmSP0B9bnD2menB0=</latexit>

data/reference
<latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit><latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit><latexit sha1_base64="e+Vy7tddJEAq8X+yvaaVW00g78Q=">AAAB/XicbVBNS8NAEN3Ur1q/ouLJy2IRPNVEBBU8FLx4rGBsoQ1ls5m0S3eTsLsRSgj4V7x4UPHq//Dmv3Hb5qCtDwYe780wMy9IOVPacb6tytLyyupadb22sbm1vWPv7j2oJJMUPJrwRHYCooCzGDzNNIdOKoGIgEM7GN1M/PYjSMWS+F6PU/AFGcQsYpRoI/Xtg7wnRR4STU4lRCAhplAUfbvuNJwp8CJxS1JHJVp9+6sXJjQTEGvKiVJd10m1nxOpGeVQ1HqZgpTQERlA19CYCFB+Pj2/wMdGCXGUSFOxxlP190ROhFJjEZhOQfRQzXsT8T+vm+no0s9ZnGba/DVbFGUc6wRPssAhk0A1HxtCqGTmVkyHRBKqTWI1E4I7//Ii8c4aVw3n7rzevC7TqKJDdIROkIsuUBPdohbyEEU5ekav6M16sl6sd+tj1lqxypl99AfW5w9duZXt</latexit>

INPUT
<latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit><latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit><latexit sha1_base64="Wj1rdue1Hl24o8XFXRUMwawzKsg=">AAAB+XicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lFUG9FL3qRCo0tNKFstpt26e4m7G6UEvNTvHhQ8eo/8ea/cdvmoNUHA4/3ZpiZFyaMKu26X1ZpaXllda28XtnY3Nresau7dypOJSYejlksuyFShFFBPE01I91EEsRDRjrh+HLqd+6JVDQWbT1JSMDRUNCIYqSN1LermS955odRdn3T8tp5nvftmlt3Z3D+kkZBalCg1bc//UGMU06Exgwp1Wu4iQ4yJDXFjOQVP1UkQXiMhqRnqECcqCCbnZ47h0YZOFEsTQntzNSfExniSk14aDo50iO16E3F/7xeqqOzIKMiSTUReL4oSpmjY2eagzOgkmDNJoYgLKm51cEjJBHWJq2KCaGx+PJf4h3Xz+vu7UmteVGkUYZ9OIAjaMApNOEKWuABhgd4ghd4tR6tZ+vNep+3lqxiZg9+wfr4BvSPk/8=</latexit>

OUTPUT
<latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit><latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit><latexit sha1_base64="6Wlpjrg6WZmcz3HIGM0b2Xmz5+w=">AAAB+nicbVBNS8NAEJ34WetXrEcvwSJ4KokI6q3oxZsVGltoQtlsN+3S3U3Y3Ygl5K948aDi1V/izX/jts1BWx8MPN6bYWZelDKqtOt+Wyura+sbm5Wt6vbO7t6+fVB7UEkmMfFxwhLZjZAijAria6oZ6aaSIB4x0onGN1O/80ikoolo60lKQo6GgsYUI22kvl3LA8nzIIrzO7/d8ttFUfTtuttwZ3CWiVeSOpRo9e2vYJDgjBOhMUNK9Tw31WGOpKaYkaIaZIqkCI/RkPQMFYgTFeaz2wvnxCgDJ06kKaGdmfp7IkdcqQmPTCdHeqQWvan4n9fLdHwZ5lSkmSYCzxfFGXN04kyDcAZUEqzZxBCEJTW3OniEJMLaxFU1IXiLLy8T/6xx1XDvz+vN6zKNChzBMZyCBxfQhFtogQ8YnuAZXuHNKqwX6936mLeuWOXMIfyB9fkDsyOUag==</latexit>

t(D) = �2Min
{w}

L[f ]
<latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit><latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit><latexit sha1_base64="HluKZdBJPLnePVlLZo9cbIX9zts="></latexit>
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Figure 1: A schematic representation of the implementation of our strategy.

time. We estimate N(w) by the Monte Carlo method, namely we write 5

N(w) =
N(R)

NR

X

x2R
e
f(x;w)

. (9)

Eq. (3) thus becomes

t(D) = �2 Min
{w}

"
N(R)

NR

X

x2R
(ef(x;w) � 1) �

X

x2D
f(x;w)

#
⌘ �2 Min

{w}
L[f( · ,w)] , (10)

where L has precisely the form of a loss function. It can be written as a single sum over events by
introducing a target variable y which is set to 0 for the events in R and to 1 and for those in D.
Explicitly, we have

L[f ] =
X

(x,y)


(1 � y)

N(R)

NR
(ef(x) � 1) � y f(x)

�
. (11)

The minimization of L with respect to the neural network parameters w can thus be carried out
as a standard supervised training process. The test statistic is simply minus 2 times the loss at
the end of training. The trained neural network, f(x; bw), is the maximum likelihood fit to the

5There is an equality in the equation that follows because we assume a large enough reference sample to reduce
the Monte Carlo integration error to a negligible level.

9
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We compute “t” by supervised training using “ML-Loss”

•Observed (or Toy) Data are class “1” 
•Class “0” is the Reference Sample 


SM-distributed synthetic instances of the features “x”

Can come from Monte Carlo, or Data Driven 
Nothing different from “background sample” in regular searches

Preferably, more abundant than the data:

The Algorithm

<latexit sha1_base64="YlTnjoaV8n1FeIchDX8SYsPr1fQ="></latexit>

NR � N(R)

We generate Toy Datasets in Reference Hypothesis, train 
on each and compute empirical P(t|R)


This will give us the observed p-value: 
<latexit sha1_base64="5weigq2q+mncZM9wdqRww3jCnhA=">AAACGnicbVDLSgMxFM3UV62vqks3wSLUhWVGFF0oFNy4rGIf0Cklk6ZtaCYzJHeEMs53uPFX3LhQxJ248W9Mp7PQ1kMCh3Puzc09Xii4Btv+tnILi0vLK/nVwtr6xuZWcXunoYNIUVangQhUyyOaCS5ZHTgI1goVI74nWNMbXU385j1TmgfyDsYh6/hkIHmfUwJG6had8NLlErqxOa7y48DTSZK4Qx0SyuIjxw4hwbUyPKTubZIcdoslu2KnwPPEyUgJZah1i59uL6CRzyRQQbRuTx7txEQBp4IlBTfSzEwbkQFrGyqJz3QnTldL8IFRergfKHMl4FT93RETX+ux75lKn8BQz3oT8T+vHUH/vBNzGUbAJJ0O6kcCQ4AnOeEeV4yCGBtCqOLmr5gOiSIUTJoFE4Izu/I8aRxXnNOKfXNSql5kceTRHtpHZeSgM1RF16iG6oiiR/SMXtGb9WS9WO/Wx7Q0Z2U9u+gPrK8fyMSh6A==</latexit>

p =

Z

tobs

P (t|R)
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Illustrating Performances
(Simple 1d example with exponential Reference)  
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Distribution of the test statistic “t” in Reference Hypothesis

Notice agreement with 
“Asymptotic Formula”


(more on this later)
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Illustrating Performances
(Simple 1d example with exponential Reference)  
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Distribution of the test statistic “t” in Reference Hypothesis

Notice agreement with 
“Asymptotic Formula”


(more on this later)

Distribution of “t” in one New Physics Model Hypothesis

t → p → Z-score (we use )Z = Φ−1(1 − p)



25

Quantifying Performances
(Simple 1d example with exponential Reference)  
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Figure 5: The distributions of the three new physics models used in this work plus the reference
one.

For a better assessment of the performances of our method we compare them to those of the ideal
test presented in section 2 (see the discussion below eq. (6)). We estimate the ideal test statistic
p.d.f. by means of a very large set of 10 000 000 reference model toy data samples, and we compare
it with the values of tid on the 300 new physics data samples with which we trained the network.
The result is shown in the left panel of figure 3. The sensitivity of the ideal test is as expected
much higher than ours. The median tid on new physics samples is 23 and it corresponds to an
ideal significance Zid = 4.7 �. We can thus conclude that the difference in sensitivity amounts to
roughly 1.5 �. This is confirmed if we look at the correlation between Zid and Z on each individual
data sample, reported in the right panel of figure 4. Notice that the vertical band of points that
seemingly breaks the correlation is an artifact due to new physics samples with a tid that is larger
than the maximum tid obtained in the 10 000 000 reference toys. For these samples, a lower bound
on Zid of 5.2 � (corresponding to zero observed over 10 000 000 trials at 68% CL) is reported in the
plot.

The second example (NP2) is non-resonant new physics, showing up as a quadratic growth with
energy in the tail of the reference model distribution. In this case the signal is distributed as

P (x|S2) / x
2
e
�8x

, (16)

and the total expected number of signal event is taken to be S = 90. Signal and background are
combined to define the NP2 distribution as in eq. (15). The median ideal significance for the chosen
value of S equals 4.4 �, very much comparable with the one of the NP1 signal. This ensures a
fair comparison between the two. The performances of our algorithm, shown in the left column of
figure 6, are essentially identical to those we obtained for NP1. The median significance is 3.1 � and
the correlation between Zid and Z again reveals a significance loss of around 1.5 �.

Finally, we discuss another resonant signal, emerging this time in the bulk of the reference model
distribution. The signal distribution is

P (x|S2) / e
� (x�x̄)2

2�2 , with x̄ = 0.2 , � = 0.02 , (17)

and S = 35. The median ideal significance is 4.1 �. We see in the right column of figure 6 that
accordingly the median significance of our algorithm (2.6 �) is slightly reduced compared to NP1

and NP2. The correlation between Zid and Z is equally sharp.
The comparative study of three new physics models carried out in this section provides a clear

confirmation of the model-independent nature of our approach.
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B=2000 
S=10

� �� �� �� ������

����

����

����

����

����

�

�(
�)

�(�|�)

�(�|���)

� �������
	�
� �� �� �
��

�� ��

���
�

� � � � � 	 �

-�
�
�
�
�
�
	
�

���

�
������ �����

������ 		

���� �� ��� 	��
� � ������� � ���

Figure 4: Left panel: Test statistic distribution in the NP1 new physics model P (t|NP1), compared
with the reference one P (t|R). The two models are defined in equations (13) and (14), respectively,
and shown in figure 5. The larger values of t in P (t|NP1) compared to P (t|R) signal that our
algorithm is sensitive to this new physics scenario. These two distributions are used to obtain
the Z-score on the y-axis in the right panel. Right panel: Correlation between the significances
(expressed in number of �’s) of our test and of the ideal test defined in section 2, for the NP1

model. The gray shaded area corresponds to the region where the ideal significance can not be
computed with the number of toy data sets generated. We also show the median significance of our
algorithm (Median NN) and the ideal one.

Notice however that we can meaningfully estimate the p-value only if t does not exceed the
maximal value obtained with our toy Monte Carlo samples. If t is larger we can only set a lower
bound on the p-value, which we obtain from the 68% upper limit for 0 successes (binomially dis-
tributed) and N trials, i.e. p < 1 � (0.32)1/N . With the N = 1000 Monte Carlo samples at our
disposal, this corresponds to p < 1.1 10�3 or to a significance Z > 3.05 �.7 However P (t|R) is quite
well approximated by a �

2 distribution with 13 degrees of freedom, which is not surprising because
13 is the number of free parameters of the (1, 4, 1) network that we are employing. We return on
this point in section 4.4, for the moment we just exploit this fact to extend our estimate of the
significance to values of t above the maximum. Namely, for those we report the estimate of the
significance obtained with the �

2 approximation, instead of the lower bound obtained with the toys.
The first new physics model that we discuss (dubbed NP1 in what follows) is the one introduced

in eq.s (14) and (15). It mimics the presence of a resonance in the tail of the SM invariant mass
distribution. We generate 300 toy Monte Carlo samples according to the new physics distribution
in eq. (15), and we train a neural network for each, with the same algorithm used for the reference-
distributed data. The resulting distribution for t, P (t|NP1) is displayed in the right panel of
figure 4. By comparing with P (t|R) we see that our test statistic has a considerable discriminating
power between the two hypotheses. The median t in the NP1 toy samples is 36, which is slightly
above the maximum value that we obtained with the reference data. The median significance for
the NP1 signal hypothesis is thus above 3.05 �, and it can be estimated to be 3.2 � using the �

2

approximation.
7We adopt the standard definition Z = ��1(1� p), where ��1 is the quantile of the Gaussian distribution.

15

“Ideal Z-score”: 

A “measure of dataset discrepancy” 


(the Z-score of optimal test for NP1 model)
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Quantifying Performances
(Simple 1d example with exponential Reference)  

B=2000 
S=90
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Figure 6: Top row: Test statistic distribution in the NP2 (left) and NP3 (right) new physics models,
compared with the reference one. The two models are defined in eq. (16) and eq. (17). Bottom

row: Correlation between the significances (expressed in number of �’s) of our test and of the ideal
test defined in section 2, for the NP2 (left column) and NP3 (right column) new physics models.
The gray shaded area corresponds to the region where the ideal significance can not be computed
with the number of toy data sets generated. We also show the median significance of our algorithm
(Median NN) and the ideal one.

4.2 (In-)Sensitivity to Cuts

The point is conveniently illustrated in the NP1 example. Since the signal is sharply localized at
x = 0.8, one might expect that restricting the analysis to events in the tail of the distribution, for
instance to those with x > 0.3 or x > 0.5 will give us a better reach. This would have indeed been
the case for the goodness-of-fit test. Our method is instead insensitive to the cut, as figure 7 shows.

The median significance is 3.1 � for both x > 0.3 and x > 0.5. Also the Zid-Z correlation plot
that we do not show here is essentially identical to the one without cut displayed in figure 4. These
results have been obtained using the same procedure outlined in the previous section for the case
without cut on x. We employed the same learning rate, training algorithm, number of training
rounds and network architecture (a single hidden layer with four neurons). The only change is in
the number of expected events. However notice that we were not conceptually obliged to choose
the same hyperparameters as in the no-cut case. In particular the smaller number of events might
have suggested using a smaller network. It is encouraging that a selection cut does not improve the
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Figure 5: The distributions of the three new physics models used in this work plus the reference
one.

For a better assessment of the performances of our method we compare them to those of the ideal
test presented in section 2 (see the discussion below eq. (6)). We estimate the ideal test statistic
p.d.f. by means of a very large set of 10 000 000 reference model toy data samples, and we compare
it with the values of tid on the 300 new physics data samples with which we trained the network.
The result is shown in the left panel of figure 3. The sensitivity of the ideal test is as expected
much higher than ours. The median tid on new physics samples is 23 and it corresponds to an
ideal significance Zid = 4.7 �. We can thus conclude that the difference in sensitivity amounts to
roughly 1.5 �. This is confirmed if we look at the correlation between Zid and Z on each individual
data sample, reported in the right panel of figure 4. Notice that the vertical band of points that
seemingly breaks the correlation is an artifact due to new physics samples with a tid that is larger
than the maximum tid obtained in the 10 000 000 reference toys. For these samples, a lower bound
on Zid of 5.2 � (corresponding to zero observed over 10 000 000 trials at 68% CL) is reported in the
plot.

The second example (NP2) is non-resonant new physics, showing up as a quadratic growth with
energy in the tail of the reference model distribution. In this case the signal is distributed as

P (x|S2) / x
2
e
�8x

, (16)

and the total expected number of signal event is taken to be S = 90. Signal and background are
combined to define the NP2 distribution as in eq. (15). The median ideal significance for the chosen
value of S equals 4.4 �, very much comparable with the one of the NP1 signal. This ensures a
fair comparison between the two. The performances of our algorithm, shown in the left column of
figure 6, are essentially identical to those we obtained for NP1. The median significance is 3.1 � and
the correlation between Zid and Z again reveals a significance loss of around 1.5 �.

Finally, we discuss another resonant signal, emerging this time in the bulk of the reference model
distribution. The signal distribution is

P (x|S2) / e
� (x�x̄)2

2�2 , with x̄ = 0.2 , � = 0.02 , (17)

and S = 35. The median ideal significance is 4.1 �. We see in the right column of figure 6 that
accordingly the median significance of our algorithm (2.6 �) is slightly reduced compared to NP1

and NP2. The correlation between Zid and Z is equally sharp.
The comparative study of three new physics models carried out in this section provides a clear

confirmation of the model-independent nature of our approach.
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“Ideal Z-score”: 

A “measure of dataset discrepancy” 


(the Z-score of optimal test for NP2 model)
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Quantifying Performances
(Simple 1d example with exponential Reference)  

B=2000 
S=70
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Figure 6: Top row: Test statistic distribution in the NP2 (left) and NP3 (right) new physics models,
compared with the reference one. The two models are defined in eq. (16) and eq. (17). Bottom

row: Correlation between the significances (expressed in number of �’s) of our test and of the ideal
test defined in section 2, for the NP2 (left column) and NP3 (right column) new physics models.
The gray shaded area corresponds to the region where the ideal significance can not be computed
with the number of toy data sets generated. We also show the median significance of our algorithm
(Median NN) and the ideal one.

4.2 (In-)Sensitivity to Cuts

The point is conveniently illustrated in the NP1 example. Since the signal is sharply localized at
x = 0.8, one might expect that restricting the analysis to events in the tail of the distribution, for
instance to those with x > 0.3 or x > 0.5 will give us a better reach. This would have indeed been
the case for the goodness-of-fit test. Our method is instead insensitive to the cut, as figure 7 shows.

The median significance is 3.1 � for both x > 0.3 and x > 0.5. Also the Zid-Z correlation plot
that we do not show here is essentially identical to the one without cut displayed in figure 4. These
results have been obtained using the same procedure outlined in the previous section for the case
without cut on x. We employed the same learning rate, training algorithm, number of training
rounds and network architecture (a single hidden layer with four neurons). The only change is in
the number of expected events. However notice that we were not conceptually obliged to choose
the same hyperparameters as in the no-cut case. In particular the smaller number of events might
have suggested using a smaller network. It is encouraging that a selection cut does not improve the
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Figure 5: The distributions of the three new physics models used in this work plus the reference
one.

For a better assessment of the performances of our method we compare them to those of the ideal
test presented in section 2 (see the discussion below eq. (6)). We estimate the ideal test statistic
p.d.f. by means of a very large set of 10 000 000 reference model toy data samples, and we compare
it with the values of tid on the 300 new physics data samples with which we trained the network.
The result is shown in the left panel of figure 3. The sensitivity of the ideal test is as expected
much higher than ours. The median tid on new physics samples is 23 and it corresponds to an
ideal significance Zid = 4.7 �. We can thus conclude that the difference in sensitivity amounts to
roughly 1.5 �. This is confirmed if we look at the correlation between Zid and Z on each individual
data sample, reported in the right panel of figure 4. Notice that the vertical band of points that
seemingly breaks the correlation is an artifact due to new physics samples with a tid that is larger
than the maximum tid obtained in the 10 000 000 reference toys. For these samples, a lower bound
on Zid of 5.2 � (corresponding to zero observed over 10 000 000 trials at 68% CL) is reported in the
plot.

The second example (NP2) is non-resonant new physics, showing up as a quadratic growth with
energy in the tail of the reference model distribution. In this case the signal is distributed as

P (x|S2) / x
2
e
�8x

, (16)

and the total expected number of signal event is taken to be S = 90. Signal and background are
combined to define the NP2 distribution as in eq. (15). The median ideal significance for the chosen
value of S equals 4.4 �, very much comparable with the one of the NP1 signal. This ensures a
fair comparison between the two. The performances of our algorithm, shown in the left column of
figure 6, are essentially identical to those we obtained for NP1. The median significance is 3.1 � and
the correlation between Zid and Z again reveals a significance loss of around 1.5 �.

Finally, we discuss another resonant signal, emerging this time in the bulk of the reference model
distribution. The signal distribution is

P (x|S2) / e
� (x�x̄)2

2�2 , with x̄ = 0.2 , � = 0.02 , (17)

and S = 35. The median ideal significance is 4.1 �. We see in the right column of figure 6 that
accordingly the median significance of our algorithm (2.6 �) is slightly reduced compared to NP1

and NP2. The correlation between Zid and Z is equally sharp.
The comparative study of three new physics models carried out in this section provides a clear

confirmation of the model-independent nature of our approach.
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Quantifying Performances
(Simple 1d example with exponential Reference)  
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Figure 6: Top row: Test statistic distribution in the NP2 (left) and NP3 (right) new physics models,
compared with the reference one. The two models are defined in eq. (16) and eq. (17). Bottom

row: Correlation between the significances (expressed in number of �’s) of our test and of the ideal
test defined in section 2, for the NP2 (left column) and NP3 (right column) new physics models.
The gray shaded area corresponds to the region where the ideal significance can not be computed
with the number of toy data sets generated. We also show the median significance of our algorithm
(Median NN) and the ideal one.

4.2 (In-)Sensitivity to Cuts

The point is conveniently illustrated in the NP1 example. Since the signal is sharply localized at
x = 0.8, one might expect that restricting the analysis to events in the tail of the distribution, for
instance to those with x > 0.3 or x > 0.5 will give us a better reach. This would have indeed been
the case for the goodness-of-fit test. Our method is instead insensitive to the cut, as figure 7 shows.

The median significance is 3.1 � for both x > 0.3 and x > 0.5. Also the Zid-Z correlation plot
that we do not show here is essentially identical to the one without cut displayed in figure 4. These
results have been obtained using the same procedure outlined in the previous section for the case
without cut on x. We employed the same learning rate, training algorithm, number of training
rounds and network architecture (a single hidden layer with four neurons). The only change is in
the number of expected events. However notice that we were not conceptually obliged to choose
the same hyperparameters as in the no-cut case. In particular the smaller number of events might
have suggested using a smaller network. It is encouraging that a selection cut does not improve the
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For a better assessment of the performances of our method we compare them to those of the ideal
test presented in section 2 (see the discussion below eq. (6)). We estimate the ideal test statistic
p.d.f. by means of a very large set of 10 000 000 reference model toy data samples, and we compare
it with the values of tid on the 300 new physics data samples with which we trained the network.
The result is shown in the left panel of figure 3. The sensitivity of the ideal test is as expected
much higher than ours. The median tid on new physics samples is 23 and it corresponds to an
ideal significance Zid = 4.7 �. We can thus conclude that the difference in sensitivity amounts to
roughly 1.5 �. This is confirmed if we look at the correlation between Zid and Z on each individual
data sample, reported in the right panel of figure 4. Notice that the vertical band of points that
seemingly breaks the correlation is an artifact due to new physics samples with a tid that is larger
than the maximum tid obtained in the 10 000 000 reference toys. For these samples, a lower bound
on Zid of 5.2 � (corresponding to zero observed over 10 000 000 trials at 68% CL) is reported in the
plot.

The second example (NP2) is non-resonant new physics, showing up as a quadratic growth with
energy in the tail of the reference model distribution. In this case the signal is distributed as
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, (16)

and the total expected number of signal event is taken to be S = 90. Signal and background are
combined to define the NP2 distribution as in eq. (15). The median ideal significance for the chosen
value of S equals 4.4 �, very much comparable with the one of the NP1 signal. This ensures a
fair comparison between the two. The performances of our algorithm, shown in the left column of
figure 6, are essentially identical to those we obtained for NP1. The median significance is 3.1 � and
the correlation between Zid and Z again reveals a significance loss of around 1.5 �.

Finally, we discuss another resonant signal, emerging this time in the bulk of the reference model
distribution. The signal distribution is
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and S = 35. The median ideal significance is 4.1 �. We see in the right column of figure 6 that
accordingly the median significance of our algorithm (2.6 �) is slightly reduced compared to NP1

and NP2. The correlation between Zid and Z is equally sharp.
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16

Correlation between how much tension we see, and 
how much there is to see. Weakly depend on NP nature

“Ideal Z-score”: 

A “measure of dataset discrepancy” 


(the Z-score of optimal test for NP3 model)



29

An Imperfect Machine

Reference Model Predictions are unavoidably imperfect

e.g., PDF/Lumi/Detector Modeling …


Imperfections are Nuisance Parameters

Constrained by Auxiliary Measurements


Define a composite Reference hypothesis 



30

An Imperfect Machine

where L(Hw,⌫ |D) is the extended likelihood

L(Hw,⌫ |D) =
e
�N(Hw,⌫)

ND!

Y

xi2D
n(xi|Hw,⌫) , (7)

with n(x|Hw,⌫) as in eq. (4). The total number of expected events N(Hw,⌫) is the integral of
n(x|Hw,⌫) over the features space. A discussion of the implications of postulating the absence of
new physics in the auxiliary data as in eq. (5), and of related aspects, is postponed to Section 2.6.

The test statistic variable we aim at computing and employing for the hypothesis test is the
Maximum Likelihood log ratio [3, 4, 12]

t(D,A) = 2 log
max
w,⌫

[L(Hw,⌫ |D \A)]

max
⌫

[L(R⌫ |D \A)]
. (8)

Notice that this definition of the test statistic, and in turn its properties [5,6], assumes that the
composite hypothesis in the denominator (H0) is contained in the numerator hypothesis (H1).
This holds in our case since the neural network function in eq. (4) is equal to zero when all its
weights and biases w vanish. Therefore (Hw,⌫)|w=0 = R⌫ . Also notice that the test statistic
variable t depends on all the data that are employed in the analysis. In particular it depends
on the auxiliary data A as well as on the data of interest D. We now address the problem of
evaluating t, once the data are made available either from the actual experiment or artificially
by generating Toy datasets.

2.2 The central-value Reference hypothesis

In order to proceed, we consider the special point in the nuisance parameter space that corre-
sponds to their central-value determination as obtained from the auxiliary data alone. If we call
A0 the observed auxiliary dataset, namely the one that is observed in the actual experiment, the
central values of the nuisance parameters are the ones that maximize the auxiliary likelihood
function L(⌫|A0). It is always possible to choose the coordinates in the nuisance parameters
space such that the central values of all the parameters sit at ⌫ = 0. So we have, by definition

max
⌫

[L(⌫|A0)] = L(0|A0) . (9)

We stress again that A0 represents one single outcome of the auxiliary measurements (the one
observed in the actual experiment), unlike A (and D) that describe all the possible experimental
outcomes. Therefore A0, and in turn the central value of the nuisance parameters that we have
set to ⌫ = 0, is not a statistical variable and therefore it will not fluctuate when we will generate
Toy experiments, unlike A and D.

The central-value Reference hypothesis R0 predicts a distribution for the variable x, n(x|R0),
that can be regarded as the “best guess” for the actual SM distribution of x that we can make
before analyzing the dataset of interest D. Correspondingly, ⌫ = 0 is the best prior guess for
the value of the nuisance. The likelihood of R0, given by

L(R0|D \A) = L(R0|D) · L(0|A) =
e
�N(R0)

ND!

Y

xi2D
n(xi|R0) · L(0|A) , (10)

is thus conveniently used to “normalize” the numerator and denominator likelihoods in eq. (8).
Namely we multiply and divide the argument of the log by L(R0|D \A) and we obtain

t(D,A) = ⌧(D,A)��(D,A) , (11)
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t(D,A) = 2 log

max
w,⌫

[L(Hw,⌫ |D) · L(⌫|A)]

max
⌫

[L(R⌫ |D) · L(⌫|A)]

reconstructed momenta of these particles. The region of interest might be further restricted by
selection cuts that define the region X of the phase space (x 2 X) to which the the particle
momenta belong. Each instance of x in D is thrown with a probability distribution that we
denote as P (x |R⌫) in the Reference hypothesis. The total number of instances of x, ND, is
Poisson-distributed with a mean N(R⌫) that equals the total cross section in the region X times
the integrated luminosity. The likelihood of the R⌫ hypothesis, given the observation of the
dataset D, is thus provided by the extended likelihood

L(R⌫ |D) =
N(R⌫)ND

ND!
e
�N(R⌫)

Y

xi2D
P (xi|R⌫) =

e
�N(R⌫)

ND!

Y

xi2D
n(xi|R⌫) . (1)

In the previous equation we defined for shortness

n(xi|R⌫) = N(R⌫)P (xi|R⌫) . (2)

We will denote n(x|H), in di↵erent hypotheses H, the “distribution” of the variable x.
The Reference hypothesis distribution for x depends on a set of nuisance parameters ⌫. They

model all the imperfections in the knowledge of the Reference Model, ranging from theoretical
uncertainties like those in the determination of the parton distribution functions, to the cali-
bration of the detector response. The nuisance parameters are (often, see below) statistically
constrained by “auxiliary” measurements performed using data sets independent of D, that we
collectively denote as A. The R⌫ hypothesis provides a ⌫-dependent prediction also for the
statistical distribution of the auxiliary measurements. The total likelihood of R⌫ , given the
observation of both the data of interest and of the auxiliary data, thus reads

L(R⌫ |D \A) = L(R⌫ |D) · L(⌫|A) , (3)

where we denoted, for brevity, L(R⌫ |A) as L(⌫|A). It should be noted that this simple picture
of the nuisance constraint term in the likelihood emerging from auxiliary measurements only
holds for uncertainties of purely statistical origin. Genuinely systematic uncertainties such as
theoretical errors associated to missing higher-orders in calculations are heuristically treated
in the same manner, even if a rigorous statistical interpretation of this type of uncertainties is
currently not available to our knowledge.

We now turn to the alternative hypothesis H1 = Hw,⌫ . This hypothesis should include po-
tential departures in the distribution of the variable x from the Reference (i.e., SM) expectation.
As anticipated in the Introduction, and like in Ref.s [1,2], we parametrize these departures as a
local rescaling of the Reference distribution by the exponential of a single-output neural network.
Namely we postulate

n(x|Hw,⌫) = e
f(x;w)

n(x|R⌫) , (4)

where f is the neural network and w denotes its trainable parameters. The neural network
architecture and hyper-parameters are problem-dependent. The general criteria for their opti-
mization are discussed in Section 2.5 and illustrated in Sections 3.1 and 4.1 in greater detail.

We further postulate that new physics is absent in the auxiliary data. Namely that the
distribution of the auxiliary data in the Hw,⌫ hypothesis is the same one as in hypothesis R⌫

L(Hw,⌫ |A) = L(R⌫ |A) = L(⌫|A) . (5)

Therefore the total likelihood of Hw,⌫ is

L(Hw,⌫ |D \A) = L(Hw,⌫ |D) · L(⌫|A) , (6)
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where L(Hw,⌫ |D) is the extended likelihood
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with n(x|Hw,⌫) as in eq. (4). The total number of expected events N(Hw,⌫) is the integral of
n(x|Hw,⌫) over the features space. A discussion of the implications of postulating the absence of
new physics in the auxiliary data as in eq. (5), and of related aspects, is postponed to Section 2.6.

The test statistic variable we aim at computing and employing for the hypothesis test is the
Maximum Likelihood log ratio [3, 4, 12]

t(D,A) = 2 log
max
w,⌫

[L(Hw,⌫ |D \A)]

max
⌫

[L(R⌫ |D \A)]
. (8)

Notice that this definition of the test statistic, and in turn its properties [5,6], assumes that the
composite hypothesis in the denominator (H0) is contained in the numerator hypothesis (H1).
This holds in our case since the neural network function in eq. (4) is equal to zero when all its
weights and biases w vanish. Therefore (Hw,⌫)|w=0 = R⌫ . Also notice that the test statistic
variable t depends on all the data that are employed in the analysis. In particular it depends
on the auxiliary data A as well as on the data of interest D. We now address the problem of
evaluating t, once the data are made available either from the actual experiment or artificially
by generating Toy datasets.

2.2 The central-value Reference hypothesis

In order to proceed, we consider the special point in the nuisance parameter space that corre-
sponds to their central-value determination as obtained from the auxiliary data alone. If we call
A0 the observed auxiliary dataset, namely the one that is observed in the actual experiment, the
central values of the nuisance parameters are the ones that maximize the auxiliary likelihood
function L(⌫|A0). It is always possible to choose the coordinates in the nuisance parameters
space such that the central values of all the parameters sit at ⌫ = 0. So we have, by definition

max
⌫

[L(⌫|A0)] = L(0|A0) . (9)

We stress again that A0 represents one single outcome of the auxiliary measurements (the one
observed in the actual experiment), unlike A (and D) that describe all the possible experimental
outcomes. Therefore A0, and in turn the central value of the nuisance parameters that we have
set to ⌫ = 0, is not a statistical variable and therefore it will not fluctuate when we will generate
Toy experiments, unlike A and D.

The central-value Reference hypothesis R0 predicts a distribution for the variable x, n(x|R0),
that can be regarded as the “best guess” for the actual SM distribution of x that we can make
before analyzing the dataset of interest D. Correspondingly, ⌫ = 0 is the best prior guess for
the value of the nuisance. The likelihood of R0, given by

L(R0|D \A) = L(R0|D) · L(0|A) =
e
�N(R0)

ND!

Y

xi2D
n(xi|R0) · L(0|A) , (10)

is thus conveniently used to “normalize” the numerator and denominator likelihoods in eq. (8).
Namely we multiply and divide the argument of the log by L(R0|D \A) and we obtain

t(D,A) = ⌧(D,A)��(D,A) , (11)
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where ⌧ involves the maximization over the neural network parameters w and over ⌫

⌧(D,A) = 2 max
w,⌫

log


L(Hw,⌫ |D)
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while the “correction” term � does not contain the neural network and involves exclusively the
Reference hypothesis

�(D,A) = 2 max
⌫

log


L(R⌫ |D)

L(R0|D)
· L(⌫|A)

L(0|A)

�
. (13)

Both ⌧ and � are positive-definite. Since they contribute with opposite sign, the test statistic
t will emerge from a cancellation between these two terms. The cancellation is more and more
severe the more the data happen to favor a value of ⌫ that is far from the central value. In
Section 2.5 we will describe the nature and the origin of this cancellation in connection with the
Asymptotic formulae for the distribution of t. Below we outline our strategy for computing ⌧

and �, starting from the latter term.

2.3 Learning the e↵ect of nuisance parameters

The correction term � (13) is the log-ratio between the likelihood of the Reference hypothesis
evaluated with best-fit values of the nuisance parameters, and the one with central-value nuisance
parameters. This object is of interest for any statistical analysis to be performed on the dataset
D, as it provides a first gross indication of the data compatibility with the Reference hypothesis.
In particular a sizable departure of the best-fit nuisance parameters from the central values
should be monitored as an indication of a mis-modeling of the Reference hypothesis or possibly
of a new physics e↵ect.

In order to introduce our strategy for the evaluation of �, it is convenient to first recall
the standard approach, employed in most LHC analyses, based on a binned Poisson likelihood
approximation of L(R⌫ |D). In this approach, the dataset gets binned and the observed counting
in each bin is compared with the corresponding ⌫-dependent cross section prediction. The
predictions are obtained by computing each cross section for multiple values of the nuisance
parameters and interpolating with a polynomial (or with the exponential of a polynomial, to
enforce cross section positivity) around the central value ⌫ = 0. A simple polynomial is su�cient
to model the dependence of the cross section on the nuisances if their e↵ect is small. The
polynomial interpolation produces analytic expressions for the cross sections as a function of ⌫,
which are fed into the Poisson likelihood. The maximization over ⌫ in eq. (13) is then performed
with standard computer packages.

In principle we could proceed to the evaluation of � exactly as described above. However we
have found simpler and more e↵ective to employ an un-binned L(R⌫ |D) likelihood, obtained by
reconstructing the ratio between the n(x|R⌫) and n(x|R0) distributions locally in the features
space. This is achieved by a rather straightforward adaptation of likelihood-reconstruction
techniques based on neural networks developed in the literature [?, 7–11]. In particular our
implementation, briefly summarized below, closely follows Refs. [?, 11] to which we refer the
reader for a more in-depth exposition. The basic idea, like in the regular binned approach, is to
employ a polynomial approximation for the dependence of the distribution on the nuisance. The
coe�cient functions of the polynomial will be approximated by suitably trained neural networks.
For instance in the case of a single nuisance parameter ⌫, we would write

r(x;⌫) ⌘ n(x|R⌫)

n(x|R0)
= exp


⌫ �1(x) +

1

2
⌫
2
�2(x) + . . .

�
, (14)
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Clearly N(Hw,⌫) is not easily available because n(x|R0) is not known in closed form and even if
it was, computing the integral as a function of w and ⌫ is numerically unfeasible.

Evaluating N(Hw,⌫) requires us to employ a Reference data set R = {x1, . . . , xNR}. As
described in the Introduction, R consists of synthetic instances of the variable x that follow
the Reference Model distribution. The R set plus the data D constitute the sample that we
will employ for training the neural network f(x;w). Notice that the Reference data follow, by
construction, the central-value distribution n(x|R0). Namely they are generated with central
value nuisance parameters in accordance with the R0 hypothesis. The R sample might result
from a first-principle Monte Carlo simulation, or have data-driven origin. In both cases it might
take the form of a weighted event sample. In this case each event “e” (i.e., instance of x) in R
might come accompanied with a (positive or negative) weight we. We choose the normalization
of the weights such that X

e2R
we = N(R0) . (22)

If the R sample is “unweighted”, all the weights are equal, and equal to we = N(R0)/NR, with
NR the Reference sample size. The Reference sample plays conceptually the same role as the
central-value background sample in regular model-dependent LHC searches. Its composition and
origin is the same one of the samples S1(⌫i) employed to learn the e↵ect of nuisance parameters
with the strategy outlined in the previous section.

With the normalization (22), the weighted sum of a function of x over the Reference sample
approximates the integral of the function with integration measure n(x|R0)dx. Therefore

N(Hw,⌫) '
X

e2R
we exp [f(xe;w) + log(r(xe;⌫))] , (23)

where the accuracy of the approximation improves with (square root of) the size of the Reference
sample. In what follows we are going to assume an infinitely abundant Reference sample and
turn the approximate equality above into a strict equality. Clearly in so doing we are ignoring
the uncertainties associated with finite statistics of R. This is justified if NR � N(R0) ⇠ ND,
because in this case the statistical variability of ⌧ is expectedly dominated by the statistical
fluctuation of the data sample D. All the results of the present paper are compatible with this
expectation for NR few times larger than ND. Nevertheless it would be interesting to develop a
strategy to account for the statistical fluctuations of R, in order to deal with situations where
NR cannot be taken larger than N(R0).

By combining eq.s (20) and (23) (and (22)) and by factoring out a minus sign to turn the
maximization into a minimization, we express
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where L has the form of a loss function for a supervised training between the D and R samples
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The loss depends on the neural network function f(·;w) and in particular on its trainable pa-
rameters w. It also depends on the nuisance parameters ⌫, through the ratio r and through the
auxiliary likelihood ratio term. The minimization over the nuisance is requested by eq. (24),
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If we do all right, by Wilks-Wald we get:
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P (t|R⌫) = P (t|R0) = �2
d

Independence of t distribution on the true 
value of nuisance is essential for feasible  
test

Reference Model Predictions are unavoidably imperfect

e.g., PDF/Lumi/Detector Modeling …


Imperfections are Nuisance Parameters

Constrained by Auxiliary Measurements


Define a composite Reference hypothesis 
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An Imperfect Machine at Work
(Simple 1d example with exponential Reference)  

Figure 5: The empirical distribution of ⌧ (in green) and of t (in blue) computed by 100 Toy experiments
performed in the R⌫ hypothesis at di↵erent points in the nuisance parameters space. The �2

13 distribution
is reported in blue in all the plots. The �

2
15 distribution is shown in green on the left plot.A che serve

il label “NN Correction”?

controlled by the departure of the true values of the nuisances from the central values. The
correction term � has a big impact on the distribution of t, bringing it back to the expected
�
2

13
. The e↵ect is due to a strong correlation between the ⌧ and � distribution over the Toys,

which engineers a cancellation in t = ⌧ ��.
A more quantitative and systematic validation of the compatibility of t with the �

2

13
can be

obtained by computing the Kolmogorov–Smirnov test p-value as in Section 3.1. The results are
reported in Table 2. The “w/o correction” columns report the p-value obtained by comparing
the distribution of ⌧ (i.e., without the � correction term) with the �

2

13
. The “w/ correction”

columns report the p-value for the distribution of t, including the correction. The table contains
the results obtained for �n,s = 0.15, as well as those for lower values of the nuisance standard
deviations �n,s = 0.10, 0.05.

The above results establish the validity of the Asymptotic formulae when the standard
deviation of the nuisance parameters is of order 15% or less. Notice that it is increasingly
simple to deal with smaller standard deviations (i.e., with more precisely measured nuisances),
merely because when ⌫ is small the ratio br(x;⌫) approaches 1 becoming independent of ⌫,
regardless of the accuracy with which it is reconstructed by the b�a(x) networks. Consequently
the maximization over w in ⌧ (24) tends to decouple from the maximization over ⌫ and the
cancellation between ⌧ and � in the determination of t becomes automatic. On the contrary,
larger standard deviations are more di�cult to handle. Indeed, as explained in Section 2.5,
larger values of ⌫ push the ⌧ distribution away from the target �2, forcing the correction term to
engineer an increasingly delicate cancellation. This enhances the impact of all the imperfections
that are present in the implementation of the algorithm, and in particular of the ones related
with the quality of the reconstruction of br that is achieved by the b�a(x) networks. The results
presented up to now (namely, Figure 5 and Table 2) are obtained by employing the linear-order
reconstruction for log br. The good observed level of compatibility with the Asymptotic formula
thus shows that the linear-order reconstruction is su�ciently accurate in order to deal with
�n,s  15%. However the accuracy is expected to become insu�cient for larger �n,s, owing to
the considerable departures of the exact log r from linearity described in Section 3.2.

We illustrate this aspect by computing the empirical t distribution for �n,s = 0.6 and setting

23

Tau distribution distorted by non-central value nuisance

if not corrected, produces false positives


t = Tau-Delta independent of nuisance
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We use χ2-compatibility as Model Selection criterion

Asy.For. violation = sensitivity to low-statistics portion of dataset = overfitting

Selection w/o nuisance ensures nuisance-independent chi-sq  

Criterion used in particular to select Weight Clipping regularisation par.

Remark #1: By Wilks-Wald Theorem, P(t|R) is a χ2, with 
as many d.o.f. as fit parameters (for us, number of NN pars)…

Provided statistics is large relative to “complexity” of 
model being fitted 


or, which is the same     

Provided fit model “simple enough”, for given data stat.
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Weight Clipping Selection
(Simple 1d example with exponential Reference)  

Figure 1: Empirical distributions of t after 300 000 training epochs for di↵erent values of the weight
clipping parameter, compared with the �2

13 distribution expected in the Asymptotic limit for the (1, 4, 1)
network. The evolution during training of the t distribution percentiles, compared with the �

2
13 expec-

tation, is also shown. Only 100 Toy datasets are employed to produce the results shown in the figure,
except for the ones for weight clipping equal to 9 where all the 400 Toys are used.

eq. (26) for ⌫n,s = 0. The sample is unweighted, therefore the weights in the sample are all equal
and we = N(R0)/NR = 0.01. We also generate 400 Toy instances of the dataset D in the same
hypothesis. The number of instances of x in D, ND, is thrown from a Poisson distribution with
mean N(R0) = 2 000 in accordance with the R0 expectation. For di↵erent values of the weight
clipping parameter, ranging from 1 to 100, we train the neural network with the loss in eq. (29)
and we compute t(D) on the Toy datasets using eq. (28). The empirical P (t|R0) distributions
obtained in this way after 300 000 training epochs, and some of its percentiles as a function of
the number of epochs, are reported in Figure 1.

We see that for large values of the weight clipping parameter the distribution sits slightly to
the right of the target �2 with 13 degrees of freedom. Furthermore the training is not stable and
significant changes in the t percentiles (especially the 95% one) occur even after 150 000 epochs.
Very small values of the weight clipping make the distribution stable with training, but push
it lower than the �

2

13
expectation. A good compatibility is instead obtained for intermediate

values of the weight clipping parameter. We see that a weight clipping equal to 9 reproduces
the �

2

13
formula quite accurately.

17

Asy.For. violation by sensitivity 
to sparse data points

Asy.For. violation by fit 
parameters boundary
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Remark #1: By Wilks-Wald Theorem, P(t|R) is a χ2, with 
as many d.o.f. as fit parameters (for us, number of NN pars)…

Provided statistics is large relative to “complexity” of 
model being fitted 


or, which is the same     

Provided fit model “simple enough”, for given data stat.

We use χ2-compatibility as Model Selection criterion

Asy.For. violation = sensitivity to low-statistics portion of dataset = overfitting

Selection w/o nuisance ensures nuisance-independent chi-sq  

Criterion used in particular to select Weight Clipping regularisation par.

Concern #1: We do not like Weight Clipping, and we 
would like better regularization and measure of NN complexity
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Remark #2: 

The Reference Sample is not of course infinite.

We do empirically check that results weakly depend on the 
specific Reference sample instance. 

Factor few more abundant than Data found enough
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Remark #2: 

The Reference Sample is not of course infinite.

We do empirically check that results weakly depend on the 
specific Reference sample instance. 

Factor few more abundant than Data found enough

Concern #2: 

We have no Analytic/Asymptotic control of the Reference 
Sample fluctuations effects.
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Remark #3: 

Ours is a GoF 2-sample test from classifier training. 


[see J.Friedman, 2004]

With specific test statistics and loss function choice, dictated 
by Maximum Likelihood approach. 

Maximum Likelihood convenient viewpoint to deal with 
imperfections as nuisance parameters.

https://inspirehep.net/files/345e70f422e5306b7540c80ed1dbcff3
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Remark #3: 

Ours is a GoF 2-sample test from classifier training. 


[see J.Friedman, 2004]

With specific test statistics and loss function choice, dictated 
by Maximum Likelihood approach. 

Maximum Likelihood convenient viewpoint to deal with 
imperfections as nuisance parameters.

Concern #3: 

No concern here. 

But we should look for concrete GoF problems to try NPLM

https://inspirehep.net/files/345e70f422e5306b7540c80ed1dbcff3


Outlook
Strategy has been defined, and applied to problems of the 
same scale of complexity as LHC analysis
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Further progress requires full-fledged implementation in 
realistic LHC final state (2 leptons?, 4 leptons?, more exotic?)



Outlook

45

Expected implementation challenges (limit on lumi. we can handle)

• Statistically accurate enough (large or smart) Reference Sample

• Generation of Reference-distributed Toys

• Accurate learning of nuisance Likelihood

• Training execution time

Further progress requires full-fledged implementation in 
realistic LHC final state (2 leptons?, 4 leptons?, more exotic?)

Strategy has been defined, and applied to problems of the 
same scale of complexity as LHC analysis
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Expected implementation challenges (limit on lumi. we can handle)
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• Accurate learning of nuisance Likelihood

• Training execution time

Further progress requires full-fledged implementation in 
realistic LHC final state (2 leptons?, 4 leptons?, more exotic?)

Faster/Smarter Monte Carlo

weighted samples

generative models

fast (but accurate) detector sim.

Toys at NLO


Generic need for the whole 
HL-LHC analysis program!

Strategy has been defined, and applied to problems of the 
same scale of complexity as LHC analysis
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Likelihood-free Inference 
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Expected implementation challenges (limit on lumi. we can handle)

• Statistically accurate enough (large or smart) Reference Sample

• Generation of Reference-distributed Toys

• Accurate learning of nuisance Likelihood

• Training execution time

Further progress requires full-fledged implementation in 
realistic LHC final state (2 leptons?, 4 leptons?, more exotic?)

Likelihood-free Inference 
Techniques


being worked out for EFT (MadMiner)

Stimulate and exploit these 
developments

Non-NN Models

Kernel Method “Falkon” 

[Letizia, Grosso, et. al., 2022]

Faster/Smarter Monte Carlo

weighted samples

generative models

fast (but accurate) detector sim.

Toys at NLO


Generic need for the whole 
HL-LHC analysis program!

Strategy has been defined, and applied to problems of the 
same scale of complexity as LHC analysis

https://inspirehep.net/literature/2063336
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Model-Independent search algorithms also good for:

• Comparison between Monte Carlo Generators 

• Data Validation

• GoF
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Model-Independent search algorithms also good for:

• Comparison between Monte Carlo Generators 

• Data Validation

• GoF

When and if these techniques make it to real analyses,  
I suspect we will find plenty of wrong bck estimates …
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But maybe we will find New Physics as well !!

Model-Independent search algorithms also good for:

• Comparison between Monte Carlo Generators 

• Data Validation

• GoF

When and if these techniques make it to real analyses,  
I suspect we will find plenty of wrong bck estimates …
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When and if these techniques make it to real analyses,  
I suspect we will find plenty of wrong bck estimates …

But maybe we will find New Physics as well !!

Thank You

Model-Independent search algorithms also good for:

• Comparison between Monte Carlo Generators 

• Data Validation

• GoF


