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Quantum anomalous hydrodynamics

How does the chiral anomaly
show up in the macroscopic
behavior of a relativistic fluid?

Nick Abboud | University of Illinois Urbana-Champaign



e.g. Kharzeey, Liao, Voloshin, Wang,

Chiral hYdI'OdynamiCS Prog. Part. Nucl. Phys. 88, 1-28 (2016)

Transport eﬁemiral systems

chirality
spin
: Uint ~ —5-W
momentum spins align with fluid vorticity

right-handed

\

e similar effects in 5-field :
m in5 chiral transport effects

 transport coefficients

left-handed largely determined by J o< w Js o w
anomalies
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Son & Surowka, PRL 103, 191601 (2009)
Neiman & Oz, JHEP 03, 023 (2011)

Chiral hydrodynamics

chiral 4 2" |aw of N

anomaly thermodynamics
equations of motion In Landau hydrodynamic frame:
external " 0ov QN A pv "
electromagnetic fields Tr =ceu"u” + (P — (O )A — 2no
UV __ | v
VT =[En g o [ A, (1)

v, J! =CE"B,

degrees of freedom

I 1| demanded by thermodynamics!
T g‘]ww T SJBB determined by anomaly!

U ~
€, N5, U £, =Cps + CT?
@O@/v cz,7(9/ 1/@/0 .

b % i = Cus
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Son & Surowka, PRL 103, 191601 (2009)
Neiman & Oz, JHEP 03, 023 (2011)

Chiral hydrodynamics

chiral 4 2" |aw of N

anomaly thermodynamics
equations of motion In Eckart hydrodynamic frame:
external L 0w QN A pv "
electromagnetic fields TH =ceuu” + (P — Caau )A — 2n0

V. TH = F"Ns +ut Q¥ + u” Q"

V,J: =CFE*B, JE = nsut -
ARCH T anomalous heat diffusion
degrees of freeiom OF = —oT e T uYdut| + fTwwM n gTBB,LL
g, N, U T

vector + axial, other hydrodynamic frames, derivations from kinetic theory, Israel-Stewart-like theories, ...

Chen, Son, Stephanov
Isachenkov & Sadofyev Stephanov & Yee PRL 115, 021601 (2015) Gorbar, Rybalka, Shovkovy,

PLB 697, 404 (2011) PRL 116, 122302 (2011) Yang, PRD 98, 076019 (2018) PRD 95, 096010 (2017)
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Can these theories be solved?

Local well-posedness ?
Unique solutions for \U/

arbitrary initial conditions

later

Causality

Information propagates subluminally

Stability

Deviations from equilibrium are bounded

Nick Abboud | University of Illinois Urbana-Champaign

Is chiral hydro
consistent™ with
these principles?




Previous theories of viscous chiral hydrodynamics

e fail to be consistent
OR

In this talk...

the first consistent theory of
viscous chiral hydrodynamics

NA, E. Speranza, J. Noronha, arXiv:2308.02928
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BDNK approach to consistent 1st-order hydro

Bemfica, Disconzi, Noronha, PRD 98, 104064 (2018); PRD 100, 104020 (2019); PRX 12, 021044 (2022)
Kovtun, JHEP 10, 034 (2019); Hoult & Kovtun, JHEP 06, 067 (2020)

degrees of freedom equations of motion
e, n, u’ vV, T* =0 V,J* =0
(vector current)
T = (e + A)ulu” + (P + 1) A*Y + OFu” + QY ul + TH
JH = nu” Bemfica, Disconzi & Noronha, PRX 12, 021044 (2022) « extra transport
parameters regulate
A=r1. [UAVNS + (e + p)vAuA] LT = —2pgt inconsistent behavior
IT = —CV)\UJ)\ + 7p [UAV)\Z-Z + (e + P)VAu)‘] « proved locally well-
5 N y N N posed, causal, and
Q" = TQ (8 + P)U Vau” + B-A"*Vye + B, A" Van stable (and strongly
hyperbolic)
has all leading dissipative contributions: shear/bulk viscosity & thermal conductivity
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Consistent 1%*-order chiral hydro

NA, E. Speranza, J. Noronha

degrees of freedom equations of motion arXiv:2308.02928
g, N5, u’ vV, TH = F" Js, V,J! = CE'B,
T = (e + Ayuu? + (P + AR + QFu” + Q" ut + TH
Jé‘ = (ns + Ns)ut + j5“ all possible first-order
transport parameters
A =¢e,De +e5Vou? +e3Dns,  TH = —2not” are included

1 = 71, De + mVu? + 13 Dns
Q" =0,V e+ 0.Du* + 05V ns + O E* +|Ep,wt + Epp BY
N5 = 11 De + 15V u™ + v3Dns -
T =V e+ vnDut + 3 Vins + ypE* HEow! + £ B

all chiral
conductivities
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Houston, we have a problem!™ s 8

TH = (e + Ayuru” + (P + I AMY 4+ OFu” + QY ut + TH
JE = (ns + Ns)ut + T

oo BAD
II = 7T1D€ + 7T2V>\u>\ + 7T3Dn5
QY = 91V'i€ + 05 Dut + 93V'i’ﬂ5 + 0 E* + &pww“ -+ fTBBM

N5 — V1D€ + VZV)\U/)\ + V3D’n5
T2 =nVie+yvwDut +3Ving + vy EY + & jowt + £ BY

This term makes the theory acausal, unstable,

and even ill-posed!
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Why is the bad term bad? ik ioeesoesne

Strip away everything but the bad term

heat diffusion
T = (e + P)utu” + Pg"” + OFu” 4+ O"ut

Velocity perturbation atop static equilibrium:

uh = (1,0u) =  6T% = (¢ + P)ou? +6Q7 o su?

unbounded acceleration by
pushing heat in other direction 6Q < ‘|:O T:P){

{ this can be any function
097 ~ Seru(V x 0uf = du = f(t)[sin(k2),cos(kz),0) k=

(bad term) can increase without bound!

2(e + P)

STw

Nick Abboud | University of Illinois Urbana-Champaign



Why is the bad term bad? & i asmen

Strip away everything | un Sta b I e liffusion
T" = (e+ T Q" u”
and

Velocity perturbation a
ut = (1,6u) Ill-posed FENIIEYEN

unbounded acc
pushing heatin o

i (non-deterministic) O »—>

(e + P)éu

{ this can be any function
0Q7 ~ §€Tw(6 X ou)Y => fu= f(t)[sin(kz), cos(kz),0) k=

(bad term) can increase without bound!

2(e + P)

fTw
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NA, E. Speranza, J. Noronha, arXiv:2308.02928

First-order viscous chiral hydro
is ill-posed unless

gTw:O

no vorticity-induced heat flux!

the same happens in ideal chiral hydro
Speranza, Bemfica, Disconzi, Noronha, PRD 107, 054029 (2023)
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Fixing the bad term e bae ™
T = (e + A)u'u” + (P + IDAM + QFu” + Q"ul + T

J& = (ns + Ns)ut + T2 BAD

OF = 81Vﬁ_€ -+ QQDU’“ -+ (93V'i7l5 -+ (§)EE1’u —I—‘gTww“\—l— gTBB,u

frame transformation

hydrodynamic frame

= gTw
I mo_ I
definition of ur = u e 4 pw
hydrodynamic fields
E, N5, u”
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Fixing the bad

NA, E. S ,J.N h
term arXiv:2308.02928

T = (e + A)uru” + (P + IDAMY 4+ OFu” + QYul + TH

J5'u = (n5 —|—./\/'5)U'u—

oY = 81Vﬁ_8 + 65 Dut + (93V'i7l5 + O EH + —+ gTBB,u

L oK

hydrodynamic frame
definition of
hydrodynamic fields

E, N5, u”

frame transformation

gTw (,d’u
e+ P

requires departure from the
“thermodynamic frame”
of Jensen et al., PRL 109, 101601 (2012)

ut — ut —
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When is 1%t-order chiral hydro consistent?

Local well-posedness Causality Stability

now I

H me
>
e

later

|

inequalities among
transport coefficients

Nick Abboud | University of Illinois Urbana-Champaign



[ [ ]
Nonlinear causality oy v

wave equation arbitrary PDE our theory
time
| space
disturbances propagate disturbances propagate demand non-spacelike
along light cones along characteristic surfaces characteristic surfaces

inequalities among
~— transport parameters
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Causality COnditionS NA, E. Speranza, J. Noronha, arXiv:2308.02928

Causal if, and only if, 0 <7/03 <1 and

e The \; are combinations of the
transport parameters

e Causality only depends on three
combinations!

» These conditions imply local
well-posedness in a restricted
class of function spaces
(Gevrey)

Nick Abboud | University of Illinois Urbana-Champaign
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Lorentz-covariant linear stability

stability of all homogeneous equilibria

Fourier decomposition

56, 5715, Su ~ ei(—Qt—Hc-x)

Im[Q(k)] <0 VEk

(for all modes)

inequalities among
transport parameters

<

Causality is necessary for covariant stability!

Gavassino, PRX 12, 041001 (2022)
Bemfica, Disconzi & Noronha, PRX 12, 021044 (2022)
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Stability ConditiOnS NA, E. Speranza, J. Noronha, arXiv:2308.02928

So = {(a,b,c) € R®la>0,c>0,b> —2/ac}.

SS . e >0 and b>0 and c¢c>0 and d=>0,

02 >0 and n >0,
X >0 and A>0 and F >0 and A3 >0

e >0 and d >0 and Discs(a,b,c,d) <0,
Ao 20 a

MWW The neccessary & sufficient
IO conditions are complex n
( e Can be straightforwardly checked numerically

Ay =(AF -BE -k . . r- : - g S e
nanty  Simplifications available in limiting cases (see paper)
Apg) = MA-XNE)Aq 9+

4y/x2 —2).

Baa = :F_A(l’o)iC§A_(3’2)’ _ _ C= éﬂ—ﬂz (E1+73) + (2 + 02) (71 + 01 — (7)) + (v2 + 72) (73 + 05 + ()
Awug) = [F(Ac2-C) - A3]A1,0) = FA@22) + EA3 ) + CgA(aA)» 3 ~ B
A(4,8) = [X{;(ZC? — 6) + ZEF]A(LO) + ZFCEA(LQ) — (X‘g + 6F)A(2’2> - FA(QA), + w({ﬁ'7 17} + {’?’ é}) + ’I’L{é, 7+ 0} - 02(61 + :)/3)7
+EAG ) + A6 — aF, D= ;1—)77 —my+ w(Fy —F3 — (7)) + n(fs + 05 + (€) + (%—P) (62 + 602) + (Z—P) (v2 +12),
Aoy = MAEAG o) + AETF +X3)A 2 — 5T — (s + CF) A ) ~ ) */n e
+EA(3,6) + CEA(S,S) _ 2X323F7 E=- (577 - ’fl'2> (01 + '?3) + w{;y’ ’7l’} + n{"?’e} + (52 + 02)<:7> - (V'-’ + 72)<0)7
Ay = MAEA )~ XsCTAg) + EAsg) — 1A - F =w(#) —n(f).
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Conclusions & Outlook ™ EGems

e New comprehensive formulation of first-order chiral
hydrodynamics

e First theory of viscous chiral hydrodynamics proven to be
causal and stable

e Suitable for numerical simulation of chiral effects throughout
the hydro evolution

e Future work: chirality in consistent second-order theories,
rotating equilibria, ...
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