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Motivation: Quantum Understanding of 
Hydrodynamization and Thermalization
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• Current understanding of rapid hydrodynamization mainly uses semiclassical 
approximations and may neglect important quantum effects

• Time evolution of local operator expectation value
<latexit sha1_base64="HC2J39cHhKos4x33t/XZTrd+prc="></latexit>

hOi(t) = Tr[O⇢(t)] =
X

n,m

hn|O|mihm|⇢(0)|niei(En�Em)t

After some time?
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hOimc(E)
Microcanonical ensemble average
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E = Tr(H⇢)

• System of two fast moving nuclei is pure state, evolves unitarily, how 
approximate thermalization happens?



Eigenstate Thermalization Hypothesis (ETH)
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• For most non-integrable systems, matrix elements of local operators for 
typical eigenstates

Diagonal part close to 
microcanonical 
ensemble average

Correction suppressed 
exponentially by 
entropy (system size)

Gaussian 
random

matrix

Spectral function decays with ω

<latexit sha1_base64="7rQgZKOVnneiP6QFTfTdeJPYOnU="></latexit>

hn|O|mi = hOimc(E)�nm + e
�S(E)/2

f(E,!)Rnm
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E = (En + Em)/2
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! = En � Em

Rigol, Dunjko, Olshanii, Nature 452, 854 (2008)

Deutsch, Phys. Rev. A 43, 2046 (1991)
Srednicki, Phys. Rev. E 50, 888 (1994)



Thermalization from ETH
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• For large system and initial state with small energy variation, ETH leads to

(1) Long time average   thermal expectation value  —> ergodicO ≈ ⟨O⟩T

(2) Fluctuation of  around  is exponentially small in system size⟨O⟩(t) O

(3) Quantum fluctuation  thermal fluctuation≈
(4) Time correlation function 

<latexit sha1_base64="petbG1oXxwMMdw9M8Bv78Qq+oxA="></latexit>

hn|O(t)O(0)|ni � hn|O(t)|nihn|O(0)|ni ⇡
Z

d!e
�i!t

e
�!/2|f(E,!)|2

 is related to the spectral functionf(E, ω)

• The system, when observed through , behaves like a thermal stateO



Goal: Demonstrate ETH for SU(N) Gauge Theory
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• Show diagonal part: exponentially close to mc average 

<latexit sha1_base64="7rQgZKOVnneiP6QFTfTdeJPYOnU="></latexit>

hn|O|mi = hOimc(E)�nm + e
�S(E)/2

f(E,!)Rnm

• Show off-diagonal: Gaussian random matrix, spectral function decays in ω

• QFT contains infinite states, how to demonstrate? —> lattice

(1) Continuum limit: demonstrate for several , extrapolate  (RG)g(a) a → 0

(2) Infinite volume limit: fixed , demonstrate for several system sizes 
 ETH more manifest with larger system sizes

g(a)
←

(3) Consider “physical” operators: multiplicatively renormalizable, gauge 
invariant, local or sufficiently averaged



2+1D SU(2) Lattice Gauge Theory
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• Kogut-Susskind Hamiltonian:

• Gauss’s law: every vertex transforms 
as a singlet for physical state

• Electric basis on links:
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|j mL mRi Byrnes, Yamamoto, quant-ph/0510027
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E2|j mL mRi = j(j + 1)|j mL mRi

<latexit sha1_base64="qrSR9/RSufBm16xJxu24visKTv4="></latexit>

[Ea
i , U(n, ĵ)] = ��ijT

aU(n, ĵ)
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[Ea
i , E

b
i ] = ifabcEc

i

<latexit sha1_base64="ISpF9mhZusO2sVWdSPlDbzP0xGU="></latexit>

H =
g
2

2

X

links

(Ea
i )

2 � 2

a2g2

X

plaquettes

⇤(n)

<latexit sha1_base64="WmYGLz1nZi5264LtaTrxInnf9Wg="></latexit>

⇤(n) = Tr[U†(n, ŷ)U †(n+ ŷ, x̂)U(n+ x̂, ŷ)U(n, x̂)]



2+1D SU(2) on Periodic Plaquette Chain
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……
• Each vertex has three links: 

singlet is uniquely defined by 
the  values on the three linksj

• Matrix elements between physical states (singlets)

1

2

3

4

a

bc

d

: initial

: final

j
J

Klco, Stryker, Savage, 1908.06935

<latexit sha1_base64="iVZs2KfFSjHCoUy+GTxM8isAnUA="></latexit>

hJ1J2J3J4|⇤|j1j2j3j4i =
Y

↵=a,b,c,d

(�1)j↵
Y

↵=1,2,3,4

h
(�1)j↵+J↵

p
(2j↵ + 1)(2J↵ + 1)

i

⇢
ja j1 j2
1/2 J2 J1

�⇢
jb j2 j3
1/2 J3 J2

�⇢
jc j3 j4
1/2 J4 J3

�⇢
jd j4 j1
1/2 J1 J4

�
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p1 p2 p3

Z(p1)

Z(p2)

σx
1

(−0.5) σx
2

<latexit sha1_base64="vxK+zD5gJhGgMnddIbrvqybNa78="></latexit>

aH = J

N�1X

i=0

�
z
i �

z
i+1 + hz

N�1X

i=0

�
z
i + hx

N�1X

i=0

(�0.5)(�
z
i�1+�z

i+1)/2+1
�
x
i
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J = �3ag2/16, hz = 3ag2/8, hx = �2/(ag2)

SU(2) w/

jmax = 0.5 Ising chain

XY, 2303.14264

Simplify Hamiltonian with jmax = 0.5

□

□



10°2

4 £ 10°3

6 £ 10°3|¢
1|

1-plaquette

11 12 13 14 15 16 17 18 19
N

2 £ 10°2

3 £ 10°2

|¢
2|

2-plaquette

Diagonal Part Test on Chain with jmax = 0.5
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• Consider 1-plaquette and 2-plaquette operators with ag2 = 1.2

• Proxy for microcanonical ensemble:
<latexit sha1_base64="LhSCiR7GhGupZw0CSQQPaDfdg9Y="></latexit>

�i(n) = hn|Oi|ni �
1

21

n+10X

m=n�10

hm|Oi|mi

Exponential decay

with system size 

when it is large

XY, 2303.14264
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Off-Diagonal Part Test on Chain with jmax = 0.5
• Consider off-diagonal part Mmn ≡ ⟨m |Hel |n⟩

0 < E < 1

Well described

by Gaussian 

Spectral function at small 

well fitted by

|ω |

f(E, ω) =
a

ω2 + b2
+ c

Ebner, Müller, Schäfer, Seidl, XY, 2308.16202
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 Cutoff Dependence and Convergencejmax
Eigenenergy on N=3 chain v.s. jmax

Take , only use states 
within 5% error from asymptotic 
eigenenergy values

jmax = 3.5

Off-diagonal of  is GaussianHel

Plateau goes away when

system non-chaotic

Ebner, Müller, Schäfer, Seidl, XY, 2308.16202

g2 = 0.8a−1
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Test Random Matrix Theory Behavior

<latexit sha1_base64="lSk8EHQm5XT7NF3hJEsz8UPHnYk="></latexit>

O
T
mn =

(
hm|O|ni, |Em � En|  2⇡

T

0, |Em � En| > 2⇡
T

• Take band matrix by dropping elements less important at later time

<latexit sha1_base64="DqUmc0hqmA4EFWlD0bbTl9UaZOI="></latexit>

⇤T =

�
Tr[(OT

c )
2]
�2

d (Tr[(OT
c )

4])
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O
T
c = O

T � Tr[OT ]/d

RMT measure

For Gaussian Orthogonal 
Ensemble (GOE), ΛT = 0.5

Ebner, Müller, Schäfer, Seidl, XY, 2308.16202

We see GOE behavior in small  
window when statistics is good

ω



2+1D SU(2) on Plaquette Plane
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• Problem: on square lattice each vertex has four links and singlet is 
not uniquely defined by four  valuesj

• Solution: use honeycomb lattice

<latexit sha1_base64="bHqQgwWci5TSqdlLaECZ6U6THCQ="></latexit>

Hmag = � 4
p
3

9a2g2

X

n

(n)

x

y

Müller, XY, 2307.00045
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hJi| |jii between physical states

<latexit sha1_base64="fJ7joFZkhMLJMcQwUawqyC/HSrE="></latexit>

Hel =
g
2

2

3
p
3

2

X

n

3X

i=1

E
2
i (n)



Simplify Hamiltonian with jmax = 0.5
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00 01

10 11

02

00 01

10 11

02

00 01

10 11

02

−σx
0,0

0.5σx
0,1

<latexit sha1_base64="aRr2KkewHHZAG8zjtSqZNZqu00Q="></latexit>

aH = h+

X

(i,j)

⇧+
i,j � h++

X

(i,j)

⇧+
i,j

⇣
⇧+

i+1,j +⇧+
i,j+1 +⇧+

i+1,j�1

⌘
+ hx

X

(i,j)

(�0.5)ci,j�x
i,j

Müller, XY, 2307.00045

SU(2) w/ 
jmax = 0.5
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⇧+
i,j = (1 + �z

i,j)/2

<latexit sha1_base64="Y2/u+Ow2vICvkN22cJWl1R+POJo="></latexit>

h+ =
27
p
3

8
ag2 , h++ =

9
p
3

8
ag2 , hx =

4
p
3

9ag2

Ising plane
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• Consider ag2 = 0.8

ETH Test on Honeycomb Lattice with jmax = 0.5

10°2

|¢
1|

1-plaquette

9 12 16 20
NxNy

10°3

10°2

|¢
2|

2-plaquette

Diagonal part test for operators 
made up of a few plaquettes

Off-diagonal part of Hel

Zoom in ω ∼ 0

Ebner, Müller, Schäfer, Seidl, XY, 2308.16202 15



Test RMT Behavior on Honeycomb Lattice
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0 5000 10000
T

0.40

0.45

0.50

0.55

§
T

°2 < E < °1

°1 < E < 0

0 < E < 1

1 < E < 2

Ebner, Müller, Schäfer, Seidl, XY, 2308.16202

Within 10% of the RMT value 0.5 for several energy windows

Off-diagonal magnitude is well described by Gaussian random 
variables, but orthogonality is not perfect (sign correlation)



Summary and Future Plans
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• Provided numerical evidence of ETH for 2+1D SU(2) lattice gauge theory

• Future plan: (1) 2D honeycomb with higher jmax

(2) 3+1D SU(2)

(3) SU(3) and include fermions

• Final remark: ETH in terms of eigenstates, satisfied by quantum system 
whose classical counterpart is chaotic

(1) long chain with  jmax = 0.5 ✓
(2) short chain with  and converged spectrum jmax = 3.5 ✓

(3) 2D honeycomb with  jmax = 0.5 ✓

Another quantum chaos indicator = Bohigas-Giannoni-Schmit conjecture: 
level separation statistics described by GOE —> Wigner-Dyson statistics

(4) Implementation on a quantum computer
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• SU(2) plaquette chain with N = 19, look at neighboring eigenenergy gaps
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<latexit sha1_base64="fat2bl6P2tlR66u4I0WI/H1bJX8=">AAACI3icbVDJSgNBEO2JW4xb1KOXxiDEg2EmBBVBCC7gMYJZIDOGnk4ladKz0N2jhiH/4sVf8eJBCV48+C92FjAmPih4/V4VXfXckDOpTPPLSCwsLi2vJFdTa+sbm1vp7Z2KDCJBoUwDHoiaSyRw5kNZMcWhFgognsuh6nYvh371AYRkgX+neiE4Hmn7rMUoUVpqpM9KjdgWHn6U/ax9BVwRfH2IzzH5fd272IansH5E8ZSYdxrpjJkzR8DzxJqQDJqg1EgP7GZAIw98RTmRsm6ZoXJiIhSjHPopO5IQEtolbahr6hMPpBOPbuzjA600cSsQunyFR+r0REw8KXueqzs9ojpy1huK/3n1SLVOnZj5YaTAp+OPWhHHKsDDwHCTCaCK9zQhVDC9K6YdIghVOtaUDsGaPXmeVPI56zhXuC1kiheTOJJoD+2jLLLQCSqiG1RCZUTRM3pF7+jDeDHejIHxOW5NGJOZXfQHxvcPt2uhNw==</latexit>

Pws(�E) = a(�E)b exp[�c(�E)2] Level repulsion in Wigner-

Dyson statistics

k=0 sector has remaining 
discrete symmetry 
(parity), so level statistics 
are more Poisson-like. 
But ETH still works fine.



Backup: Level Separation Statistics 

19

0.000 0.002 0.004 0.006 0.008 0.010
¢E

0

100

200

300

400

500

P
(¢

E
)

P-even

Parity-even sector in k=0

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025
¢E

0

500

1000

1500

P
(¢

E
)

k = k1, middle half levels

Middle half of the spectrum



Backup: restricted level gap ratio

20

<latexit sha1_base64="MG/N/LOGZJxTd6g/cj0/9PAJzhU=">AAACXHicjVFBa9swFJa9bk3SZc026KUX0TDYYQt26bodNijtpccUmiYQm/CsPCeikuxJcmkw/pO79bK/simJD23SQx8Ivvd93+NJn5JccGOD4MHzX+28frPbaLb23rbf7Xfef7gxWaEZDlgmMj1KwKDgCgeWW4GjXCPIROAwub1Y6sM71IZn6toucowlzBRPOQPrqEnHBPQn1ZMIRD4H+otGqQZWlpGWVHJVjaMpCgu1/qXuyn X7NaziqvbC/Qu8NBL4m4aTTjfoBaui2yCsQZfU1Z90/kTTjBUSlWUCjBmHQW7jErTlTGDVigqDObBbmOHYQQUSTVyuwqnoJ8dMaZppd5SlK/bxRAnSmIVMnFOCnZtNbUk+p40Lm/6IS67ywqJi60VpIajN6DJpOuUamRULB4Bp7u5K2RxcvNb9R8uFEG4+eRvcHPfC0963q5Pu2XkdR4MckiPymYTkOzkjl6RPBoSRB/LPa3hN76+/4+/57bXV9+qZj+RJ+Qf/AYZAtcw=</latexit>

0 < r↵ =
min[�↵, �↵�1]

max[�↵, �↵�1]
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<latexit sha1_base64="CLiyE43g/Wn7BRzMArng8l65vJU=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5CotW6EoojurGAv0IQwmU7boZNJmJkIJfQF3Pgqblwo4ta9O9/GaZqFtv4w8PGfczhz/iBmVCrb/jbm5hcWl5YLK8XVtfWNTXNruyGjRGBSxxGLRCtAkjDKSV1RxUgrFgSFASPNYHA5rjcfiJA04vdqGBMvRD1OuxQjpS3f3HcZ4j1GoICuyMhPXRHC69urETyHtlU+tiu+WbItOxOcBSeHEshV880vtxPhJCRcYYakbDt2rLwUCUUxI6Oim0gSIzxAPdLWyFFIpJdm14zggXY6sBsJ/biCmft7IkWhlMMw0J0hUn05XRub/9XaieqeeSnlcaIIx5NF3YRBFcFxNLBDBcGKDTUgLKj+K8R9JBBWOsCiDsGZPnkWGkeWc2qV705K1Ys8jgLYBXvgEDigAqrgBtRAHWDwCJ7BK3gznowX4934mLTOGfnMDvgj4/MHInqZqg==</latexit>

hriGOE = 0.5307
<latexit sha1_base64="gfKAxIplq+LkUOZq+qO7koYjk5E=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARXEhJtFU3QtGNywr2Ak0ok+kkHTqZhJmJUEJfwo2v4saFIm4Fd76NkzQLbf1h4OM/53Dm/F7MqFSW9W2UlpZXVtfK65WNza3tHXN3ryOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3yT1bsPREga8Xs1iYkbooBTn2KktDUwTxyGeMAIFNAROQ1SR4SQRTxwIB4hyqfwClq1xlndGphVq2blgotgF1AFhVoD88sZRjgJCVeYISn7thUrN0VCUczItOIkksQIj1FA+ho5Col00/yqKTzSzhD6kdCPK5i7vydSFEo5CT3dGSI1kvO1zPyv1k+Uf+mmlMeJIhzPFvkJgyqCWURwSAXBik00ICyo/msWhEBY6SArOgR7/uRF6JzW7PNa465ebV4XcZTBATgEx8AGF6AJbkELtAEGj+AZvII348l4Md6Nj1lryShm9sEfGZ8/zfadSw==</latexit>

hrilong chain = 0.5340
<latexit sha1_base64="KEUccbEQcW10EM0j1iUiEY+FggM=">AAACE3icbZC7SgNBFIZnvcZ4i1raDIaAWITdaNRGCNpYRjAXyC7L7OQkGTI7s8zMCmHJO9j4KjYWitja2Pk27iYpNPGHgY//zOGc8wcRZ9rY9re1tLyyurae28hvbm3v7Bb29ptaxopCg0ouVTsgGjgT0DDMcGhHCkgYcGgFw5us3noApZkU92YUgReSvmA9RolJLb9w4nIi+hywwq6akJ+4KsQDKWBEZRiM8RW2y9VTp+IXinbZnggvgjODIpqp7he+3K6kcQjCUE607jh2ZLyEKMMoh3HejTVEhA5JHzopChKC9pLJTWNcSp0u7kmVPmHwxP3dkZBQ61G2XykkZqDna5n5X60Tm96llzARxQYEnQ7qxRwbibOAcJcpoIaPUiBUsXRXTAdEEWrSGPNpCM78yYvQrJSd83L17qxYu57FkUOH6AgdIwddoBq6RXXUQBQ9omf0it6sJ+vFerc+pl+XrFnPAfoj6/MHxFucyw==</latexit>

hrihoneycomb = 0.5312

Short chain


