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Equation of state of neutron stars
• Observations constrain EoS, 
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Tan et al, PRD(2022)
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How about neutron star mergers?

• Need more than just the EoS

• Solve fluid dynamics coupled to GR

• Dissipative processes (neutrino physics)

• Deviations from beta equilibrium
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Most et al., PRL (2019)

How does it get out of equilibrium?

In order to accurately simulate neutron star mergers



How does it get out of equilibrium?

• Consider neutrino-transparent npe matter: neutron, proton, and electron

• When nuclear matter is compressed, electron fraction        wants to change

• Beta equilibrium: 
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+ modified Urca

Out of equilibrium physics from chemical imbalance

Sawyer, PRD (1989)

Equilibrium electron fraction:
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• Change in electron fraction is related to the Urca rates

• Urca processes & density oscillations: same timescale

• Energy loss from compression/expansion: bulk viscosity?
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Urca 
Processes 

Density 
Oscillations

Lag
Deviation from beta equilibrium

How does it get out of equilibrium?
<latexit sha1_base64="cHrFCNkrUFQnByseZNXhAc58ajs="></latexit>
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Bulk viscosity in neutron star mergers?

Most et al, arXiv:2207.00442

Alford, Bovard, Hanauske, Rezzolla, Schwenzer, PRL (2018)

• Density oscillations + weak interactions: deviations from beta equilibrium      
realistic simulations with URCA rates
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What do some state-of-the-
art codes actually solve?
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• Energy-momentum conservation

• Baryon conservation

• Non-conserved electron current 

(coupled with Einstein’s equations)
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Reactive  fluid

Reaction rates 
(weak interactions)
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Gavassino, Noronha, arXiv:2305.04119 

Israel-Stewart Equation!

Israel, Stewart, Annals of Physics (1979)

Bulk-viscous fluid
• Total pressure
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P = Peq +⇧

Resummed bulk-viscous transport coefficients

Exact Duality!
no approximations

bulk scalar

• Energy-momentum conservation

• Baryon conservation

• Non-conserved electron current 

(coupled with Einstein’s equations)

Reaction rates 
(weak interactions)
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Reactive  fluid
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Bulk-viscous fluid
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Exact Duality!
(coupled with Einstein’s equations)

Reactive  fluid

Neutron star mergers are bulk-viscous systems

What are the transport coefficients for realistic EoSs?
YY, Hippert, Speranza, Noronha, arXiv: 2309.01864

https://urldefense.com/v3/__http:/arxiv.org/abs/2309.01864__;!!DZ3fjg!-RueG1oZdx6ZZhHc4xcQavt5kAftgW_NVOn1I-SE01-CVvimB7WtMMMKzL-kiF1QxltB37XIeRtMF40zVKCsHpsiHdld3Q$


Equations of state
• Walecka-like relativistic mean-field model (mesons + baryons)

• No deconfined matter, superfluidity, etc.
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L = L� + L! + L⇢ + Le + Lbaryon + Linteractions

• EoS characterized by symmetry energy     and its slope 
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Resummed bulk viscosity YY, Hippert, Speranza, Noronha, 
arXiv: 2309.01864 

Bulk viscosity sensitive to symmetry energy    and slope    !

-���� -���� ���� ���� ����

�×����

�×����

�×����

�×����

�×����

Fix 

increases

Fix 

increases  

https://urldefense.com/v3/__http:/arxiv.org/abs/2309.01864__;!!DZ3fjg!-RueG1oZdx6ZZhHc4xcQavt5kAftgW_NVOn1I-SE01-CVvimB7WtMMMKzL-kiF1QxltB37XIeRtMF40zVKCsHpsiHdld3Q$


-���� -���� ���� ���� ����
��

��

��

��

��

��

��

��

Resummed relaxation time
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YY, Hippert, Speranza, Noronha, 
arXiv: 2309.01864

Relaxation time sensitive to symmetry energy     and slope    !

-���� -���� ���� ���� ����
��

��

��

��

Fix 

increases

Fix 

increases  

https://urldefense.com/v3/__http:/arxiv.org/abs/2309.01864__;!!DZ3fjg!-RueG1oZdx6ZZhHc4xcQavt5kAftgW_NVOn1I-SE01-CVvimB7WtMMMKzL-kiF1QxltB37XIeRtMF40zVKCsHpsiHdld3Q$


14

• For realistic EoSs, the near 
beta equilibrium response 
can be nonlinear

• Invalidates linear response 
approaches to bulk viscosity 

Need a resummed bulk-viscous approach!

Linear vs. nonlinear response
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Nonlinear
response

YY, Hippert, Speranza, Noronha, arXiv: 2309.01864 
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Regime of applicability of bulk description
• The resummed            are functions of        

• Is it always true that 

• Minimum pressure/Quadratic behavior of     against     : two values of      for 
one value of

A standard bulk-viscous description does not 
make sense beyond the minimum pressure point 

?
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YY, Hippert, Speranza, Noronha, arXiv: 2309.01864

https://urldefense.com/v3/__http:/arxiv.org/abs/2309.01864__;!!DZ3fjg!-RueG1oZdx6ZZhHc4xcQavt5kAftgW_NVOn1I-SE01-CVvimB7WtMMMKzL-kiF1QxltB37XIeRtMF40zVKCsHpsiHdld3Q$
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Regime of validity
Minimum pressure point sensitive to symmetry energy    and its slope    !

YY, Hippert, Speranza, Noronha, arXiv: 2309.01864

Fix 

increases

Fix 

increases  

https://urldefense.com/v3/__http:/arxiv.org/abs/2309.01864__;!!DZ3fjg!-RueG1oZdx6ZZhHc4xcQavt5kAftgW_NVOn1I-SE01-CVvimB7WtMMMKzL-kiF1QxltB37XIeRtMF40zVKCsHpsiHdld3Q$


Conclusions
• Neutron star mergers probe ultradense matter out of beta equilibrium

• Neutrino transparent npe matter         resummed bulk-viscous Israel-Stewart

• First calculation of resummed transport coefficients under merger conditions

• Transport coefficients sensitive to symmetry energy and its slope (EoS)

17

YY, Hippert, Speranza, Noronha, arXiv: 2309.01864

https://urldefense.com/v3/__http:/arxiv.org/abs/2309.01864__;!!DZ3fjg!-RueG1oZdx6ZZhHc4xcQavt5kAftgW_NVOn1I-SE01-CVvimB7WtMMMKzL-kiF1QxltB37XIeRtMF40zVKCsHpsiHdld3Q$


EXTRA SLIDES
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Mass vs. radius curves 
• EoSs consistent with observations
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Direct Urca



Modified Urca

21

𝑛 + 𝑋 → 𝑝 + 𝑋 + 𝑒 + 𝜈!

               
 𝑝 + 𝑒 + 𝑋 → 𝑛 + 𝑋 + 𝜈!

• Chemical reactions with a spectator X



Uncertainties of symmetry energy and 
its slope

22

J (MeV) 31.6 ± 2.7 Li et al., EPJ (2019)

L (MeV) 58.16 ± 16 Li et al., EPJ (2019)

50 ± 15.5 Fan et al., PRC (2014)

54 ± 8 Reinhard et al. PRL 
(2019)

106 ± 37 Reed et al., PRL (2021)

MUSES, arXiv:2303.17021 



Constraints on bulk viscosity transport 
coefficients 

Bemfica, Disconzi, Noronha, PRL (2019)
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Effect of equilibration timescale

• Slow equilibration: composition is fixed, and the process is reversible

• Fast equilibration: mixture is instantaneously equilibrated

• Same order as the pressure: Phase Lag -> Bulk Viscosity!

24

Alford, Bovard, Hanauske, Rezzolla, Schwenzer, PRL (2018)



Pressure and volume becomes out of 
phase 

Sawyer, PRD (1989)
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No phase lag p

V

With phase lag

V

p

𝑑𝑉
𝑑𝑡

pp
𝑑𝑉
𝑑𝑡

<latexit sha1_base64="OP2GADrBFD+ZHqee3W9gAZ5xcWQ=">AAACInicbVDLSsNAFJ3UV62vqks3g0VwY0mk+FgIRV24rGDTQlPKZDJph04ezNyIJeRb3Pgrblwo6krwY5y0XWjrgYEz59zLvfe4seAKTPPLKCwsLi2vFFdLa+sbm1vl7R1bRYmkrEkjEcm2SxQTPGRN4CBYO5aMBK5gLXd4lfuteyYVj8I7GMWsG5B+yH1OCWipVz53gD1Aes2V4vFYy/AFPsIODwHHnp1/Jhw7viQ09ews9SDzoFeumFVzDDxPrCmpoCkavfKH40U0CVgIVBClOpYZQzclEjgVLCs5iWIxoUPSZx1NQxIw1U3HJ2b4QCse9iOpn95mrP7uSEmg1ChwdWVAYKBmvVz8z+sk4J91Ux7GCbCQTgb5icAQ4Twv7HHJKIiRJoRKrnfFdEB0EqBTLekQrNmT54l9XLVOqrXbWqV+OY2jiPbQPjpEFjpFdXSDGqiJKHpEz+gVvRlPxovxbnxOSgvGtGcX/YHx/QNqnKOc</latexit>

Dissipation = �
Z

pdV = �
Z

p
dV

dt
dt



Equations of State (Lagrangian)

Hippert et al, PRD(2022)
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Expansion around beta equilibrium
• Consider neutrino-transparent npe matter with Urca processes

                                         𝑛 → 𝑝 + 𝑒 + 𝜈$.                𝑝 + 𝑒 → 𝑛 + 𝜈$

• Beta equilibrium: 𝜇! = 𝜇" + 𝜇#

                       Deviation: δ𝜇 = 𝜇! − 𝜇" − 𝜇#

• Nonzero δ𝜇	: Γ$% − Γ% = 𝑛&
' ()!
'*

= Γ#
Small deviations: Γ$ = −γδ𝜇, first order in δ𝜇

+ modified Urca

27



• Pressure can also be expanded around beta equilibrium

Gavassino, Antonelli, Haskell, CQG (2021) 
Celora et al., PRD (2022)

Bulk scalar equation of motion is the same equation as in heavy ions!
Israel, Stewart, Annals of Physics (1979)
Denicol et al., PRD (2012)

<latexit sha1_base64="g5+KziXg37toN9Mpy8F8O3rW6ZE="></latexit>

P = P |�µ=0 +⇧, ⇧ = P1�µ, P1 =
@P

@�µ

����
�µ=0

Israel-Stewart Equation
• Small deviations

<latexit sha1_base64="PDnOZ61iB8UsGMfvP5ZBsHuziPs="></latexit>
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µ
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<latexit sha1_base64="nAeeaE4OG2HO7dytFADLRHHSX3w="></latexit>
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Bulk viscosity from metric perturbation

<latexit sha1_base64="FOaNp63NQn3P5K/+0BqdBxknkzs=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRS1GXRhS6r9AVNDJPJtB06MwkzE6GE/oQbf8WNC0XcCu78G6dtEG09cOFwzr3ce0+YMKq043xZC4tLyyurhbXi+sbm1ra9s9tUcSoxaeCYxbIdIkUYFaShqWaknUiCeMhIKxxcjv3WPZGKxqKuhwnxOeoJ2qUYaSMF9rEXEaYRrN9lHk89kY6gpyiHV8EtzK3ejxXYJafsTADniZuTEshRC+xPL4pxyonQmCGlOq6TaD9DUlPMyKjopYokCA9Qj3QMFYgT5WeTr0bw0CgR7MbSlNBwov6eyBBXashD08mR7qtZbyz+53VS3T33MyqSVBOBp4u6KYM6huOIYEQlwZoNDUFYUnMrxH0kEdYmyKIJwZ19eZ40T8ruablyUylVL/I4CmAfHIAj4IIzUAXXoAYaAIMH8ARewKv1aD1bb9b7tHXBymf2wB9YH98mwJ7W</latexit>

�Tµ⌫ ⇠ GR�g
µ⌫

• Assume periodic perturbation of the metric tensor
<latexit sha1_base64="ewVpqTjIb9J8UWioCSviWrLi1JU=">AAACGXicbVDLSgMxFM34rPVVdekmWARBKDNS1I1QdOOygn1Ap5ZMetuGZjJDckcoQ3/Djb/ixoUiLnXl35g+FrX1QOBwzrnc3BPEUhh03R9naXlldW09s5Hd3Nre2c3t7VdNlGgOFR7JSNcDZkAKBRUUKKEea2BhIKEW9G9Gfu0RtBGRusdBDM2QdZXoCM7QSq2c231I/TChvkqG9Ir6gGxGOKV+GyQyOkmNtFYu7xbcMegi8aYkT6Yot3JffjviSQgKuWTGNDw3xmbKNAouYZj1EwMx433WhYalioVgmun4siE9tkqbdiJtn0I6VmcnUhYaMwgDmwwZ9sy8NxL/8xoJdi6bqVBxgqD4ZFEnkRQjOqqJtoUGjnJgCeNa2L9S3mOacbRlZm0J3vzJi6R6VvDOC8W7Yr50Pa0jQw7JETkhHrkgJXJLyqRCOHkiL+SNvDvPzqvz4XxOokvOdOaA/IHz/QurPKAf</latexit>

gµ⌫ = ⌘µ⌫ + �gµ⌫
<latexit sha1_base64="OoKG5jVLMsTheJaw1HiuGGM5VRc=">AAACEHicbVC7SgNBFJ31GeMramkzGESrsCtBLYM2lhGMCtkkzE5u4uA8lpm7QljyCTb+io2FIraWdv6Nk5hCjQcGDufcy51zklQKh2H4GczMzs0vLBaWissrq2vrpY3NS2cyy6HBjTT2OmEOpNDQQIESrlMLTCUSrpLb05F/dQfWCaMvcJBCS7G+Fj3BGXqpU9qLuyCR0X47j1UW62xI49SaFA2Fdi5io6DPKA47pXJYCceg0ySakDKZoN4pfcRdwzMFGrlkzjWjMMVWziwKLmFYjDMHKeO3rA9NTzVT4Fr5ONCQ7nqlS3vG+qeRjtWfGzlTzg1U4icVwxv31xuJ/3nNDHvHrVzoNEPQ/PtQL5PUxx21Q7vCAkc58IRxK/xfKb9hlnH0HRZ9CdHfyNPk8qASHVaq59Vy7WRSR4Fskx2yTyJyRGrkjNRJg3ByTx7JM3kJHoKn4DV4+x6dCSY7W+QXgvcvNYCdVw==</latexit>

�gµ⌫ / ei!t

• Variation of the energy-momentum tensor from the variation of the metric 
tensor

<latexit sha1_base64="TevHxuJifx50DGgaZetmH6cHlvM=">AAACK3icbVDLSgMxFM34tr5GXboJFkEQyowUdSMUXehSwdpCZxzupJk2NMkMSUYoQ//Hjb/iQhc+cOt/mKld+LqQm5Nz7uXmnjjjTBvPe3Wmpmdm5+YXFitLyyura+76xrVOc0Vok6Q8Ve0YNOVM0qZhhtN2piiImNNWPDgt9dYtVZql8soMMxoK6EmWMALGUpF7EkiIOUSBzHF+U+ZjHGSgDAP+jdzDwRkIAeUjKmwKVD8dWc1ekVv1at448F/gT0AVTeIich+DbkpyQaUhHLTu+F5mwqIcSjgdVYJc0wzIAHq0Y6EEQXVYjHcd4R3LdHGSKnukwWP2e0cBQuuhiG2lANPXv7WS/E/r5CY5Cgsms9xQSb4GJTnHJsWlcbjLFCWGDy0Aopj9KyZ9UECMtbdiTfB/r/wXXO/X/INa/bJebZxM7FhAW2gb7SIfHaIGOkcXqIkIukMP6Bm9OPfOk/PmvH+VTjmTnk30I5yPT6w2qAI=</latexit>
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Bulk viscosity from the phase lag
• Assume  

• Energy density dissipation

   Bulk viscosity

<latexit sha1_base64="RavaQHDYMwG3/hnAg8VnJnI72Cw=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSLUTZmRom6EohuXFewD2mHIpGkbmmSGJFMoQ//EjQtF3Pon7vwb03YW2nrgXg7n3EtuTpRwpo3nfTtr6xubW9uFneLu3v7BoXt03NRxqghtkJjHqh1hTTmTtGGY4bSdKIpFxGkrGt3P/NaYKs1i+WQmCQ0EHkjWZwQbK4WuK0OGbpHt5a5IQ3YRuiWv4s2BVomfkxLkqIfuV7cXk1RQaQjHWnd8LzFBhpVhhNNpsZtqmmAywgPasVRiQXWQzS+fonOr9FA/VrakQXP190aGhdYTEdlJgc1QL3sz8T+vk5r+TZAxmaSGSrJ4qJ9yZGI0iwH1mKLE8IklmChmb0VkiBUmxoZVtCH4y19eJc3Lin9VqT5WS7W7PI4CnMIZlMGHa6jBA9ShAQTG8Ayv8OZkzovz7nwsRtecfOcE/sD5/AHx4pKU</latexit>

ni = ni(µi)
<latexit sha1_base64="tPQG13pOgjXBLPIFaPLdNP0ZtVE=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoOgKHFXgnoRgl48RjE+yMZldtJJhsw+mOkVwpLP8OKvePGgiFdv/o2TuIJGCxqKqm66u/xYCo22/WHlJianpmfys4W5+YXFpeLyyqWOEsWhziMZqWufaZAihDoKlHAdK2CBL+HK750M/as7UFpE4QX2Y2gGrBOKtuAMjeQVd288oEf0xkthxx7QbXoOm24LJLJvDW5T4UYBdBjFwZZXLNllewT6lzgZKZEMNa/47rYingQQIpdM64Zjx9hMmULBJQwKbqIhZrzHOtAwNGQB6GY6emxAN4zSou1ImQqRjtSfEykLtO4HvukMGHb1uDcU//MaCbYPm6kI4wQh5F+L2omkGNFhSrQlFHCUfUMYV8LcSnmXKcbRZFkwITjjL/8ll3tlZ79cOauUqsdZHHmyRtbJJnHIAamSU1IjdcLJPXkkz+TFerCerFfr7as1Z2Uzq+QXrPdPRkaeHA==</latexit>
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Alford et al, JPGNPP (2010) Sa’d, Schaffner-Bielich, arXiv 0908.4190 (2010)
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Regime of validity

Energy density moves the 
pressure minimum.

Symmetry energy shifts 
the curve.

���×��� ���×��� ���×��� ���×���

-����

�

����

����

����

����

����



• Evolution of 𝛱 can be described by three variables

Gavassino, Noronha, 2305.04119 (2023) 

Bulk scalar equation of motion is the same equation as in heavy ions!
Israel, Stewart, Annals of Physics (1979)
Denicol et al., PRD (2012)

Israel-Stewart Equation
• Total pressure is the sum of equilibrium pressure and out-of-equilibrium 

correction
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