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1. Motivation



Hunt for the QCD critical point 

X. Luo and N. Xu, Nucl. Sci. Tech. 28, 112 (2017) A. Bzdak et al., Phys. Rept. 853, 1 (2020);
W. J. Fu, J. M. Pawlowski, F. Renneke, Phys. Rev. D101, 054032 (2020); LIGO & VIRGO, Phys. Rev. Lett. 119, 161101 (2017)

Critical Point: long-range correlation
First-order Phase Transition: Spinodal instability

Neutron star merger

From Wiki.
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Idea: Probing QCD phase transition with light nuclei

K. J. Sun, L. W. Chen, C. M. Ko, and Z. Xu, Phys. Lett. B 774, 103 (2017); K. J. Sun, C. M. Ko, and F. Li, PLB 816, 136258 (2021);
E. Shuryak, J.M.Torres-Rincon et al., PRC 100, 024903(2019); S. Wu et al., PRC 106,034905(2022).

C. M. Ko, NST 34, 80 (2023).

Large density fluctuations lead to enhancements of 𝑵𝒕𝑵𝒑/𝑵𝒅
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[Poster by Koichi Murase]



Recent STAR measurements

STAR: PRL130, 202302 (2023)

(3)

[Poster by Yixuan Jin for STAR]



2. Transport approach to the first-order chiral phase transition



Equation of state (extended NJL model)

K. J. Sun, C. M. Ko, S. Cao, and F. Li., Phys. Rev. D 103, 014006 (2021)

M. Buballa, Phys. Rept. 407, 205 (2005)

Lagrangian density for an extended Nambu-
Jona-Lasinio (eNJL) model

The eNJL provides a flexible equation of state (EoS) . The critical temperature can be easily changed by 
varying the strength of the scalar-vector interaction without affecting the vacuum properties.

(4)

‘Restored’

‘Broken’



Box simulation

K. J. Sun, C. M. Ko, S. Cao, and F. Li., Phys. Rev. D 103, 014006 (2021)
M. Buballa, Phys. Rept. 407, 205 (2005)

Effective mass: Test –particle method:    J. Xu, arXiv:1904.00131 (2019)

Strong EM fields

Small irregularities will grow exponentially 
and soon the evolution becomes ’chaotic’. 

For  small  𝑘, Γ𝑘 = −𝑖 𝑣𝑘,

𝑣2 =
𝑛

𝜀+𝑝
(
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𝜕𝑛
)𝑆 or  𝑣2 =

𝑛

𝜀+𝑝
(
𝜕𝑝

𝜕𝑛
)𝑇< 0

(5)
[Spinodal instability: see talk by Roman Poberezhnyuk]



Initialization

Parton evolution
Mean field (eNJL) + scattering

ART(A Relativistic Transport model for hadrons)

Light nuclei

Hadronization: Quark coalescence

Nucleon coalescence

Exhibits dynamical 
chiral phase transition

Relativistic heavy-ion collisions (6)



Trajectories in the phase diagram

Phase trajectories of central cells in the phase diagram

(7)



Survival of density fluctuation in an expanding fireball

‘Memory effects’: Large density inhomogeneity survives to kinetic freezeout 

If the expansion is self-similar or scale invariant

then 𝑦2 𝑡 = 𝑦2 𝑡ℎ , i.e., remains a constant

Density moment:

Off-equilibrium effects

K.J.Sun et al., Eur.Phys.J.A 57 (2021) 11, 313

(8)



3. Spinodal enhancement of  𝑵𝒕𝑵𝒑/𝑵𝒅
𝟐

Ref.: K. J. Sun,  W. H. Zhou, L. W. Chen, C. M. Ko, and F. Li, R. Wang, and J. Xu, arXiv:2205.11010(2022)



Collision energy dependence

2. With a first-order phase transition:
The spinodal instability induced 
enhancement of 𝑡𝑝/𝑑2 during
the first-order phase transition
increases as increasing the critical 
temperature.

1. Without a critical point:
The energy dependence of 𝑡𝑝/𝑑2

is almost flat.

STAR, PRL130, 202302 (2023)
Hui Liu (STAR),  QM2022
T. A. Armstrong et al. (E864), Phys. Rev. C 61, 064908 (2000).
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Centrality dependence (11)



Centrality dependence

The spinodal enhancement of 
𝑡𝑝/𝑑2 subsides with increasing
collision centrality because of
smaller fireball lifetime in more 
peripheral collisions.

High Tc

Low Tc

(12)



Centrality dependence

The spinodal enhancement of 
𝑡𝑝/𝑑2 subsides with increasing
collision centrality because of
smaller fireball lifetime in more 
peripheral collisions.

The slope with EoS-I is 5 times smaller

(13)



4. The triton ‘puzzle’ and its solution

K. J. Sun, R. Wang, C. M. Ko, Y. G. Ma, and C. Shen, 2207.12532(2022)



The Triton ‘Puzzle’ at RHIC

STAR, Phys.Rev.Lett. 130 (2023) 202301

Triton yields at RHIC are overestimated by the statistical hadronization model.

?

(14)



The Triton ‘Puzzle’ at LHC

Triton (helium-3) yields at LHC are overestimated by the statistical hadronization model.

??

(15)

ALICE, Phys. Rev. C 107, 064904 (2023)

New measurements



Solution: Hadronic re-scatterings

Hadronic re-scatterings have small effects on the final deuteron yields (see also D. Oliinychenko et 

al. PRC 99, 044907 (2019)), but they reduce the triton yields by about a factor of 1.8. Similar strong 
hadronic effects occur at the LHC energies.

K. J. Sun, R. Wang, C. M. Ko, Y. G. Ma, and C. Shen, 2207.12532(2022) Data from STAR, PRL 130, 202301 (2023)

• A = 2  𝜋𝑁𝑁 ↔ 𝜋𝑑, 𝑁𝑁𝑁 ↔ 𝑁𝑑
• A = 3  𝜋𝑁𝑁𝑁 ↔ 𝜋𝑡(ℎ), 𝜋𝑁𝑑 ↔ 𝜋𝑡(ℎ), 𝑁𝑁𝑁𝑁 ↔ 𝑁𝑡(ℎ), 𝑁𝑁𝑑 ↔ 𝑁𝑡(ℎ)

(16)



Summary

1. Using a novel transport model, we find that large density inhomogeneities generated by 
the spinodal instability during the first-order QCD phase transition can survive the fast 
expansion of the subsequent hadronic matter expansion and lead to an enhanced 

𝑁𝑡𝑁𝑝/𝑁𝑑
2 in central Au+Au collisions at  𝑠𝑁𝑁 =3 − 5 GeV for 𝑇𝑐 ≥ 80 MeV, which is in 

accordance with the STAR measurements.

2. Hadronic re-scatterings are found to reduce the triton yields by about a factor of 2 
during the post-hadronization stage, which resolves the overestimation of SHM on the 
triton production at both RHIC and LHC energies. (Hadronic re-scatterings also play an 
important role in explaining the production of hadronic resonances like 𝐾∗, Λ(1520), 
and etc. [see talk by Sonali Padhan for ALICE])

Main findings:

(17)



Backup



Why 𝑁𝑡𝑁𝑝/𝑁𝑑
2 ?

𝑁𝑑 ∝ 𝑇𝑟[ ො𝜌𝑠 ො𝜌𝑑] Encodes many-body density 
fluctuation/correlation

Density matrix formulation

𝑁𝑑 =
3

4
න𝑑Γ 𝑓𝑝𝑛 Ԧ𝑝1 , Ԧ𝑟1, Ԧ𝑝2, Ԧ𝑟2 ×𝑊𝑑(Ԧ𝑟, Ԧ𝑝)

𝑊𝑑 Ԧ𝑟, Ԧ𝑝 =
1

𝜋ℏ
න𝑑Ԧ𝑟′𝜓𝑑

∗ Ԧ𝑟 + Ԧ𝑟′ 𝜓𝑑 Ԧ𝑟 − Ԧ𝑟′ 𝑒2𝑖 Ԧ𝑝∙ Ԧ𝑟
′

𝑊𝑑 𝑟, 𝑘 = 8 exp −
𝑟2

𝜎𝑑
2 − 𝜎𝑑

2𝑝2

Wigner function(Gaussian):

𝜎𝑑 ≈ 2.26 fm

𝑓𝑛𝑝 𝑥1, 𝑝1; 𝑥2, 𝑝2 = 𝜌𝑛𝑝 𝑥1, 𝑥2 (2π𝑚𝑇)−3𝑒−
𝑝1
2+𝑝2

2

2𝑚𝑇

𝜌𝑛𝑝 𝑥1, 𝑥2 = 𝜌𝑛 𝑥1 𝜌𝑝 𝑥2 + 𝐶2(𝑥1, 𝑥2)

with density fluctuation and correlation:

Phase-space representation:

Phys. Lett. B 774, 103 (2017);781, 499 (2018);816, 136258 (2021)

𝐶2 𝑥1 − 𝑥2 ≈ 𝜆 𝜌𝑛 𝜌𝑝
𝑒− 𝑥1−𝑥2 /𝜉

𝑥1−𝑥2
1+𝜂 (𝑠𝑖𝑛𝑔𝑢𝑙𝑎𝑟 𝑝𝑎𝑟𝑡 𝑜𝑛𝑙𝑦)

𝑤𝑖𝑡ℎ 𝜉 𝑏𝑒𝑖𝑛𝑔 𝑡ℎ𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 − 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑙𝑒𝑛𝑔𝑡ℎ

𝜌𝑛 𝑥 = < 𝜌𝑛 > +𝛿𝜌𝑛 𝑥 𝜌𝑝 𝑥 = < 𝜌𝑝 > +𝛿𝜌𝑝 𝑥

< ⋯ >≡
1

𝑉
න𝑑𝑥

𝛿𝜌 𝑥 denotes density fluctuation over space or inhomogeneity, 

0 < 𝛿𝑁2 ~∫ 𝑑𝑥𝐶2 𝑥 ~𝜆𝜉2 → 𝜆 > 0

𝑁𝑑 ≈
3

2
(
2𝜋

𝑚𝑇
)
3
2𝑁𝑝 𝜌𝑛 [1 + 𝐶𝑛𝑝 +

λ

𝜎𝑑
𝐺(

𝜉

𝜎𝑑
)]

𝐺 𝑧 = 2/𝜋 −
1

𝑧
𝑒

1
2𝑧2erfc(

1

2𝑧
)

𝑁𝑡 =
33/2

4
(
2𝜋

𝑚𝑇
)3𝑁𝑝 𝜌𝑛

2[1 + 2𝐶𝑛𝑝 + ∆𝜌𝑛 +
3λ

𝜎𝑡
𝐺

𝜉

𝜎𝑡
+ 𝑂(𝐺2)]
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In-medium quark mass

𝐺𝑆𝑉 = 0

K. J. Sun, C. M. Ko, S. Cao, and F. Li., Phys. Rev. D 103, 014006 (2021)

(2)



The Triton ‘Puzzle’

D. Oliinychenko, et al., PRC99, 044907 (2019) V. Vovchenko, et al., PLB800, 135131 (2020)
T. Neidig, et al., PLB827, 136891 (2022)

𝜋𝑁𝑁 ↔ 𝜋𝑑

The obtained hadronic effects on light nuclei production are small!

𝑻𝒄 = 𝟏𝟓𝟔. 𝟔 ± 𝟏. 𝟕 MeV

A.  Andronic, P. Braun-Munzinger, J. Stachel, H. St ሷ𝒐cker, PLB 697, 203 (2011)
A. Andronic, P. Braun-Munzinger, K. Redlich, J. Stachel, Nature 561, 321 (2018)

(3)

Earlier theoretical results



Relativistic Kinetic Approach to the Little-Bang Nucleosynthesis

Impulse approximation (IA):
Relativistic kinetic equation for 𝜋𝑁𝑁 ↔ 𝜋𝑑

with collision integral:

R.H.S. =

Nonlocal collision integral to take into 
account the effects of finite nuclei sizes.
𝑊𝑑 denotes deuteron Wigner function.

𝜆𝑡ℎ𝑒𝑟𝑚𝑎𝑙 ~ 0.5 𝑓𝑚 ≪ 𝑟𝑛𝑝~ 4 𝑓𝑚

Length/energy scale:

P. Danielewicz et al., NPA533, 712 (1991); PLB274, 268 (1992);
Annals of Physics 152, 239(1984);

K. J. Sun, R. Wang, C. M. Ko, Y. G. Ma, and C. Shen, 2207.12532(2022)

For triton or helium-3:

‘renormalization’ factor 𝐹𝑑 , 𝐹𝑡 which can 
be fixed by 𝜋𝑑 and 𝜋𝑡 cross sections.

Probability for reaction 𝜋𝑑 ↔ 𝜋𝑁𝑁 to take place  
in volume ∆𝑉 and time interval ∆𝑡 are given by    

Solving kinetic equations with the stochastic method 

using test particles

(4)



Thermal Limit

Periodic boundary condition

(5)



Relativistic Kinetic Approach versus Coalescence (6)



Final-state coalescence

Coalescence Model

Deuteron

Λ
3H

𝑛 𝑝

R. Scheibl and U. W. Heinz, PRC59. 1585(1999);

Density Matrix Formulation
(sudden approximation)

= 𝑔𝑐 ∫ 𝑑Γ 𝜌𝑠 {𝑥𝑖 , 𝑝𝑖} ×𝑊𝐴 ({𝑥𝑖 , 𝑝𝑖})

𝑁𝐴 = 𝑇𝑟 ො𝜌𝑠 ො𝜌𝐴

R. Scheibl and U. W. Heinz, PRC59. 1585(1999)

Wigner function of light cluster

Overlap between source distribution function and Wigner function of light nuclei

(7)


