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Can’t do QCD

Can’t really do large N N = 4 SYM
Maybe we can do some other large N theory?



Can’t do QCD
Can’t really do large N N = 4 SYM

Maybe we can do some other large N theory?



Can’t do QCD
Can’t really do large N N = 4 SYM

Maybe we can do some other large N theory?



O(N) Model

Defined as

Z =

∫
D~φe−SE , SE =

∫
x

[
1

2
∂µ~φ · ∂µ~φ+

λ

N

(
~φ2
)2
]
,

with ~φ = (φ1, φ2, . . . , φN).
Examples:

0+1d is quantum mechanics in N dimensions (any N)

2+1d: conjectured AdS4 gravity dual for N →∞ [hep-th/0210114]

3+1d: N=4 is Higgs case
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Large N Limit

O(N) model provides solvable interacting field theory for N � 1

See review By Moshe and Zinn-Justin [ hep-th/0306133 ]

Fully non-perturbative, not a weak-coupling expansion!



Quantitative tests of large N method in less than 4d



0+1d: Quantum Mechanics



Large N passes QM test even down to N=1!



2+1d: superrenormalizable QFT



adapted from Kos et al., [1307.6856]

Large N passes test down to N ∼ 4 !



2+1d finite temperature: thermodynamics and transport



[PR, 4/2019]

https://arxiv.org/abs/1904.09995


[PR, 5/2021]

https://arxiv.org/abs/2104.06435


scalars in less than 4d:

Large N math is solid

Large N is quantitatively reliable down to N ∼ O(1)

Large N results for c2
s ,

η
s for ALL λ ∈ [0,∞]



scalars in 3+1d: the mental roadblock



Scalar φ4 theory is trivial in four dimensions:

lim
ΛUV→0

λIR = 0

physics arguments/proofs for d = 4 + ε: [Wilson; Fröhlich; Lüscher;
Weisz;...]

math proof for d = 4: [Aizenman, Duminil-Copin 2019]
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“Loopholes” in proofs:

assume one or two component scalar fields

assume λUV > 0



Here’s what actually happens for 4d O(N � 1):



O(N � 1) model in 4d in continuum

O(N) model renormalization is non-perturbative

In the continuum limit ΛUV →∞, running coupling is

λR(µ) =
(2π)2

ln
Λ2
MS

µ2

Non-vanishing coupling in the continuum. Theory is non-trivial!

Trick to avoiding triviality:

lim
µ→∞

λR(µ) = 0− ,

Bare coupling is negative; situation explicitly excluded in all previous
math proofs and physics assumptions!
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O(N � 1) model in 4d in continuum

Raises new questions:

How does one make sense of QFT with unbounded potential (e.g.
V (x) = −gx4 ?)

[A: non-Hermitian or PT-symmetric construction; see extensive work
on this by C. Bender!]

If we set aside problems with ’intuitive/traditional’ QFT
interpretation, are there actual problems with this theory for any
observable?
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O(N� 1) model in 4d – Results

Symmetric Mass Generation in O(N) model: radiative corrections
generate a VEV for ~φ2 (Coleman-Weinberg)

Acts like a mass term for vector field, but NO O(N) symmetry
breaking

At large N, vector (e.g. Higgs for N=4) mass

m =
√
eΛMS ,

is prediction of theory (not a parameter)



O(N� 1) model in 4d – Results

Finite vacuum free energy density

F = −
NΛ4

MS

64π2

dominates over perturbative vacuum (F = 0)



O(N� 1) model in 4d – Results

Well behaved scattering cross-section for any CM energy; prediction for
scalar bound state at m ' 3ΛMS



O(N� 1) model in 4d – Results

Asymptotic freedom in terms of −λR(µ̄)



O(N) model at finite temperature

low T and high T phase separated by 2nd order phase transition



Talk Summary

φ4 theory in 4 dimensions IS non-trivial in the continuum if

we allow for negative bare coupling λ0 < 0

we stop repeating (false) beliefs about triviality proofs

we stop equating perturbative QFT with QFT



Stop using QFT ’intuition’ !
Calculate observables and check!





Bonus Material
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Quantum Triviality
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Negative Coupling Field Theory History



[Bender & Böttcher, 1997]



Negative coupling φ4 in 4d on the lattice

adapted from [2305.05678]



QCD running coupling

Somewhat misleading: really a fit of perturbation theory
to experimental measurements



QCD at infinite coupling

In pQCD, αs(µ̄) does diverge at µ̄ = ΛMS ∼ 0.3 GeV

Usually dismissed as an artifact of perturbation theory

Non-perturbative extractions (lattice+NRQCD) exist down to µ̄ = 1.5
GeV where

αs(1.5GeV) ' 0.336

[Bazavov et al, 1407.8437]

QCD could have a Landau pole at ΛMS ∼ 0.3 GeV

No issues in QCD



The O(N� 1) Model as a Model for QCD

Only one scale M

Is M the same as ΛMS in QCD?

Let’s compare!



Parameter-free comparison to QCD



Parameter-free comparison to QCD



Exact Running coupling in O(N) Model

[2305.05678]



Scattering for NR fermions

[Gurarie, Radzihovsky, 2007]



Analytic Continuation for Path Integral

Let’s consider 0d field theory defined by

Z (λ) =

∫
dxe−λx

4

Well defined for Re(λ) > 0,

Z (λ) = 2λ
1
4 Γ

(
5

4

)
Z (λ) is formally divergent for Re(λ) < 0

But it is an analytic function with a well-defined analytic continuation



Analytic Continuation for Path Integral

Let’s consider 0d field theory with negative coupling

ZPT (g) =

∫
dxe+gx4

Particular analytic continuation: “the cone”

Instead of integrating along real x axis, deform the integration
contour into the complex plane so that integral converges



[Bender & Böttcher, 1997]



Analytic Continuation for Path Integral

ZPT (g) =

∫
C
dxe+gx4

Result for ZPT (g) does not depend on details of C as long as is inside
Bender’s wedges

Result is

ZPT (g) =
√

2g
1
4 Γ

(
5

4

)
= ReZ (λ→ −g + i0+)

Finite and well defined!


