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“Mapping the Phases of Quantum Chromodynamics 
with Beam Energy Scan”, Bzdaket al., Phys. Rept. 
‘20

Sign Problem : 
Two production level method : 

(I) Taylor expansion at . 
 D. Clarke 06/09, 14:40 

(II) Analytical continuation from 
imaginary chemical potential. 

P. Parotto, 05/09, 16:30 
A. Pasztor, 04/09, 16:00

μ = 0

Padé approximant : Possible 
extension of the Taylor series for 

exploring the low temperature and 
high density part of the QCD phase 

diagram.

Expectation : CEP  will exist at a lower temperature 
than  ( )Tchiral ∼ 130 MeV

Halasz et al, arXiv: hep-ph/9804290

Multi point Padé approximant : 
Simulations with multiple 


imaginary chemical potential values 
and 


construct multi-point Padé 

approximant. 


EoS : D. Bollweg et al(HotQCD coll.), 
Phys.Rev.D 108 (2023),  

JG (HotQCD coll.),  PoS LATTICE2022 (2023) 149, 
JG QM2022P. Dimopoulos et al, Phys.Rev.D 105 (2022) 3, 034513 
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Searching for CEP using Padé approximants

f(x) =
n

∑
i=0

cixi

We only have finite number 
of Taylor coefficients.
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• Lee Yang : Phase transitions are related to singularities of the 
Taylor series on the real axis. 

• Padé approximants : Rational functions of the form,   , 

• Singularities : Solving the denominators. 

• Furthermore, LYE singularities exhibit universal scaling behavior 
near a critical point

f(x) =

a
∑
i=0

cixi

1 +
b

∑
j=1

djx j

Complex zeros of the partition 
function 

Investigate the universal scaling 
of the zeros of the partition 

function. 
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Expansion coefficients of the Taylor series

‣ We show the continuum extrapolated results based on  lattices 
respectively for the !rst two leading order coe"cients. 

‣ For the sixth and the eighth order expansion coe"cients we have only used the  dataset, where 
we have generated   gauge con!gurations per T. 

‣ Temperature dependence of the expansion coe"cients depicts that deviations from the 
thermodynamics of a non interacting HRG rapidly become larger for higher order cumulants at non-
zero .

Nτ ∈ {6,8,12,16} and{6,8,12}

Nτ = 8
∼ 1.5 million

μB

 and  Strictly positive for all 
temperatures.

P2 P4

 is strictly negative for temperature 
range, .

P8
T ∈ [135 : 165] MeV
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FIG. 1. The nth-order Taylor expansion coe�cients, Pn(T ), for the Taylor series of the pressure of (2+1)-flavor QCD as function
of µ̂B = µB/T versus temperature. Shown are the expansion coe�cients n!Pn for isospin-symmetric, strangeness-neutral matter
(µQ = 0, nS = 0). The solid magenta lines show results from a corresponding HRG model calculation using the QMHRG2020
list of hadron resonances [14]. Yellow bands show the location of the pseudo-critical temperature Tpc(0) = 156.5(1.5) MeV [19].
The green bands at high temperature show the O

�
g2
�
perturbative result using a renormalization scale in the range [4⇡T, 8⇡T ].

For the number density we construct the [3, 4] Padé ap-
proximant.

Similar Padé approximants can be obtained for the en-
ergy density and entropy densities by replacing the ex-
pansion coe�cients P2k with the corresponding expan-
sion coe�cients ✏2k and �2k. Rather then constructing in
this way Padé approximants for various thermodynamic
observables, we also directly determine Padé-based ap-
proximants from Eq. 23, using the relevant thermody-
namic relations, e.g. Eqs. 3, 4 and 10, for the energy,
entropy and net baryon-number densities. The Padé-
based approximants, called P-Padé in the following, en-
sure thermodynamic consistency among di↵erent observ-
ables and, for instance, ensure that the singularities in
the approximations for, nB/T 3, ✏/T 4 and s/T 3 coincide
with those of the Padé approximation for the pressure.
The Padé-based (P-Padé ) result for the energy and en-
tropy densities are obtained by taking appropriate partial
derivatives of the [n,m] Padé approximation for the pres-
sure with respect to temperature and chemical potential,

and using Eqs. 3 and 4,
✓
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III. TAYLOR EXPANSION COEFFICIENTS OF
THE PRESSURE IN (2+1)-FLAVOR QCD

We update here our previous analysis of the EoS of
(2+1)-flavor QCD performed in lattice QCD calculations
with the highly improved staggered quark (HISQ) action
and a tree-level improved gauge action [13].

A. Data sets and analysis details

For our calculation of bulk thermodynamic observ-
ables we use high-statistics data sets for (2 + 1)-flavor
QCD with light and strange quark masses tuned to

nS = 0, nQ /nB = 0.5

Expansion coefficient for the Taylor series

ΔP(T, μB /T )/T4 =
P(T, μB /T ) − P(T,0)

T4
=

4

∑
n=1

P2k(T )(μB /T )2k

Almost 1.5-2 million 
gauge configuration 
for  close to 

. 
For,  we 

have used the .

Nτ = 8
Tpc

P6 and P8
Nτ = 8

ΔP(T, μB /T )/T4 =

2
∑

m=0
c2m(T )(μB /T )2m

1 +
2

∑
n=1

d2n(T )(μB /T )2n

-th order Taylor 
series

8

-Padè 
approximant
[4,4]

4
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Location of the critical point at finite  ??μB

• Lee-yang theorem: Singularity in the real axis is a hint for a critical point. 

• We find no indication of a CEP in almost the entire beam energy (  ) 
range covered by BESII in collider mode.

s

0 1 2 3 4 5
Re µ̂+

B,c

°4

°2

0

2

4

Im
µ̂

+ B
,c

iº

°iº

nS = 0, nQ/nB = 0.5

T=135

T=140

T=145

T=150

T=155

T=160

T=165

Singularity of the 
pressure series 

using a [4,4] 
padè 

constructed from 
8th order Taylor 

series 

Bound for CEP : 
 TCEP < 135 MeV, ̂μB/T ≥ 2.5

Expectation : 
 

( )
TCEP < Tchiral

Tchiral ∼ 130 MeV
H.T. Ding et al, 
Phys.Rev.Lett. 123 (2019) 6, 062002

D. Bollweg et. al (HotQCD collaboration), Phys.Rev.D 105 (2022) 7, 074511,
J. G et. al (HotQCD collaboration), Acta Phys.Polon.Supp. 16 (2023) 1, 76



Multi-point Padé approximations
Lattice QCD calculations: HISQ (2+1)-flavor, fixed temperature , several 

imaginary chemical potentials  
The multipoint Padé method

We use (2+1)-flavor of highly improved 
staggered quarks (HISQ)


Simulations at  are not possible due to 
the infamous sign problem 


Instead we perform calculations at imaginary 
chemical potential 

[De Frorcrand, Philipsen (2002); D’Elia, 
Lombardo (2003) ]


The temperature scale and line of constant 
physics is taken from previous HotQCD 
calculations 

[see e.g., Bollweg et al. PRD 104 (2021) ]


We measure cumulants of net baryon number 
in the interval 

[Allton et al. PRD 66 (2002) ]


The cumulants  are odd and imaginary for  
odd and even and and real for  even

μB > 0

μB = iμI
B

iμI
B /T ∈ [0,π]

χB
n n

n


χB
n (T, V, μB) = ( ∂

∂ ̂μB )
n ln Z(T, V, μl, μs)

VT3

= ( 1
3

∂
∂ ̂μl

+ 1
3

∂
∂ ̂μs )

n
ln Z(T, V, μl, μs)

VT3

T = 176.6 MeV

T = 186.3 MeV

T = 201.4 MeV

Lattice size:  243 × 4Input data from Lattice QCD:
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f(x) =
L

∑
i=0

cixi = Pm(x)
1 + Qn(x) =

m
∑
i=0

aixi

1 +
n

∑
i=0

bixi

Standard Padé approximant: 
Mathematica: PadeApproximant[ ]f, x, x0, {m, n}

Multipoint Padé approximant: 

The multipoint Padé method

A Padé approximation is constructed such 
that the expansion of the Padé is identical to 
the Taylor series about  x = 0

Standard Padé:

Starting point is a power series 

f(x) =
L

∑
i=0

ci xi + !(xL+1) .

We denote the [m/n]-Padé as 

Rm
n (x) = Pm(x)

Q̃n(x)
= Pm(x)

1 + Qn(x) =

m
∑
i=0

ai xi

1 +
n

∑
j=1

bj x j

One possibility to solve for the coefficients 
, is by solving the tower of equations ai, bj

Pm(0) − f (0)Qn(0) = f (0)

⋮

Multipoint Padé:

We have power series at several points xk

We demand that at all points  the expansion 
of the Padé is identical to the Taylor series 
about 

xk

x = xk

One possibility (method I) to solve for the 
coefficients , is by solving the tower of 
equations 

ai, bj

 Linear system of size , 
need  derivatives of 

→ m + n + 1
m + n f(x)

P′ m(0) − f′ (0)Qn(0) − f(0)Q′ n(0) = f′ (0)

P′ m(x0) − f′ (x0)Qn(x0) − f(x0)Q′ n(x0) = f′ (x0)
Pm(x0) − f (x0)Qn(x0) = f (x0)

P′ m(x1) − f′ (x1)Qn(x1) − f(x1)Q′ n(x1) = f′ (x1)
Pm(x1) − f (x1)Qn(x1) = f (x1)

⋮

⋮
 again a linear system of size , 
need much less derivatives, we have 

→ m + n + 1

m + n + 1 = ∑
k

(Lk + 1)

8

Combine information from Taylor 
expansion and analytic continuation!
→

m + n + 1 = L

 are the simulation 
points. 

xk, k = 1, 2, 3...N

n + m + 1 =
N

∑
i=1

(Li + 1)

6



Lee-Yang edges and extended analyticity

Ising: Generically have branch cuts on imaginary
axis. (Pinch real axis at Tc.)

Lee-Yang edge (LYE): The singularities closest
to real axis.

Extended analyticity conjecture10: LYE is the
nearest singularity to the origin.

LYE position fixed at

zc = |zc|e
±i⇡/2��

with z ⌘ th�1/�� and critical exponents �, �.

Im h

Reh
convergence
region

10P Fonseca and A Zamolodchikov, J. Stat. Phys. 110, 527–590 (2003).
D. A. Clarke QCD critical point from LYE 4 Aug 2023 4 / 17

LeeYang Edge singularities (LYEs)

LeeYang Edge (LYEs) : The 
singularities closest to real 
axis away from the critical 

temperature.

Ising model 
away from , Tc

P Fonseca and A Zamolodchikov, J. Stat. Phys. 110, 527–590 (2003)

Extended analyticity conjecture: LYEs are the 
nearest singularity to the origin. 

Position of the LYEs: 
 

,  are critical 
exponents

zc = |zc |e±iπ/2βδ

z = t/h1/βδ β, δ



LYEs from universal scaling functionsLYEs for Roberge Weiss (RW) transition

f = b−dfs(bytt, byhh) + regular, z = t/h1/βδ
The universal scaling function for  order phase transition [ ],2nd t = (T − Tc)/Tc → 0 , h → 0

f ∼ h
2 − α

βδ fs(z)
Lee-Yang edge singularities are 
universal in the complex plane, 

By solving,  z = zc

Scaling in the vicinity of the Roberge-Weiss transition

Can we interpret the closest singularity as Lee-Yang edge singularity?

We can look at the temperature dependence of our 
singularities. By solving  we find 

 and   

with  and .

z = t/h1/βδ ≡ zc

̂μR
LY = ± π ( z0

|zc | )
βδ

( TRW − T
TRW )

βδ

̂μI
LY = ± π

z0 = h1/βδ
0 /t0 ̂μ = μ /T

µ̂R
LY : Method I

µ̂R
LY : Method II

µ̂R
LY : Method III

Fit I

Fit II

Fit III

Method I: solving the linear system in the  planêμB

Method II: minimize a generalised ,  
(combined fit to all data)


χ̃2

χ̃2 = ∑
j,k

| ∂ jRm
n

∂ ̂μ j
B

( ̂μB,k) − χB
j+1(μB,k) |2

|ΔχB
j+1( ̂μB,k) |2

Method III: solving the linear system in the  plane, and 
mapping the result back to 

z
̂μB

0 1 2 3 4 5
Re[µB/T]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Im
[µ

B
/T

]

µ̂LY

RW scaling

chiral scaling

CEP scaling

T

χ2 ∼ 0.8

z0 ≈ 9.3(3)

find good agreement with RW-scaling→

12

Nτ = 4

Scaling in the vicinity of the Roberge-Weiss transition

Can we interpret the closest singularity as Lee-Yang edge singularity?

We can look at the temperature dependence of our 
singularities. By solving  we find 

 and   

with  and .

z = t/h1/βδ ≡ zc

̂μR
LY = ± π ( z0

|zc | )
βδ

( TRW − T
TRW )

βδ

̂μI
LY = ± π

z0 = h1/βδ
0 /t0 ̂μ = μ /T
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µ̂R
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Method II: minimize a generalised ,  
(combined fit to all data)


χ̃2

χ̃2 = ∑
j,k

| ∂ jRm
n

∂ ̂μ j
B

( ̂μB,k) − χB
j+1(μB,k) |2

|ΔχB
j+1( ̂μB,k) |2

Method III: solving the linear system in the  plane, and 
mapping the result back to 

z
̂μB
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Nτ = 4

Approaching TRW

Scaling in the vicinity of the Roberge-Weiss transition

Can we interpret the closest singularity as Lee-Yang edge singularity?

We can look at the temperature dependence of our 
singularities. By solving  we find 

 and   
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Fit I
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χ̃2

χ̃2 = ∑
j,k

| ∂ jRm
n

∂ ̂μ j
B

( ̂μB,k) − χB
j+1(μB,k) |2

|ΔχB
j+1( ̂μB,k) |2

Method III: solving the linear system in the  plane, and 
mapping the result back to 

z
̂μB
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[µ

B
/T

]

µ̂LY

RW scaling

chiral scaling

CEP scaling

T
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find good agreement with RW-scaling→

12

Nτ = 4

Method I : Solving the linear system in  plane.  
Method II : Generalized  method. 
Method III : Solving the system in the fugacity plane,  

, and then mapping back to  plane.

μB
χ2

exp(μB/T ) μB

Nσ = 24, Nτ = 4

The universal scaling function for  order phase transition,  , 2nd t = (T − Tc)/Tc
t → 0, h → 0

f ∼ h
2 − α

β fs(z) + regular, z → t/h1βδ

For CEP 
, Z(2)

Possible LYEs for QCD CEP

Symmetry of the transition: Z(2) 
Unknown map to universal theory  
 
Linear map: 

G. Basar used this scaling to identify the critical point in the Gross-Neveu model. 
In principle it should work for QCD as well, if one is able to get enough LYE in the red region. 

[Gokce Basar, arXiv:2105.08080] 

Possible scenario: 
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Critical endpoint scaling: an outlook 

Scaling law: 

(slope of the transition line at the critical point) 
(depends on the relative angle between the h and t axes) 

Many parameters are unknown! 

The QCD CEP belongs to  universality class,  however the scalings are unknown.Z(2)

Scaling in the vicinity of the QCD critical point   

0 1 2 3 4 5
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Im
[µ

B
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Scaling fields are unknown, a frequently used ansatz is given by a linear mapping 

 t

 h T

 μB μcep

 Tcep

t = αt(T − Tcep) + βt(μB − μcep)
h = αh(T − Tcep) + βh(μB − μcep)

For the Lee-Yang edge singularity we obtain  

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ ,

Real part: 
linear in T

Imaginary part: 
power law

The coefficient only 
depends on the slope 
of the crossover line

c1 = βT /βμ

 T

To visualise the scaling we use some ad-hoc values 

μcep = 500 − 630 MeV
Tcep = Tpc(1 − κB

2 ̂μ2
B)

κB
2 = 0.012

Tpc = 156.5 MeV
c1 = 0.024
c2 = 0.5
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A linear mapping, 

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ

Scaling in the vicinity of the QCD critical point   

0 1 2 3 4 5
Re[µB/T]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Im
[µ

B
/T

]

µ̂LY

RW scaling

chiral scaling

CEP scaling

Scaling fields are unknown, a frequently used ansatz is given by a linear mapping 

 t

 h T

 μB μcep

 Tcep

t = αt(T − Tcep) + βt(μB − μcep)
h = αh(T − Tcep) + βh(μB − μcep)

For the Lee-Yang edge singularity we obtain  

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ ,

Real part: 
linear in T

Imaginary part: 
power law

The coefficient only 
depends on the slope 
of the crossover line

c1 = βT /βμ

 T

To visualise the scaling we use some ad-hoc values 

μcep = 500 − 630 MeV
Tcep = Tpc(1 − κB

2 ̂μ2
B)

κB
2 = 0.012

Tpc = 156.5 MeV
c1 = 0.024
c2 = 0.5

17

Some educated guess on the unknown 
parameters;

LYEs with many unknown parameters, 

Approaching sm
aller T

Lee Yang Edge singularities (LYEs) can be 
obtained by solving, z = zc = |zc |e±iπ/2βδ

Real part : linear in T Imaginary part : Power law in T
At, , imaginary part vanishes.μLY → μcep

Stephanov, Phys. Rev. D, 
73.9, 094508 (2006) 
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The coefficient only 
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[Stephanov, Phys. Rev. 
D, 73.9, 094508 (2006)]
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Tale of three critical points: parts unknown
Introduction and Motivation

Where can we apply our knowledge of Lee-Yang edge singularities in QCD?

T

µB

mu,
d
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The ultimate goal is the location of the QCD 
critical point 


We can think of three distinct critical points/
scaling regions: Roberge Weiss transition, 
chiral transition, QCD critical point 
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crossover

RW LYEs
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In (2+1)-flavor QCD one could have 
three critical points. 

 ,  , RW critical point. 
 chiral critical point. 

 , QCD critical point ?? 

TRW iμB/T |RW = π
Tc(μB), m = 0,
TCEP, μCEP

Singularity searches by studying LYES
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Poles of the [4,4]-Padé from the 8th order 
series of the pressure      
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[CS et al., Acta Phys. Pol. B 23;

[Dimpoulos et al., PRD 22]
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Poles of the multi-point Padé approximants of 
the baryon number density at imaginary      μB

Find apparent approach to the real axis with decreasing temperatures

0 1 2 3 4 5
Re µ̂+

B,c

°4

°2

0

2

4

Im
µ̂

+ B
,c

iº

°iº

nS = 0, nQ/nB = 0.5

T=135

T=140

T=145

T=150

T=155

T=160

T=165

Poles of the -Padè based on 8-th 
order Taylor expansion 

[4,4]
Poles of Multi point Padè

N3
σ × Nτ = 243 × 4, 363 × 6

Poles show hint for a movement towards real axis.

LYEs related to CEP ??
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Machine learning model for the LYEs
MADE : masked auto encoder for 

density estimation.

p(Re ̂μB, Im ̂μB |T)

We want to learn the 
probability distribution of 
the LYEs using machine 

learning modelling.

Pr
el

im
in

ar
y

N3
σ × Nτ = 363 × 6

11

For a control interpolation 
of the real and imaginary 

part of  between 
temperatures.

μB

The distribution of the closest singularity 
(LYEs) obtained by bootstrapping over 

the data

MADE is a modified autoencoder 
architecture designed for 

distribution estimation in machine 
learning, enabling the modeling of 
complex, dependent distributions.



300

400

500

600

700

800

Re
µ̂
B

ML model
multipoint pade

135 140 145 150 155 160 165
T[MeV]

0

100

200

300

400

500

Im
µ̂
B

Machine learning model for the LYEs
MADE : masked auto encoder for 

density estimation.

In future Work : We want to use 
MADE to classify LYEs related 

to chiral phase transition  
 and LYEs related to 

CEP on several volumes and 
Quark masses.

(ml → 0)

p(Re ̂μB, Im ̂μB |T, ml, Nσ)

Simulations with the smaller 
than physical quark masses 

are ongoing.
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Possible LYEs for QCD CEP

Symmetry of the transition: Z(2) 
Unknown map to universal theory  
 
Linear map: 

G. Basar used this scaling to identify the critical point in the Gross-Neveu model. 
In principle it should work for QCD as well, if one is able to get enough LYE in the red region. 

[Gokce Basar, arXiv:2105.08080] 

Possible scenario: 

15 

Critical endpoint scaling: an outlook 

Scaling law: 

(slope of the transition line at the critical point) 
(depends on the relative angle between the h and t axes) 

Many parameters are unknown! 

The QCD CEP belongs to  universality class,  however the scalings are unknown.Z(2)

Scaling in the vicinity of the QCD critical point   
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Scaling fields are unknown, a frequently used ansatz is given by a linear mapping 

 t

 h T

 μB μcep

 Tcep

t = αt(T − Tcep) + βt(μB − μcep)
h = αh(T − Tcep) + βh(μB − μcep)

For the Lee-Yang edge singularity we obtain  

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ ,

Real part: 
linear in T

Imaginary part: 
power law

The coefficient only 
depends on the slope 
of the crossover line

c1 = βT /βμ

 T

To visualise the scaling we use some ad-hoc values 

μcep = 500 − 630 MeV
Tcep = Tpc(1 − κB

2 ̂μ2
B)

κB
2 = 0.012

Tpc = 156.5 MeV
c1 = 0.024
c2 = 0.5

17
Scaling in the vicinity of the QCD critical point   

0 1 2 3 4 5
Re[µB/T]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5
Im

[µ
B
/T

]

µ̂LY

RW scaling

chiral scaling

CEP scaling

Scaling fields are unknown, a frequently used ansatz is given by a linear mapping 

 t

 h T

 μB μcep

 Tcep

t = αt(T − Tcep) + βt(μB − μcep)
h = αh(T − Tcep) + βh(μB − μcep)

For the Lee-Yang edge singularity we obtain  

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ ,

Real part: 
linear in T

Imaginary part: 
power law

The coefficient only 
depends on the slope 
of the crossover line

c1 = βT /βμ

 T

To visualise the scaling we use some ad-hoc values 

μcep = 500 − 630 MeV
Tcep = Tpc(1 − κB

2 ̂μ2
B)

κB
2 = 0.012

Tpc = 156.5 MeV
c1 = 0.024
c2 = 0.5

17

A linear mapping, 

μLY = μcep − c1(T − Tcep) + ic2 |zc |−βδ (T − Tcep)βδ

Scaling in the vicinity of the QCD critical point   
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Some educated guess on the unknown 
parameters;

LYEs with many unknown parameters, 

Approaching sm
aller T

Stephanov, Phys. Rev. D, 
73.9, 094508 (2006) 

CEP extrapolation

BI-P
arm

a pre
lim

ina
ry

BI-P
arm

a pre
lim

ina
rymulti-point Padé, arXiv:2110.15933

[4,4] Padé, arXiv:2202.09184

Machine Learning model

Extrapolated estimate for the 
CEP from HotQCD ( ) 

and Multi-point Padè ( )  
is,

Nτ = 8
Nτ = 6

TCEP = 90(10) MeV and μBCEP ∼ 600(80) MeV

Consistent with FRG, Phys. Rev. 
D, 101.5, 054032 (2020).  

and Dyson-Schwinger, Phys. 
Rev. D, 104.7, 074035 (2021) 



Summary
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New Method 

LYE for chiral transition

We [Bielefeld-Parma] have developed a multipoint Padé method to extract positions of 

singularities from number densities in the complex  plane. It can be seen as a 
combination of Taylor-expansion method and analytic continuation. 
Our method has been tested in the vicinity of the RW transition. 
Phys.Rev.D 105 (2022) 3, 034513

μ

No results yet. Smaller than physical quark mass calculations are ongoing.

LYE for CEP

With [4,4]-Padé [HotQCD] and multi-point 
Padé [Bielefeld-Parma] we find singularities in 
the complex  shows an approach to the real 
axis for decreasing temperature. A preliminary 
extrapolation to the critical point was 
performed, but needs more control. 
Calculations on smaller temperatures are 
ongoing.

μB

We want to use 
machine learning 

modelling for different 
singularities. 

More controlled 
interpolation between 

the T and .mq



LYEs for Roberge Weiss (RW) transition

f = b−dfs(bytt, byhh) + regular, z = t/h1/βδ
The universal scaling function for  order phase transition [ ],2nd t = (T − Tc)/Tc → 0 , h → 0

f ∼ h
2 − α

βδ fs(z)
Lee-Yang edge singularities are 
universal in the complex plane, 

By solving,  z = zc

Scaling in the vicinity of the Roberge-Weiss transition

Can we interpret the closest singularity as Lee-Yang edge singularity?

We can look at the temperature dependence of our 
singularities. By solving  we find 

 and   

with  and .

z = t/h1/βδ ≡ zc
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Fit I

Fit II

Fit III

Method I: solving the linear system in the  planêμB

Method II: minimize a generalised ,  
(combined fit to all data)
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Method III: solving the linear system in the  plane, and 
mapping the result back to 

z
̂μB
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find good agreement with RW-scaling→
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Nτ = 4
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Approaching TRW
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Method I : Solving the linear system in  plane.  
Method II : Generalized  method. 
Method III : Solving the system in the fugacity plane,  

, and then mapping back to  plane.

μB
χ2

exp(μB/T ) μB

Nσ = 24, Nτ = 4

Test Case : LYEs for RW transition


