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How criticality at macroscale arises from microscopic d.o.f. of QCD ? 
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Quark energy levels in a given gluon background
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Chiral transition for small quark masses and universal scaling

For sufficiently small ml the chiral transition is governed by universal O(4) scaling  
SU(2)V ⌦ SU(2)A ⇠ O(4)
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PU (�;m) =
4m⇢U (�)

�2 +m2
, and ⇢U (�) =

X

j

�(�� �j)
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Chiral susceptibility

Binder cumulant



4

Approaching the chiral limit

ml ! 0: m
�2+m2 ! ⇡�(�)

<latexit sha1_base64="hBAvcKYKeaahdgDdiDLKP/weFyE="></latexit><latexit sha1_base64="hBAvcKYKeaahdgDdiDLKP/weFyE="></latexit><latexit sha1_base64="hBAvcKYKeaahdgDdiDLKP/weFyE="></latexit><latexit sha1_base64="hBAvcKYKeaahdgDdiDLKP/weFyE="></latexit>

Banks-Casher relation

lim
ml!0

Kn( ̄ ) = lim
ml!0

= (2⇡)nKn[⇢U (0)]
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Kn[ ̄ ] =

Z 1

0
Pn(�)d� ⇠ m1/��n+1

l fn(z)
<latexit sha1_base64="EU5PxI96+Wh/AEo9rjA33Wt5wx8="></latexit><latexit sha1_base64="EU5PxI96+Wh/AEo9rjA33Wt5wx8="></latexit><latexit sha1_base64="EU5PxI96+Wh/AEo9rjA33Wt5wx8="></latexit><latexit sha1_base64="EU5PxI96+Wh/AEo9rjA33Wt5wx8="></latexit>

z / z0m
�1/��
l (T � Tc)/Tc
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Universal O(N) scaling of the cumulants of the chiral condensate:  

Universal O(N) scaling functions

Conjecture:

lim
ml!0

K1( ̄ ) = lim
ml!0

T

V
h( ̄ )i = 2⇡K1[⇢U (0)] = 2⇡h⇢U (0)i
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f1(z) = fG(z)

f2(z) = f�(z)
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Pn(�) = m1/��n+1
l fn(z)gn(�/ml)
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QCD specific dependence on the
ratio of the eigenvalues and the quark mass

Scaling arises from the deep
infrared behavior of Pn(�)
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Chiral observables and spectrum of Dirac eigenvalues
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Strong quark mass and temperature
dependence

�̂ = �/ml
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HISQ action, N3
� ⇥N⌧ lattices

N⌧ = 8, N� = 32� 56

ml/ms = 1/27, 1/40, 1/80, 1/160
m⇡ = 140, 110, 80, 55 MeV

T = 135� 176 MeV
<latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit><latexit sha1_base64="WPxX1dipwCdxFDOpwoJWYVbZjus="></latexit>

P̂n(�̂) = m2
s(ml/ms)Pn(�)/T

4
c
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Chiral observables and spectrum of Dirac eigenvalues
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Dirac eigenvalues (energy levels
of quarks) know about universality
class of the QCD chiral transition

Scaling works for T  145 MeV ⇠ T 0
c (N⌧ = 8)
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Breakdown of scaling at higher temperatures
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Scaling does not work for 
T>147 MeV

Why ?

Transition to instanton gas ?
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Kn( ̄ ) =

Z
[PU (�1;ml)PU (�2;ml) . . . PU (�n;ml)]

nY

j=1

d�j ⌘
Z

Pn(�)d�
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• We establish a novel relation:
<latexit sha1_base64="2eeq+5pepN0TAyqukvGR0fG43rg=">AAACK3icdVDLSgMxFM34dnxVXboJFsFVmXSh1ZXoxmUF2wptKZn0tg1mMkNyR6iD/+PGX3GhCx+49T/MtFVU9ELgcM495NwTJkpaDIIXb2p6ZnZufmHRX1peWV0rrG/UbZwaATURq9hchNyCkhpqKFHBRWKAR6GCRnh5kuuNKzBWxvochwm0I97XsicFR0d1CsetEPpSZxIhktdw47dy5DeAgkUeugQDyqmOr0BRA2rkOvRboL tflk6hGJSCIGCM0Ryw/b3AgYODSplVKMslN0UymWqn8NDqxiKNQKNQ3NomCxJsZ9ygFCqPkFpIuLjkfWg6qHkEtp2Nbr2hO47p0l5s3NNIR+x3R8Yja4dR6DYjjgP7W8vJv7Rmir1KO5M6SRG0GH/USxXFmObF0a40IFANHeDCSJeVigE3XKCr13clfF5K/wf1cok5fFYuHpUndSyQLbJNdgkj++SInJIqqRFBbsk9eSLP3p336L16b+PVKW/i2SQ/xnv/AJK0qHY=</latexit><latexit sha1_base64="2eeq+5pepN0TAyqukvGR0fG43rg=">AAACK3icdVDLSgMxFM34dnxVXboJFsFVmXSh1ZXoxmUF2wptKZn0tg1mMkNyR6iD/+PGX3GhCx+49T/MtFVU9ELgcM495NwTJkpaDIIXb2p6ZnZufmHRX1peWV0rrG/UbZwaATURq9hchNyCkhpqKFHBRWKAR6GCRnh5kuuNKzBWxvochwm0I97XsicFR0d1CsetEPpSZxIhktdw47dy5DeAgkUeugQDyqmOr0BRA2rkOvRboL tflk6hGJSCIGCM0Ryw/b3AgYODSplVKMslN0UymWqn8NDqxiKNQKNQ3NomCxJsZ9ygFCqPkFpIuLjkfWg6qHkEtp2Nbr2hO47p0l5s3NNIR+x3R8Yja4dR6DYjjgP7W8vJv7Rmir1KO5M6SRG0GH/USxXFmObF0a40IFANHeDCSJeVigE3XKCr13clfF5K/wf1cok5fFYuHpUndSyQLbJNdgkj++SInJIqqRFBbsk9eSLP3p336L16b+PVKW/i2SQ/xnv/AJK0qHY=</latexit><latexit sha1_base64="2eeq+5pepN0TAyqukvGR0fG43rg=">AAACK3icdVDLSgMxFM34dnxVXboJFsFVmXSh1ZXoxmUF2wptKZn0tg1mMkNyR6iD/+PGX3GhCx+49T/MtFVU9ELgcM495NwTJkpaDIIXb2p6ZnZufmHRX1peWV0rrG/UbZwaATURq9hchNyCkhpqKFHBRWKAR6GCRnh5kuuNKzBWxvochwm0I97XsicFR0d1CsetEPpSZxIhktdw47dy5DeAgkUeugQDyqmOr0BRA2rkOvRboL tflk6hGJSCIGCM0Ryw/b3AgYODSplVKMslN0UymWqn8NDqxiKNQKNQ3NomCxJsZ9ygFCqPkFpIuLjkfWg6qHkEtp2Nbr2hO47p0l5s3NNIR+x3R8Yja4dR6DYjjgP7W8vJv7Rmir1KO5M6SRG0GH/USxXFmObF0a40IFANHeDCSJeVigE3XKCr13clfF5K/wf1cok5fFYuHpUndSyQLbJNdgkj++SInJIqqRFBbsk9eSLP3p336L16b+PVKW/i2SQ/xnv/AJK0qHY=</latexit><latexit sha1_base64="2eeq+5pepN0TAyqukvGR0fG43rg=">AAACK3icdVDLSgMxFM34dnxVXboJFsFVmXSh1ZXoxmUF2wptKZn0tg1mMkNyR6iD/+PGX3GhCx+49T/MtFVU9ELgcM495NwTJkpaDIIXb2p6ZnZufmHRX1peWV0rrG/UbZwaATURq9hchNyCkhpqKFHBRWKAR6GCRnh5kuuNKzBWxvochwm0I97XsicFR0d1CsetEPpSZxIhktdw47dy5DeAgkUeugQDyqmOr0BRA2rkOvRboL tflk6hGJSCIGCM0Ryw/b3AgYODSplVKMslN0UymWqn8NDqxiKNQKNQ3NomCxJsZ9ygFCqPkFpIuLjkfWg6qHkEtp2Nbr2hO47p0l5s3NNIR+x3R8Yja4dR6DYjjgP7W8vJv7Rmir1KO5M6SRG0GH/USxXFmObF0a40IFANHeDCSJeVigE3XKCr13clfF5K/wf1cok5fFYuHpUndSyQLbJNdgkj++SInJIqqRFBbsk9eSLP3p336L16b+PVKW/i2SQ/xnv/AJK0qHY=</latexit>

• Obtained a generalization of the Banks-Casher relation:
<latexit sha1_base64="qksRAu1az4z4oj+bUZKOvpZPrqg=">AAACRHicdZDBThsxEIa9FChdCoRy7MUiQuJStM4BAidULtxKJQJISRTNemcTK17vyp6tFFY8XC88ADeegAuHoqrXCm9IK6jKSJY+/b9nPP7jQitHUXQbzL2ZX1h8u/QuXH6/srrWWP9w5vLSSuzIXOf2IgaHWhnskCKNF4VFyGKN5/H4qPbPv6F1KjenNCmwn8HQqFRJIC8NGt1ejENlKkWYqUu8Cns1hV9iAj8x4cCHaNCCVp fTDp6nnEbIP4MZu09H4EZouUU9NQ/CHprk76xBoxntRFEkhOA1iL3dyMP+frsl2lzUlq8mm9XJoHHTS3JZZmhIanCuK6KC+hVYUlLXu5UOC5BjGGLXo4EMXb+ahnDFt7yS8DS3/hjiU/V5RwWZc5Ms9jczoJH716vF/3ndktJ2v1KmKAmNfHooLTWnnNeJ8kRZlKQnHkBa5XflcgQWJPncQx/Cn5/y1+GstSM8f201D1uzOJbYR7bJtplge+yQHbMT1mGSfWd37Ad7CK6D++Bn8Ovp6lww69lgLyr4/Qj9AbKb</latexit><latexit sha1_base64="qksRAu1az4z4oj+bUZKOvpZPrqg=">AAACRHicdZDBThsxEIa9FChdCoRy7MUiQuJStM4BAidULtxKJQJISRTNemcTK17vyp6tFFY8XC88ADeegAuHoqrXCm9IK6jKSJY+/b9nPP7jQitHUXQbzL2ZX1h8u/QuXH6/srrWWP9w5vLSSuzIXOf2IgaHWhnskCKNF4VFyGKN5/H4qPbPv6F1KjenNCmwn8HQqFRJIC8NGt1ejENlKkWYqUu8Cns1hV9iAj8x4cCHaNCCVp fTDp6nnEbIP4MZu09H4EZouUU9NQ/CHprk76xBoxntRFEkhOA1iL3dyMP+frsl2lzUlq8mm9XJoHHTS3JZZmhIanCuK6KC+hVYUlLXu5UOC5BjGGLXo4EMXb+ahnDFt7yS8DS3/hjiU/V5RwWZc5Ms9jczoJH716vF/3ndktJ2v1KmKAmNfHooLTWnnNeJ8kRZlKQnHkBa5XflcgQWJPncQx/Cn5/y1+GstSM8f201D1uzOJbYR7bJtplge+yQHbMT1mGSfWd37Ad7CK6D++Bn8Ovp6lww69lgLyr4/Qj9AbKb</latexit><latexit sha1_base64="qksRAu1az4z4oj+bUZKOvpZPrqg=">AAACRHicdZDBThsxEIa9FChdCoRy7MUiQuJStM4BAidULtxKJQJISRTNemcTK17vyp6tFFY8XC88ADeegAuHoqrXCm9IK6jKSJY+/b9nPP7jQitHUXQbzL2ZX1h8u/QuXH6/srrWWP9w5vLSSuzIXOf2IgaHWhnskCKNF4VFyGKN5/H4qPbPv6F1KjenNCmwn8HQqFRJIC8NGt1ejENlKkWYqUu8Cns1hV9iAj8x4cCHaNCCVp fTDp6nnEbIP4MZu09H4EZouUU9NQ/CHprk76xBoxntRFEkhOA1iL3dyMP+frsl2lzUlq8mm9XJoHHTS3JZZmhIanCuK6KC+hVYUlLXu5UOC5BjGGLXo4EMXb+ahnDFt7yS8DS3/hjiU/V5RwWZc5Ms9jczoJH716vF/3ndktJ2v1KmKAmNfHooLTWnnNeJ8kRZlKQnHkBa5XflcgQWJPncQx/Cn5/y1+GstSM8f201D1uzOJbYR7bJtplge+yQHbMT1mGSfWd37Ad7CK6D++Bn8Ovp6lww69lgLyr4/Qj9AbKb</latexit><latexit sha1_base64="qksRAu1az4z4oj+bUZKOvpZPrqg=">AAACRHicdZDBThsxEIa9FChdCoRy7MUiQuJStM4BAidULtxKJQJISRTNemcTK17vyp6tFFY8XC88ADeegAuHoqrXCm9IK6jKSJY+/b9nPP7jQitHUXQbzL2ZX1h8u/QuXH6/srrWWP9w5vLSSuzIXOf2IgaHWhnskCKNF4VFyGKN5/H4qPbPv6F1KjenNCmwn8HQqFRJIC8NGt1ejENlKkWYqUu8Cns1hV9iAj8x4cCHaNCCVp fTDp6nnEbIP4MZu09H4EZouUU9NQ/CHprk76xBoxntRFEkhOA1iL3dyMP+frsl2lzUlq8mm9XJoHHTS3JZZmhIanCuK6KC+hVYUlLXu5UOC5BjGGLXo4EMXb+ahnDFt7yS8DS3/hjiU/V5RwWZc5Ms9jczoJH716vF/3ndktJ2v1KmKAmNfHooLTWnnNeJ8kRZlKQnHkBa5XflcgQWJPncQx/Cn5/y1+GstSM8f201D1uzOJbYR7bJtplge+yQHbMT1mGSfWd37Ad7CK6D++Bn8Ovp6lww69lgLyr4/Qj9AbKb</latexit>

lim
ml!0

Kn( ̄ ) = lim
ml!0

= (2⇡)nKn[⇢U (0)]
<latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit><latexit sha1_base64="+WZegbU8sDHxZK8NjZbfi+Y8bRE="></latexit>

• Found a microscopic encoding of macroscopic universality:
<latexit sha1_base64="w2gxptRIqPR0sWbP6B4QKit04y0=">AAACRnicdZBNSxxBEIZr1iSayddGj7k0WQI5yfQe4upJCIQcFbIq7A5LT0/NWtgfQ3dPYB38dV48e8tPyCWHhJBrenSTaNCChpf3re6qfopakQ9Z9iXprTx4+Gh17XH65Omz5y/6L9cPvG2cxLG0yrqjQnhUZHAcKCg8qh0KXSg8LE7ed/nhZ3SerPkUFjXmWswNVSRFiNasn08LnJNpKaCmUzxLp51KP9jGlEwwTdJZL21Nkq GRtiQzZ7ZiWvzzG0PdBKEoLHbSKZry72uz/iDbzLKMc846wbfeZVFsb4+GfMR4F8UawLL2Zv3LaWllo9EEqYT3E57VIW+FCyRVt13jsRbyRMxxEqURGn3eXmE4Y2+iU7LKunhMYFfuzRut0N4vdBE7tQjH/v+sM+/KJk2oRnlLpm5ChHA9qGoUC5Z1TFlJDmVQiygiF4q7MnksnJAhckkjhD8/ZfeLg+Emj3p/ONgdLnGswSt4DW+BwxbswkfYgzFIOIev8B1+JBfJt+Rn8uu6tZcs72zArerBb/s4sz0=</latexit><latexit sha1_base64="w2gxptRIqPR0sWbP6B4QKit04y0=">AAACRnicdZBNSxxBEIZr1iSayddGj7k0WQI5yfQe4upJCIQcFbIq7A5LT0/NWtgfQ3dPYB38dV48e8tPyCWHhJBrenSTaNCChpf3re6qfopakQ9Z9iXprTx4+Gh17XH65Omz5y/6L9cPvG2cxLG0yrqjQnhUZHAcKCg8qh0KXSg8LE7ed/nhZ3SerPkUFjXmWswNVSRFiNasn08LnJNpKaCmUzxLp51KP9jGlEwwTdJZL21Nkq GRtiQzZ7ZiWvzzG0PdBKEoLHbSKZry72uz/iDbzLKMc846wbfeZVFsb4+GfMR4F8UawLL2Zv3LaWllo9EEqYT3E57VIW+FCyRVt13jsRbyRMxxEqURGn3eXmE4Y2+iU7LKunhMYFfuzRut0N4vdBE7tQjH/v+sM+/KJk2oRnlLpm5ChHA9qGoUC5Z1TFlJDmVQiygiF4q7MnksnJAhckkjhD8/ZfeLg+Emj3p/ONgdLnGswSt4DW+BwxbswkfYgzFIOIev8B1+JBfJt+Rn8uu6tZcs72zArerBb/s4sz0=</latexit><latexit sha1_base64="w2gxptRIqPR0sWbP6B4QKit04y0=">AAACRnicdZBNSxxBEIZr1iSayddGj7k0WQI5yfQe4upJCIQcFbIq7A5LT0/NWtgfQ3dPYB38dV48e8tPyCWHhJBrenSTaNCChpf3re6qfopakQ9Z9iXprTx4+Gh17XH65Omz5y/6L9cPvG2cxLG0yrqjQnhUZHAcKCg8qh0KXSg8LE7ed/nhZ3SerPkUFjXmWswNVSRFiNasn08LnJNpKaCmUzxLp51KP9jGlEwwTdJZL21Nkq GRtiQzZ7ZiWvzzG0PdBKEoLHbSKZry72uz/iDbzLKMc846wbfeZVFsb4+GfMR4F8UawLL2Zv3LaWllo9EEqYT3E57VIW+FCyRVt13jsRbyRMxxEqURGn3eXmE4Y2+iU7LKunhMYFfuzRut0N4vdBE7tQjH/v+sM+/KJk2oRnlLpm5ChHA9qGoUC5Z1TFlJDmVQiygiF4q7MnksnJAhckkjhD8/ZfeLg+Emj3p/ONgdLnGswSt4DW+BwxbswkfYgzFIOIev8B1+JBfJt+Rn8uu6tZcs72zArerBb/s4sz0=</latexit><latexit sha1_base64="w2gxptRIqPR0sWbP6B4QKit04y0=">AAACRnicdZBNSxxBEIZr1iSayddGj7k0WQI5yfQe4upJCIQcFbIq7A5LT0/NWtgfQ3dPYB38dV48e8tPyCWHhJBrenSTaNCChpf3re6qfopakQ9Z9iXprTx4+Gh17XH65Omz5y/6L9cPvG2cxLG0yrqjQnhUZHAcKCg8qh0KXSg8LE7ed/nhZ3SerPkUFjXmWswNVSRFiNasn08LnJNpKaCmUzxLp51KP9jGlEwwTdJZL21Nkq GRtiQzZ7ZiWvzzG0PdBKEoLHbSKZry72uz/iDbzLKMc846wbfeZVFsb4+GfMR4F8UawLL2Zv3LaWllo9EEqYT3E57VIW+FCyRVt13jsRbyRMxxEqURGn3eXmE4Y2+iU7LKunhMYFfuzRut0N4vdBE7tQjH/v+sM+/KJk2oRnlLpm5ChHA9qGoUC5Z1TFlJDmVQiygiF4q7MnksnJAhckkjhD8/ZfeLg+Emj3p/ONgdLnGswSt4DW+BwxbswkfYgzFIOIev8B1+JBfJt+Rn8uu6tZcs72zArerBb/s4sz0=</latexit>

• Universal behavior of microscopic QCD quark energy levels in the limit of
vanishing quark masses also holds for the physical value of the light quark
masses

<latexit sha1_base64="DGGS/GAE9ISUAy9/awJDHnuoFh4=">AAACqXicdVHLjhMxEPQMr2V4BThyaRGBkJBWMzmw2dtKy4EDh41EshFJFHmcnplW/BhsT6QQ7b/xDdz4G+xNQCyCPpW6utrl6rKV5Hye/0jSW7fv3L13dD978PDR4ye9p88mznRW4FgYaey05A4laRx78hKnrUWuSomX5fo88pcbtI6M/uS3LS4UrzVVJLgPrWXv27zEmvSOPCr6ilfZPKJsrCmquIQSG74hY8FUoEhY44RpSc Do/D186bhdA2q09RYkblA6IA2+QZCkyEfNhmtyDen6MK24c+iAS2egMXLlsiosj5K22brgSwaJ7DBq94vqxt/QZnPUq9+Gl71+fpzneVEUEEFx8i4P4PR0OCiGUEQqVJ8d6mLZ+z5fGdEp1F7IsHBW5K1f7Lj1JGQMoHPYcrHmNc4C1FyhW+yuk76CV6Gzgui4MtrDdfdPxY4r57aqDJOK+8b9zcXmv7hZ56vhYke67TxqsX+o6iR4A/FssCKLwsttAFxYCl5BNNxy4cOZshDCr5/C/8FkcFwEPBr0zwaHOI7YC/aSvWEFO2Fn7AO7YGMmktfJx2ScTNK36Sidpp/3o2ly0DxnNyoVPwFdJdMT</latexit><latexit sha1_base64="DGGS/GAE9ISUAy9/awJDHnuoFh4=">AAACqXicdVHLjhMxEPQMr2V4BThyaRGBkJBWMzmw2dtKy4EDh41EshFJFHmcnplW/BhsT6QQ7b/xDdz4G+xNQCyCPpW6utrl6rKV5Hye/0jSW7fv3L13dD978PDR4ye9p88mznRW4FgYaey05A4laRx78hKnrUWuSomX5fo88pcbtI6M/uS3LS4UrzVVJLgPrWXv27zEmvSOPCr6ilfZPKJsrCmquIQSG74hY8FUoEhY44RpSc Do/D186bhdA2q09RYkblA6IA2+QZCkyEfNhmtyDen6MK24c+iAS2egMXLlsiosj5K22brgSwaJ7DBq94vqxt/QZnPUq9+Gl71+fpzneVEUEEFx8i4P4PR0OCiGUEQqVJ8d6mLZ+z5fGdEp1F7IsHBW5K1f7Lj1JGQMoHPYcrHmNc4C1FyhW+yuk76CV6Gzgui4MtrDdfdPxY4r57aqDJOK+8b9zcXmv7hZ56vhYke67TxqsX+o6iR4A/FssCKLwsttAFxYCl5BNNxy4cOZshDCr5/C/8FkcFwEPBr0zwaHOI7YC/aSvWEFO2Fn7AO7YGMmktfJx2ScTNK36Sidpp/3o2ly0DxnNyoVPwFdJdMT</latexit><latexit sha1_base64="DGGS/GAE9ISUAy9/awJDHnuoFh4=">AAACqXicdVHLjhMxEPQMr2V4BThyaRGBkJBWMzmw2dtKy4EDh41EshFJFHmcnplW/BhsT6QQ7b/xDdz4G+xNQCyCPpW6utrl6rKV5Hye/0jSW7fv3L13dD978PDR4ye9p88mznRW4FgYaey05A4laRx78hKnrUWuSomX5fo88pcbtI6M/uS3LS4UrzVVJLgPrWXv27zEmvSOPCr6ilfZPKJsrCmquIQSG74hY8FUoEhY44RpSc Do/D186bhdA2q09RYkblA6IA2+QZCkyEfNhmtyDen6MK24c+iAS2egMXLlsiosj5K22brgSwaJ7DBq94vqxt/QZnPUq9+Gl71+fpzneVEUEEFx8i4P4PR0OCiGUEQqVJ8d6mLZ+z5fGdEp1F7IsHBW5K1f7Lj1JGQMoHPYcrHmNc4C1FyhW+yuk76CV6Gzgui4MtrDdfdPxY4r57aqDJOK+8b9zcXmv7hZ56vhYke67TxqsX+o6iR4A/FssCKLwsttAFxYCl5BNNxy4cOZshDCr5/C/8FkcFwEPBr0zwaHOI7YC/aSvWEFO2Fn7AO7YGMmktfJx2ScTNK36Sidpp/3o2ly0DxnNyoVPwFdJdMT</latexit><latexit sha1_base64="DGGS/GAE9ISUAy9/awJDHnuoFh4=">AAACqXicdVHLjhMxEPQMr2V4BThyaRGBkJBWMzmw2dtKy4EDh41EshFJFHmcnplW/BhsT6QQ7b/xDdz4G+xNQCyCPpW6utrl6rKV5Hye/0jSW7fv3L13dD978PDR4ye9p88mznRW4FgYaey05A4laRx78hKnrUWuSomX5fo88pcbtI6M/uS3LS4UrzVVJLgPrWXv27zEmvSOPCr6ilfZPKJsrCmquIQSG74hY8FUoEhY44RpSc Do/D186bhdA2q09RYkblA6IA2+QZCkyEfNhmtyDen6MK24c+iAS2egMXLlsiosj5K22brgSwaJ7DBq94vqxt/QZnPUq9+Gl71+fpzneVEUEEFx8i4P4PR0OCiGUEQqVJ8d6mLZ+z5fGdEp1F7IsHBW5K1f7Lj1JGQMoHPYcrHmNc4C1FyhW+yuk76CV6Gzgui4MtrDdfdPxY4r57aqDJOK+8b9zcXmv7hZ56vhYke67TxqsX+o6iR4A/FssCKLwsttAFxYCl5BNNxy4cOZshDCr5/C/8FkcFwEPBr0zwaHOI7YC/aSvWEFO2Fn7AO7YGMmktfJx2ScTNK36Sidpp/3o2ly0DxnNyoVPwFdJdMT</latexit>

n-point correlations
of quark energy spectra
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nth-order cumulant
of the chiral condensate

<latexit sha1_base64="Lx6ElaFb5AGbU5lkv9U4F6pVb/g="></latexit><latexit sha1_base64="Lx6ElaFb5AGbU5lkv9U4F6pVb/g="></latexit><latexit sha1_base64="Lx6ElaFb5AGbU5lkv9U4F6pVb/g="></latexit><latexit sha1_base64="Lx6ElaFb5AGbU5lkv9U4F6pVb/g="></latexit>

Pn(�) = m1/��n+1
l fn(z)g(�/ml)

<latexit sha1_base64="irwq6KqDLy7dS0QrUkky5Bd2diY="></latexit><latexit sha1_base64="irwq6KqDLy7dS0QrUkky5Bd2diY="></latexit><latexit sha1_base64="irwq6KqDLy7dS0QrUkky5Bd2diY="></latexit><latexit sha1_base64="irwq6KqDLy7dS0QrUkky5Bd2diY="></latexit>

• Spectral density of Dirac eigenvalues provides an alternative method to
study O(N) scaling in 2+1 flavor QCD with less contamination from reg-
ular terms

<latexit sha1_base64="HAPNfuyB1XngnNN6EQuy79Gke50="></latexit><latexit sha1_base64="HAPNfuyB1XngnNN6EQuy79Gke50="></latexit><latexit sha1_base64="HAPNfuyB1XngnNN6EQuy79Gke50="></latexit><latexit sha1_base64="HAPNfuyB1XngnNN6EQuy79Gke50="></latexit>
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Calculation of eigenvalue spectrum

Commonly used method: Lanczos algorithm to calculate the individual low-lying eigenvalues

Here we utilized the Chebyshev filtering technique combined with a stochastic estimate of the mode number

Mode number :   n[s,t] ≈ 1
nv

nv

∑
k=1

p

∑
j=0

gp
j γjvT

k Tj(A)vk

Tj : Chebyshev polynomial

γj & gp
j : expansion coefficients

nv : number of random vectors

p : number of polynomial orders

eigenvalue spectrum :   ρU(λ) = 1
4

n[λ−δ/2,λ+δ/2]
2δλ

1/4 : Staggered Fermion Discretization Scheme

1/2 : positive and negative eigenvalue pairs 


δλ : bin-size

H.-T. Ding et al., Phys. Rev. Lett. 126, 082001 (2021)

Yu Zhang, Lattice 19', arXiv: 2001.05217 


Cossu et al., arXiv: 1601.00744 


Back-up: calculating the spectral density
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Back-up: direct vs. indirect calculations of cumulants
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Back-up : Breakdown of scaling at higher temperatures
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For ,  with  can be well described by  scaling function  |z /z0 | ≲ 0.2 Kn(z)/Kn(z = 0) n = 1,2,3 O(2) fn−1(z)
fn−1(z = 0)

For ,  rescaled by  show small quark dependence|z /z0 | ≲ 0.2 Kn H1/δ−n+1

Parameters adopted from: S. Ejiri et al., Phys. Rev. D 80, 094505 (2009); D. A. Clarke et al., Phys. Rev. D 103, L011501 (2021)

 scaling with , , ,  MeVO(2) β = 0.349 δ = 4.78 z0 = 1.83(9) Tc(Nτ = 8) = 144.2(6)
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Criticality in Macroscopic Cumulants !n[ψ̄ψ]
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Back-up : appearance of “instanton gas”
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<latexit sha1_base64="LXcETCmfX8R/DTtk0f+lCuqIGek=">AAAB7XicdVBNS8NAEJ3Ur1q/aj16WSyCXmoSS1NvBS8eK9gPaEPZbDft2k027G6EUvofvHhQxKv/x5v/xk2roKIPBh7vzTAzL0g4U9q2363cyura+kZ+s7C1vbO7V9wvtZVIJaEtIriQ3QAryllMW5ppTruJpDgKOO0Ek8vM79xRqZiIb/Q0oX6ERzELGcHaSO1ooM5cb1As25WLes2t1pBdsW3PcZ2MuF71vIoco2QoN0r9UzBoDopv/aEgaURjTThWqufYifZnWGpGOJ0X+qmiCSYTPKI9Q2McUeXPFtfO0bFRhigU0lSs0UL9PjHDkVLTKDCdEdZj9dvLxL+8XqrDuj9jcZJqGpPlojDlSAuUvY6GTFKi+dQQTCQztyIyxhITbQIqmBC+PkX/k7ZbcQy/Nmm4sEQeDuEITsABDxpwBU1oAYFbuIdHeLKE9WA9Wy/L1pz1OXMAP2C9fgA1jo+S</latexit><latexit sha1_base64="FTpchZHiUWygsW5qOxLGw9U2+Ys=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfG0qm7ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPXGxQP7cppveZWa9Cu2LbnuE5GXK96UoWOUTIcNkr98vvLTb85KL72hxFOOBEaM6RUz7Fj7adIaooZmRX6iSIxwhM0Ij1DBeJE+en82hk8MsoQhpE0JTScq98nUsSVmvLAdHKkx+q3l4l/eb1Eh3U/pSJONBF4sShMGNQRzF6HQyoJ1mxqCMKSmlshHiOJsDYBFUwIX5/C/0nbrTiGX5g0XLBAHuyDA1AGDvBAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC7HpIz</latexit><latexit sha1_base64="FTpchZHiUWygsW5qOxLGw9U2+Ys=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfG0qm7ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPXGxQP7cppveZWa9Cu2LbnuE5GXK96UoWOUTIcNkr98vvLTb85KL72hxFOOBEaM6RUz7Fj7adIaooZmRX6iSIxwhM0Ij1DBeJE+en82hk8MsoQhpE0JTScq98nUsSVmvLAdHKkx+q3l4l/eb1Eh3U/pSJONBF4sShMGNQRzF6HQyoJ1mxqCMKSmlshHiOJsDYBFUwIX5/C/0nbrTiGX5g0XLBAHuyDA1AGDvBAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC7HpIz</latexit><latexit sha1_base64="7c19ppoGJlv2i2+rM+JQ8tmkjaI=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4qpmxdOqu4MZlBfuAdiiZNNNGk8yQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733hAln2iD04RRWVtfWN4qbpa3tnd298v5BR8epIrRNYh6rXog15UzStmGG016iKBYhp93w7jL3u/dUaRbLGzNNaCDwWLKIEWys1BFDfeb5w3IFVS8ada9Wh6iKkO96bk48v3Zeg65VclTAEq1h+X0wikkqqDSEY637LkpMkGFlGOF0VhqkmiaY3OEx7VsqsaA6yObXzuCJVUYwipUtaeBc/T6RYaH1VIS2U2Az0b+9XPzL66cmagQZk0lqqCSLRVHKoYlh/jocMUWJ4VNLMFHM3grJBCtMjA2oZEP4+hT+Tzpe1bX8GlWa3jKOIjgCx+AUuMAHTXAFWqANCLgFD+AJPDux8+i8OK+L1oKznDkEP+C8fQISgI67</latexit>
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ms/40
<latexit sha1_base64="nSYcnpNm3wOs3wUeEmkyPtgwIzU=">AAAB7XicdVBNS8NAEJ3Ur1q/aj16WSyCXmoSQ1tvBS8eK9gPaEPZbDft2k027G6EUvofvHhQxKv/x5v/xk2roKIPBh7vzTAzL0g4U9q2363cyura+kZ+s7C1vbO7V9wvtZVIJaEtIriQ3QAryllMW5ppTruJpDgKOO0Ek8vM79xRqZiIb/Q0oX6ERzELGcHaSO1ooM48e1As25WLetX1qsiu2HbNcZ2MuDXv3EOOUTKUG6X+KRg0B8W3/lCQNKKxJhwr1XPsRPszLDUjnM4L/VTRBJMJHtGeoTGOqPJni2vn6NgoQxQKaSrWaKF+n5jhSKlpFJjOCOux+u1l4l9eL9Vh3Z+xOEk1jclyUZhypAXKXkdDJinRfGoIJpKZWxEZY4mJNgEVTAhfn6L/SdutOIZfmzRcWCIPh3AEJ+BADRpwBU1oAYFbuIdHeLKE9WA9Wy/L1pz1OXMAP2C9fgAt/I+N</latexit><latexit sha1_base64="lkrdif5pRZZW4+oRnf1seiPKD2o=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfGoa27ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPPHhQP7cppvep6VWhXbLvmuE5G3Jp34kHHKBkOG6V++f3lpt8cFF/7wwgnnAiNGVKq59ix9lMkNcWMzAr9RJEY4QkakZ6hAnGi/HR+7QweGWUIw0iaEhrO1e8TKeJKTXlgOjnSY/Xby8S/vF6iw7qfUhEnmgi8WBQmDOoIZq/DIZUEazY1BGFJza0Qj5FEWJuACiaEr0/h/6TtVhzDL0waLlggD/bBASgDB9RAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwCzjJIu</latexit><latexit sha1_base64="lkrdif5pRZZW4+oRnf1seiPKD2o=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VWfGoa27ghuXFewD2qFk0kwbm2SGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69J4gZVdq236zc0vLK6lp+vbCxubW9U9wttVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJJmeZ37kmUtFIXOppTHyORoKGFCNtpDYfqGPPHhQP7cppvep6VWhXbLvmuE5G3Jp34kHHKBkOG6V++f3lpt8cFF/7wwgnnAiNGVKq59ix9lMkNcWMzAr9RJEY4QkakZ6hAnGi/HR+7QweGWUIw0iaEhrO1e8TKeJKTXlgOjnSY/Xby8S/vF6iw7qfUhEnmgi8WBQmDOoIZq/DIZUEazY1BGFJza0Qj5FEWJuACiaEr0/h/6TtVhzDL0waLlggD/bBASgDB9RAA5yDJmgBDK7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwCzjJIu</latexit><latexit sha1_base64="DDhPgeHyaAYhyr//0ez9MrQPk3E=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4qplxaOuu4MZlBfuAdiiZNNNGk8yQZIQy9B/cuFDErf/jzr8x01ZQ0QMXDufcy733hAln2iD04RRWVtfWN4qbpa3tnd298v5BR8epIrRNYh6rXog15UzStmGG016iKBYhp93w7jL3u/dUaRbLGzNNaCDwWLKIEWys1BFDfeajYbmCqheNmufXIKoiVHc9Nyde3T/3oWuVHBWwRGtYfh+MYpIKKg3hWOu+ixITZFgZRjidlQappgkmd3hM+5ZKLKgOsvm1M3hilRGMYmVLGjhXv09kWGg9FaHtFNhM9G8vF//y+qmJGkHGZJIaKsliUZRyaGKYvw5HTFFi+NQSTBSzt0IywQoTYwMq2RC+PoX/k45XdS2/RpWmt4yjCI7AMTgFLqiDJrgCLdAGBNyCB/AEnp3YeXRenNdFa8FZzhyCH3DePgEK7o62</latexit>
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Back-up : instanton gas picture
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<latexit sha1_base64="kzNA3MAszJyuFpEWDhzn2OHgw8c=">AAAB7XicdVBNS8NAEJ3Ur1q/aj16WSyCXmoSS1tvBS8eK9gPaEPZbDft2k027G6EEvofvHhQxKv/x5v/xk2roKIPBh7vzTAzz485U9q2363cyura+kZ+s7C1vbO7V9wvdZRIJKFtIriQPR8ryllE25ppTnuxpDj0Oe3608vM795RqZiIbvQspl6IxxELGMHaSJ1wqM4a9rBYtisXjZpbrSG7Ytt1x3Uy4tar51XkGCVDuVkanIJBa1h8G4wESUIaacKxUn3HjrWXYqkZ4XReGCSKxphM8Zj2DY1wSJWXLq6do2OjjFAgpKlIo4X6fSLFoVKz0DedIdYT9dvLxL+8fqKDhpeyKE40jchyUZBwpAXKXkcjJinRfGYIJpKZWxGZYImJNgEVTAhfn6L/ScetOIZfmzRcWCIPh3AEJ+BAHZpwBS1oA4FbuIdHeLKE9WA9Wy/L1pz1OXMAP2C9fgA0EI+R</latexit><latexit sha1_base64="1RSa5ascX48khE8xiwwNT/43UR0=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VTNjaeuu4MZlBfuAzlAyaaaNzWSGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69x485UxqhNyu3tLyyupZfL2xsbm3vFHdLHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe36k7PM715TqVgkLvU0pl6IR4IFjGBtpE44UMcNNCgeosppo+ZUaxBVEKrbjp0Rp149qULbKBkOmyW3/P5y47YGxVd3GJEkpEITjpXq2yjWXoqlZoTTWcFNFI0xmeAR7RsqcEiVl86vncEjowxhEElTQsO5+n0ixaFS09A3nSHWY/Xby8S/vH6ig4aXMhEnmgqyWBQkHOoIZq/DIZOUaD41BBPJzK2QjLHERJuACiaEr0/h/6TjVGzDL0waDlggD/bBASgDG9RBE5yDFmgDAq7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC5oJIy</latexit><latexit sha1_base64="1RSa5ascX48khE8xiwwNT/43UR0=">AAAB7XicdVDLSgMxFM3UV62vWpdugiJ0VTNjaeuu4MZlBfuAzlAyaaaNzWSGJCOUod+gGxeKuPU//AR3foh7M62Cih64cDjnXu69x485UxqhNyu3tLyyupZfL2xsbm3vFHdLHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe36k7PM715TqVgkLvU0pl6IR4IFjGBtpE44UMcNNCgeosppo+ZUaxBVEKrbjp0Rp149qULbKBkOmyW3/P5y47YGxVd3GJEkpEITjpXq2yjWXoqlZoTTWcFNFI0xmeAR7RsqcEiVl86vncEjowxhEElTQsO5+n0ixaFS09A3nSHWY/Xby8S/vH6ig4aXMhEnmgqyWBQkHOoIZq/DIZOUaD41BBPJzK2QjLHERJuACiaEr0/h/6TjVGzDL0waDlggD/bBASgDG9RBE5yDFmgDAq7ALbgHD1Zk3VmP1tOiNWd9zuyBH7CePwC5oJIy</latexit><latexit sha1_base64="Ql5qvaPyI8ij/UCPlTFlp/YSn00=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4qpmxtHVXcOOygn1AO5RMmmmjeQxJRiil/+DGhSJu/R93/o2ZtoKKHrhwOOde7r0nSjgzFqEPL7eyura+kd8sbG3v7O4V9w/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnejuMvM791QbpuSNnSQ0FHgkWcwItk5qi4E5q6NBsYTKF/VqUKlCVEao5gd+RoJa5bwCfadkKIElmoPie3+oSCqotIRjY3o+Smw4xdoywums0E8NTTC5wyPac1RiQU04nV87gydOGcJYaVfSwrn6fWKKhTETEblOge3Y/PYy8S+vl9q4Hk6ZTFJLJVksilMOrYLZ63DINCWWTxzBRDN3KyRjrDGxLqCCC+HrU/g/aQdl3/FrVGoEyzjy4Agcg1PggxpogCvQBC1AwC14AE/g2VPeo/fivS5ac95y5hD8gPf2CRECjro=</latexit>
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