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Is there a critical point in the QCD phase diagram?

• Fluctuations are enhanced near the critical point - how large are the cumulants of particle multiplicities in equilibrium?


•How much do the fluctuations grow within the short time the fireball spends in the critical region before it freezes out?


•Does the enhancement in the e-b-e correlation functions survive till freeze-out?

Intriguing results from Beam Energy Scan - I  (STAR: PRL 130, 082301 (2023))
Fourth factorial cumulants for proton multiplicity

Qualitative answers and order of magnitude estimates today and updates on ongoing work

If there is a CP in the QCD phase diagram, 
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Estimating cumulants of particle multiplicities near 
the critical point in heavy-ion collision

BEST EoS

Hydro+ evolution

ME freezeout

• Test in simplified scenarios

• Identify the most consequential 

parameters/time scales in the 
paradigm


• Identify possible challenges

• Make estimates

• Simulate realistic scenarios

• Bayesian analysis to make 

comparisons to experiment


Future….Ongoing…
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This talk :

• Updates on estimation of cumulants of proton multiplicity in equilibrium


• Effects of critical slowing down (and conservation) 


• General method to freeze-out fluctuations : Maximum entropy freeze-out
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Estimating cumulants of particle multiplicity near 
the critical point in equilibrium

The equilibrium estimates are made using a model in which the 
interaction of the hadrons with a scalar field in the 3D Ising 
universality class modifies the mass of the hadrons

This model has already been used by Athanasiou, Rajagopal 
and Stephanov in 2010 to make equilibrium estimates.
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Updates on equilibrium estimates for the non- 
Gaussian cumulants of proton multiplicities 

• Updates to Athanasiou et al, 10 :

•Slope of phase boundary from lattice


•Mixing between h and r variables


• In the small quark mass limit, the slope difference between Ising axes is small


• 3D Ising Correlation Length from epsilon expansion to second order


•Higher point correlations from 3D Ising model 

•Updated freeze-out parametrization


• To implement : Use coupling constants from the equation of state from maximum entropy principle

Borsanyi et al.,20

Rehr and Mermin, 1973

Andronic et al, 18

Parotto et al, 18, Karthein et al, 21

MP, Stephanov, 22

Zinn-Justin + new

 MP,Stephanov, 19
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Equilibrium estimates for the non- 
Gaussian cumulants of proton multiplicities 

Slope difference between Ising axes - 10 
Degrees

• Can be large enough to have 
observable consequences


• Sensitive to the proximity of freeze-
out to the phase boundary


• Sensitive to non-universal mapping 
parameters
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Cn
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µc = 420MeV , Tc = 141MeV
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�T = Tc � Tf (µc)
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w = 8, ⇢ = 0.2

Andronic et al, 18



Dynamical evolution of background and 
fluctuations

• Evolution along isentropes from BEST EoS


• Hydro+ to evolve correlation functions of entropy per baryon 


• Initialized on a constant correlation length curve away from CP


• Relaxation equations for the Wigner transform of the 
hydrodynamic correlation functions

Parotto et al., 18, 
Karthein et al, 22

Yin, Stephanov, 17

Initialize Hydro + here

Freeze-out Hydro + here
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�q2 ⇠ ⇠�1 q2

Xin An’s talk at 12:40 pm today in 
New Theory Session 

Critical slowing down

<latexit sha1_base64="0r4llJV2ez6RcJjjzIb71DxV5so="></latexit>

@tWn = �n�q2 [Wn � F [Wn�1, . . .W2]]
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Four point correlations along the evolution 
trajectories - critical slowing down
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• Suppression of the peak relative to equilibrium value is stronger for higher cumulants


• The sign of the correlation functions may also suffer a lag due to slowing down


• The memory effects are retained for a much longer time well past the fireball’s exit from the critical region.
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�⇠ = 5 fm2
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� = 2 fm
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q = 0.44 fm�1

Hydro+ Freeze-out window

Low q modes dominate the contribution to freeze-out due to thermal smearing 
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q ⇠ (vthermal ⌧f )
�1
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Four point correlations along the freeze-out 
curve

• The peak and dip in a dynamical scenario along the freeze-out curve is suppressed due to conservation and critical slowing down


• The change of sign is delayed due to critical slowing down


• The peak and dip are shifted to larger chemical potentials than expected in equilibrium


• Longer the time to freeze-out, more prominent critical effects
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�T = 5MeV

<latexit sha1_base64="p5UhQ59p041toAFmUEPpJVI6xf0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkpSfG2EohuXFewDmlom00k7dCYJMzfSErpy46+4caGIW7/BnX9j0mahrQcuHM65l3vvcUPBNVjWt5FbWFxaXsmvFtbWNza3zO2dug4iRVmNBiJQTZdoJrjPasBBsGaoGJGuYA13cJ36jQemNA/8OxiFrC1Jz+cepwQSqWPuOz0iJcHOkONLfOocYwfYEGJPju/LhY5ZtErWBHie2BkpogzVjvnldAMaSeYDFUTrlm2F0I6JAk4FGxecSLOQ0AHpsVZCfSKZbseTN8b4MFG62AtUUj7gifp7IiZS65F0k05JoK9nvVT8z2tF4F20Y+6HETCfThd5kcAQ4DQT3OWKURCjhBCqeHIrpn2iCIUkuTQEe/bleVIvl+yzknV7UqxcZXHk0R46QEfIRueogm5QFdUQRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP9DDl24=</latexit>

�⇠ = 5 fm2
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Δ T = 5 MeV
Δ T = 10 MeV
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Three point correlations along the freeze-out curve
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• Qualitatively similar observations for three point function, although the suppression relative to equilibrium 
value is lesser by an order of magnitude
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q = 0.44 fm�1
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�T = 10MeV

<latexit sha1_base64="ZRtOAev/O/6fQb5FuIe5rPx6JB0=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoPgQcKMuF2EoB68CBGyQWYIPZ1K0qRnobtGDEMOXvwVLx4U8epHePNvnCwHTXxQ8Hiviqp6XiSFRsv6NjILi0vLK9nV3Nr6xuaWub1T02GsOFR5KEPV8JgGKQKookAJjUgB8z0Jda9/NfLr96C0CIMKDiJwfdYNREdwhqnUMvPONUhktEIv6Al1Dh2EB0xuoTakuZZZsIrWGHSe2FNSIFOUW+aX0w557EOAXDKtm7YVoZswhYJLGOacWEPEeJ91oZnSgPmg3WT8xJDup0qbdkKVVoB0rP6eSJiv9cD30k6fYU/PeiPxP68ZY+fcTUQQxQgBnyzqxJJiSEeJ0LZQwFEOUsK4EumtlPeYYhzT3EYh2LMvz5PaUdE+LVp3x4XS5TSOLMmTPXJAbHJGSuSGlEmVcPJInskreTOejBfj3fiYtGaM6cwu+QPj8weKkpYd</latexit>

�T = 5MeV
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�⇠ = 5 fm2
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�T = Tf (µc)� Tc
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Maximum entropy freeze-out

Infinitely many ensembles of free streaming 
particles whose energy-momentum and charge 
density correlations match with hydrodynamic 
description. 

 Which is the most probable?

The one which maximizes the entropy of the fluctuating particle distribution function,

subject to the constraints of the matching conditions.

<latexit sha1_base64="1zYmY9w3AVT9GASpa7ixtanh6CQ=">AAACBHicbVDJSgNBEO1xjXGLesylMQiCEGZE1INI1IvHCGaBzDD0dGqSJj0L3TVCCDl48Ve8eFDEqx/hzb+xsxw08UHB470qquoFqRQabfvbWlhcWl5Zza3l1zc2t7YLO7t1nWSKQ40nMlHNgGmQIoYaCpTQTBWwKJDQCHo3I7/xAEqLJL7HfgpexDqxCAVnaCS/UHQlhHgR+leuEp0uXh65bZDIqFH8Qsku22PQeeJMSYlMUfULX2474VkEMXLJtG45doregCkUXMIw72YaUsZ7rAMtQ2MWgfYG4yeG9MAobRomylSMdKz+nhiwSOt+FJjOiGFXz3oj8T+vlWF47g1EnGYIMZ8sCjNJMaGjRGhbKOAo+4YwroS5lfIuU4yjyS1vQnBmX54n9eOyc1q2705KletpHDlSJPvkkDjkjFTILamSGuHkkTyTV/JmPVkv1rv1MWldsKYze+QPrM8fqueXdg==</latexit>

hfAi+ �fA

Fluctuating particle 
distribution function

MP,Stephanov, 22
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MP,Stephanov, 22
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<latexit sha1_base64="UddME+aOsacLWMJumof0ICFyClI="></latexit>

b�GABC... = F
Baseline EoS
abc...

b�H
abc...

• Leads to natural generalization of factorial cumulants (IRCs, or irreducible relative cumulants) 

• IRCs subtracts the baseline correlations for any given reference distribution                            

• Generalization of Cooper-Frye freeze-out to freeze-out n-point correlations of hydrodynamic densities

<latexit sha1_base64="eYkeeYqwfWoT1wYfCRq5zjfa73k="></latexit>

GABC = ḠABC + 3b�GAD

�
Ḡ�1

2 Ḡ3

�
DBC

+ b�GABC

BA CA B,CA,B,C

ME freeze-out is currently being employed to make estimates for cumulants of particle multiplicities in simplified settings.



Summarizing & Looking forward
• Equilibrium ratios of third and fourth cumulant can be of the order of hundreds and thousands 


• Suppression in the peak relative to equilibrium can be 1-3 orders of magnitude


• Magnitude and sign of cumulants at freeze-out are sensitive to the value of relaxation rate


• Increasing relaxation rate and delaying freeze-out time have similar effect


• The change of sign is shifted to larger freeze-out chemical potentials


• Generalized prescription for freezing out fluctuations is ready -ME freeze-out


• Looking forward : Make quantitative estimates for cumulants of various particle multiplicities

Thank you for your attention!
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Additional Slides

• Relaxation rates along trajectories


• Critical slowing down : Three point correlations


• Sensitivity to location of freeze-out :Three point correlations


• Suppression due to conservation : Effect on lower q modes


• More on Maximum entropy freeze-out



Dynamical evolution of background and 
fluctuations
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� ⇠ ⇠�1

<latexit sha1_base64="s5bAkAHb/uktOIXSm4vsCEej2t4=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExQJVUCBgrWBiLRB9Sk1aO67ZWbSfYDqKKMrPwKywMIMTKF7DxN7htBmg50pWOzrlX994TRIwq7TjfVm5hcWl5Jb9aWFvf2Nyyt3fqKowlJjUcslA2A6QIo4LUNNWMNCNJEA8YaQTDq7HfuCdS0VDc6lFEfI76gvYoRtpIHXvf6yPOEbxrJ+XUU5RD74G2kxM39Y6nYscuOiVnAjhP3IwUQYZqx/7yuiGOOREaM6RUy3Ui7SdIaooZSQterEiE8BD1SctQgThRfjJ5JYWHRunCXihNCQ0n6u+JBHGlRjwwnRzpgZr1xuJ/XivWvQs/oSKKNRF4uqgXM6hDOM4FdqkkWLORIQhLam6FeIAkwtqkVzAhuLMvz5N6ueSelZyb02LlMosjD/bAATgCLjgHFXANqqAGMHgEz+AVvFlP1ov1bn1MW3NWNrML/sD6/AH0yJnJ</latexit>

�q2 ⇠ ⇠�1 q2

<latexit sha1_base64="dhSV9C6tcdpb5aJyI07vzXu8mZY="></latexit>

Wn = WignerTransform [h�ŝni]

<latexit sha1_base64="2SMB4rJu42A9VihRB3PEqJ4xne4="></latexit>

@tWn = �n� [Wn � F [Wn�1, . . .W2]]

<latexit sha1_base64="90zJSlxlC3LMOXeeQDB+s+6xeR4="></latexit>

F [Wn�1, . . .W2]
in eq! W eq

n

Entropy per baryon

Xin An’s talk at 12:40 pm today in New Theory Session 



Critical slowing down : Three point correlations
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@tW3 = �3�q2
 
W3 �

✓
W2

W eq
2

◆2

W eq
3

!
<latexit sha1_base64="xj8PrOxAzPSzBVmMt855U1Wz8b0=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAbBg4SZ4HYRgl48RjALZGLo6fQkTbpnhu4aSRgCXvwVLx4U8epPePNv7CwHTXxQ8Hiviqp6fiy4Bsf5tjILi0vLK9nV3Nr6xuaWvb1T1VGiKKvQSESq7hPNBA9ZBTgIVo8VI9IXrOb3rkd+7YEpzaPwDgYxa0rSCXnAKQEjtew9r0OkJF6fX55i7xh7wPqQBnJ4X2zZeafgjIHniTsleTRFuWV/ee2IJpKFQAXRuuE6MTRTooBTwYY5L9EsJrRHOqxhaEgk0810/MMQHxqljYNImQoBj9XfEymRWg+kbzolga6e9Ubif14jgeCimfIwToCFdLIoSASGCI8CwW2uGAUxMIRQxc2tmHaJIhRMbDkTgjv78jypFgvuWcG5PcmXrqZxZNE+OkBHyEXnqIRuUBlVEEWP6Bm9ojfryXqx3q2PSWvGms7soj+wPn8A3K+XBg==</latexit>

�⇠ = 5 fm2
<latexit sha1_base64="s/LVol9HOAfvfQ0DM9V/ZR23CZs=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4kJIUUTdC0Y3LCvYBTSyT6aQdOpOEmRtpCQU3/oobF4q49Sfc+TdOHwttPXDhcM693HtPkAiuwXG+rYXFpeWV1dxafn1jc2vb3tmt6ThVlFVpLGLVCIhmgkesChwEaySKERkIVg961yO//sCU5nF0B4OE+ZJ0Ih5ySsBILXvf6xApidfnl9j1TrAHrA9ZKIf3pZZdcIrOGHieuFNSQFNUWvaX145pKlkEVBCtm66TgJ8RBZwKNsx7qWYJoT3SYU1DIyKZ9rPxD0N8ZJQ2DmNlKgI8Vn9PZERqPZCB6ZQEunrWG4n/ec0Uwgs/41GSAovoZFGYCgwxHgWC21wxCmJgCKGKm1sx7RJFKJjY8iYEd/bleVIrFd2zonN7WihfTePIoQN0iI6Ri85RGd2gCqoiih7RM3pFb9aT9WK9Wx+T1gVrOrOH/sD6/AHWUpcC</latexit>

�⇠ = 1 fm2

• Suppression of the peak in a dynamical scenario depends strongly on the relaxation rate


• The memory effects are retained for a much longer time well past the fireball’s exit from the critical region.
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 Sogabe and Yin, 21

Hydro+ Freeze-out window

<latexit sha1_base64="mLCDh8m9tnOOtaZnnMMqA2wh+6E=">AAACA3icbVDLSgNBEJyNrxhfUW96GQyCB112JagXIejFYwTzgOwaZiezyZDZhzO9YlgCXvwVLx4U8epPePNvnCR70MSChqKqm+4uLxZcgWV9G7m5+YXFpfxyYWV1bX2juLlVV1EiKavRSESy6RHFBA9ZDTgI1owlI4EnWMPrX478xj2TikfhDQxi5gakG3KfUwJaahd37vA5tsxyGTuH2AH2AKkfDG/TI3vYLpYs0xoDzxI7IyWUodoufjmdiCYBC4EKolTLtmJwUyKBU8GGBSdRLCa0T7qspWlIAqbcdPzDEO9rpYP9SOoKAY/V3xMpCZQaBJ7uDAj01LQ3Ev/zWgn4Z27KwzgBFtLJIj8RGCI8CgR3uGQUxEATQiXXt2LaI5JQ0LEVdAj29MuzpH5s2iemdV0uVS6yOPJoF+2hA2SjU1RBV6iKaoiiR/SMXtGb8WS8GO/Gx6Q1Z2Qz2+gPjM8f6tWV0A==</latexit>

q = 0.44 fm�1

<latexit sha1_base64="3Li0uJcm5gXs+8M8U75r9M1Qldo="></latexit>

@tW2 = �2�q2 (W2 �W eq
2 )

Low q modes dominate the contribution to freeze-out due to thermal smearing 
<latexit sha1_base64="rFvCfslCTK3gvAKpQQmWeN9Bbyk=">AAACEnicbVBNS8NAEN34bf2KevSyWAQFLYmIeix68ahgVWhq2GwndnE3ibuTYgn5DV78K148KOLVkzf/jdvag18PBh7vzTAzL8qkMOh5H87I6Nj4xOTUdGVmdm5+wV1cOjNprjk0eCpTfRExA1Ik0ECBEi4yDUxFEs6j68O+f94FbUSanGIvg5ZiV4mIBWdopdDduKGBEYqud8MiQLjFAjugFZNlGWwGyPIw3rgstvyShm7Vq3kD0L/EH5IqGeI4dN+DdspzBQlyyYxp+l6GrYJpFFxCWQlyAxnj1+wKmpYmTIFpFYOXSrpmlTaNU20rQTpQv08UTBnTU5HtVAw75rfXF//zmjnG+61CJFmOkPCvRXEuKaa0nw9tCw0cZc8SxrWwt1LeYZpxtClWbAj+75f/krPtmr9b8052qvWDYRxTZIWsknXikz1SJ0fkmDQIJ3fkgTyRZ+feeXRenNev1hFnOLNMfsB5+wTOUJ2L</latexit>

q ⇠ (vthermal ⌧f )
�1



Suppression due to baryon number and energy 
conservation : Effect on low Q modes
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ΔT = 10 MeV

• Low q modes are suppressed more due to effects of charge and energy conservation - Relaxation rate 


• Low q modes dominate the contribution to freeze-out due to thermal smearing -


• We are working on implementing freeze-out by Taylor expansion of W_n in q^2 

<latexit sha1_base64="3+hdZtr//S+X4HKyXoKpSWk8J74=">AAAB8XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbRD0WvXisYD+wXUs2zbahSXZNskJZ+i+8eFDEq//Gm//GtN2Dtj4YeLw3w8y8MOFMG8/7dgorq2vrG8XN0tb2zu6eu3/Q1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXU/91hNVmsXyzowTGgg8kCxiBBsr3Xc1E+jxIatOem7Zq3gzoGXi56QMOeo996vbj0kqqDSEY607vpeYIMPKMMLppNRNNU0wGeEB7VgqsaA6yGYXT9CJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66QmugwyJpPUUEnmi6KUIxOj6fuozxQlho8twUQxeysiQ6wwMTakkg3BX3x5mTSrFf+84t2elWtXeRxFOIJjOAUfLqAGN1CHBhCQ8Ayv8OZo58V5dz7mrQUnnzmEP3A+fwA7k5Ch</latexit>

⇠ q2

<latexit sha1_base64="rFvCfslCTK3gvAKpQQmWeN9Bbyk=">AAACEnicbVBNS8NAEN34bf2KevSyWAQFLYmIeix68ahgVWhq2GwndnE3ibuTYgn5DV78K148KOLVkzf/jdvag18PBh7vzTAzL8qkMOh5H87I6Nj4xOTUdGVmdm5+wV1cOjNprjk0eCpTfRExA1Ik0ECBEi4yDUxFEs6j68O+f94FbUSanGIvg5ZiV4mIBWdopdDduKGBEYqud8MiQLjFAjugFZNlGWwGyPIw3rgstvyShm7Vq3kD0L/EH5IqGeI4dN+DdspzBQlyyYxp+l6GrYJpFFxCWQlyAxnj1+wKmpYmTIFpFYOXSrpmlTaNU20rQTpQv08UTBnTU5HtVAw75rfXF//zmjnG+61CJFmOkPCvRXEuKaa0nw9tCw0cZc8SxrWwt1LeYZpxtClWbAj+75f/krPtmr9b8052qvWDYRxTZIWsknXikz1SJ0fkmDQIJ3fkgTyRZ+feeXRenNev1hFnOLNMfsB5+wTOUJ2L</latexit>

q ⇠ (vthermal ⌧f )
�1

Snapshot at freeze-out
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�⇠ = 5 fm2
<latexit sha1_base64="xj8PrOxAzPSzBVmMt855U1Wz8b0=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAbBg4SZ4HYRgl48RjALZGLo6fQkTbpnhu4aSRgCXvwVLx4U8epPePNv7CwHTXxQ8Hiviqp6fiy4Bsf5tjILi0vLK9nV3Nr6xuaWvb1T1VGiKKvQSESq7hPNBA9ZBTgIVo8VI9IXrOb3rkd+7YEpzaPwDgYxa0rSCXnAKQEjtew9r0OkJF6fX55i7xh7wPqQBnJ4X2zZeafgjIHniTsleTRFuWV/ee2IJpKFQAXRuuE6MTRTooBTwYY5L9EsJrRHOqxhaEgk0810/MMQHxqljYNImQoBj9XfEymRWg+kbzolga6e9Ubif14jgeCimfIwToCFdLIoSASGCI8CwW2uGAUxMIRQxc2tmHaJIhRMbDkTgjv78jypFgvuWcG5PcmXrqZxZNE+OkBHyEXnqIRuUBlVEEWP6Bm9ojfryXqx3q2PSWvGms7soj+wPn8A3K+XBg==</latexit>

�⇠ = 5 fm2

<latexit sha1_base64="0V/WrIar2epEKHaJ3MAJHUtfY5U=">AAACBXicbVA9SwNBEN3zM8avU0stFoNgIeFORG2EoBY2QoR8Qe4Ie5tJsmTvg905MRxpbPwrNhaK2Pof7Pw33iUpNPHBwOO9GWbmeZEUGi3r25ibX1hcWs6t5FfX1jc2za3tmg5jxaHKQxmqhsc0SBFAFQVKaEQKmO9JqHv9q8yv34PSIgwqOIjA9Vk3EB3BGaZSy9xzrkEioxV6QW2LOkcOwgMmt1Ab0nzLLFhFawQ6S+wJKZAJyi3zy2mHPPYhQC6Z1k3bitBNmELBJQzzTqwhYrzPutBMacB80G4y+mJID1KlTTuhSitAOlJ/TyTM13rge2mnz7Cnp71M/M9rxtg5dxMRRDFCwMeLOrGkGNIsEtoWCjjKQUoYVyK9lfIeU4xjGlwWgj398iypHRft06J1d1IoXU7iyJFdsk8OiU3OSInckDKpEk4eyTN5JW/Gk/FivBsf49Y5YzKzQ/7A+PwB+HWWUw==</latexit>

�T = 10MeV

<latexit sha1_base64="ZRtOAev/O/6fQb5FuIe5rPx6JB0=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoPgQcKMuF2EoB68CBGyQWYIPZ1K0qRnobtGDEMOXvwVLx4U8epHePNvnCwHTXxQ8Hiviqp6XiSFRsv6NjILi0vLK9nV3Nr6xuaWub1T02GsOFR5KEPV8JgGKQKookAJjUgB8z0Jda9/NfLr96C0CIMKDiJwfdYNREdwhqnUMvPONUhktEIv6Al1Dh2EB0xuoTakuZZZsIrWGHSe2FNSIFOUW+aX0w557EOAXDKtm7YVoZswhYJLGOacWEPEeJ91oZnSgPmg3WT8xJDup0qbdkKVVoB0rP6eSJiv9cD30k6fYU/PeiPxP68ZY+fcTUQQxQgBnyzqxJJiSEeJ0LZQwFEOUsK4EumtlPeYYhzT3EYh2LMvz5PaUdE+LVp3x4XS5TSOLMmTPXJAbHJGSuSGlEmVcPJInskreTOejBfj3fiYtGaM6cwu+QPj8weKkpYd</latexit>

�T = 5MeV



Interplay of various factors which control the magnitude of 
correlation functions of hydrodynamic densities at freeze-out

• Closer the freeze-out location to CP, lesser is the time for fluctuations to grow     Slower relaxation 
rate and freeze-out being further away from CP

Δ T = 5 MeV

Δ T = 10 MeV
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9 )

γ ξ = 1 fm2

γ = 2 fm

γ ξ = 5 fm2
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9 )

<latexit sha1_base64="mLCDh8m9tnOOtaZnnMMqA2wh+6E=">AAACA3icbVDLSgNBEJyNrxhfUW96GQyCB112JagXIejFYwTzgOwaZiezyZDZhzO9YlgCXvwVLx4U8epPePNvnCR70MSChqKqm+4uLxZcgWV9G7m5+YXFpfxyYWV1bX2juLlVV1EiKavRSESy6RHFBA9ZDTgI1owlI4EnWMPrX478xj2TikfhDQxi5gakG3KfUwJaahd37vA5tsxyGTuH2AH2AKkfDG/TI3vYLpYs0xoDzxI7IyWUodoufjmdiCYBC4EKolTLtmJwUyKBU8GGBSdRLCa0T7qspWlIAqbcdPzDEO9rpYP9SOoKAY/V3xMpCZQaBJ7uDAj01LQ3Ev/zWgn4Z27KwzgBFtLJIj8RGCI8CgR3uGQUxEATQiXXt2LaI5JQ0LEVdAj29MuzpH5s2iemdV0uVS6yOPJoF+2hA2SjU1RBV6iKaoiiR/SMXtGb8WS8GO/Gx6Q1Z2Qz2+gPjM8f6tWV0A==</latexit>

q = 0.44 fm�1

<latexit sha1_base64="sPA4rRNNhXUkK+bHE+XbP3uzSUI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0s4m7m0Ip/RFePCji1d/jzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoLvNbY1Sax/LRTBL0IzqQPOSMGiu1uviU8nGpV664VXcOskq8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGn1JlOBM4K3VTjQllIzrAjqWSRqj96fzcGTmzSp+EsbIlDZmrvyemNNJ6EgW2M6JmqJe9TPzP66QmvPGnXCapQckWi8JUEBOT7HfS5wqZERNLKFPc3krYkCrKjE0oC8FbfnmVNC+q3lXVfbis1G7zOIpwAqdwDh5cQw3uoQ4NYDCCZ3iFNydxXpx352PRWnDymWP4A+fzB/p9j1U=</latexit>⌘

<latexit sha1_base64="p5UhQ59p041toAFmUEPpJVI6xf0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQkpSfG2EohuXFewDmlom00k7dCYJMzfSErpy46+4caGIW7/BnX9j0mahrQcuHM65l3vvcUPBNVjWt5FbWFxaXsmvFtbWNza3zO2dug4iRVmNBiJQTZdoJrjPasBBsGaoGJGuYA13cJ36jQemNA/8OxiFrC1Jz+cepwQSqWPuOz0iJcHOkONLfOocYwfYEGJPju/LhY5ZtErWBHie2BkpogzVjvnldAMaSeYDFUTrlm2F0I6JAk4FGxecSLOQ0AHpsVZCfSKZbseTN8b4MFG62AtUUj7gifp7IiZS65F0k05JoK9nvVT8z2tF4F20Y+6HETCfThd5kcAQ4DQT3OWKURCjhBCqeHIrpn2iCIUkuTQEe/bleVIvl+yzknV7UqxcZXHk0R46QEfIRueogm5QFdUQRY/oGb2iN+PJeDHejY9pa87IZnbRHxifP9DDl24=</latexit>

�⇠ = 5 fm2
<latexit sha1_base64="0V/WrIar2epEKHaJ3MAJHUtfY5U=">AAACBXicbVA9SwNBEN3zM8avU0stFoNgIeFORG2EoBY2QoR8Qe4Ie5tJsmTvg905MRxpbPwrNhaK2Pof7Pw33iUpNPHBwOO9GWbmeZEUGi3r25ibX1hcWs6t5FfX1jc2za3tmg5jxaHKQxmqhsc0SBFAFQVKaEQKmO9JqHv9q8yv34PSIgwqOIjA9Vk3EB3BGaZSy9xzrkEioxV6QW2LOkcOwgMmt1Ab0nzLLFhFawQ6S+wJKZAJyi3zy2mHPPYhQC6Z1k3bitBNmELBJQzzTqwhYrzPutBMacB80G4y+mJID1KlTTuhSitAOlJ/TyTM13rge2mnz7Cnp71M/M9rxtg5dxMRRDFCwMeLOrGkGNIsEtoWCjjKQUoYVyK9lfIeU4xjGlwWgj398iypHRft06J1d1IoXU7iyJFdsk8OiU3OSInckDKpEk4eyTN5JW/Gk/FivBsf49Y5YzKzQ/7A+PwB+HWWUw==</latexit>

�T = 10MeV

<latexit sha1_base64="g+gI7X1ovt4CarNFvgtpk9ulQe0=">AAACBHicbVDLSgMxFM34rPU16rKbYBHqwjIjom6Eoi5cVugLOsOQSTNtaJIZkoxQhi7c+CtuXCji1o9w59+YtrPQ1gMXTs65l9x7woRRpR3n21paXlldWy9sFDe3tnd27b39lopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Gbitx+IVDQWDT1KiM9RX9CIYqSNFNgl75YwjWADXsFGEFU8ngb4GJ6YBw7sslN1poCLxM1JGeSoB/aX14txyonQmCGluq6TaD9DUlPMyLjopYokCA9Rn3QNFYgT5WfTI8bwyCg9GMXSlNBwqv6eyBBXasRD08mRHqh5byL+53VTHV36GRVJqonAs4+ilEEdw0kisEclwZqNDEFYUrMrxAMkEdYmt6IJwZ0/eZG0TqvuedW5PyvXrvM4CqAEDkEFuOAC1MAdqIMmwOARPINX8GY9WS/Wu/Uxa12y8pkD8AfW5w8xZJXi</latexit>

�T = Tf (µc)� Tc



Freeze-out of higher point fluctuations

<latexit sha1_base64="0GJMHuLH1OnpQsBbNy8tLaCzNac="></latexit>

b�GAB... = b�Hab...(H̄
�1

PḠ)aA(H̄
�1

PḠ)bB . . . ,

General freeze-out prescription (linearized)

Irreducible relative 
cumulants (IRCs)

For general non-
linear freeze-out 

prescription, refer 
MP, Stephanov, 22

<latexit sha1_base64="D4SOY6PnJBw3kAB4snyqC6zEVJQ=">AAACG3icbVDLSsNAFJ3UV42vqEs3wSK4KkkRdSO0unFZwT6gqWEyvW2HTiZxZiKWkP9w46+4caGIK8GFf+P0gWjrgRkO59zLvfcEMaNSOc6XkVtYXFpeya+aa+sbm1vW9k5dRokgUCMRi0QzwBIY5VBTVDFoxgJwGDBoBIOLkd+4AyFpxK/VMIZ2iHucdinBSku+Var6aSU78wLoUZ4GIVaC3mdmfJN6YZL5Fc8zb/UPvPNj+lbBKTpj2PPEnZICmqLqWx9eJyJJCFwRhqVsuU6s2ikWihIGmeklEmJMBrgHLU05DkG20/FtmX2glY7djYR+XNlj9XdHikMph2GgK/V+fTnrjcT/vFaiuqftlPI4UcDJZFA3YbaK7FFQdocKIIoNNcFEUL2rTfpYYKJ0nKYOwZ09eZ7US0X3uOhcHRXK59M48mgP7aND5KITVEaXqIpqiKAH9IRe0KvxaDwbb8b7pDRnTHt20R8Yn98iBKIc</latexit>

PA =


pµA
qA

�

In the hydrodynamic limit, when the Knudsen number is small :

Polynomial in P_{A} 
expressible in terms 
of quantities known 

from EoS



Application : Freeze-out near the critical point

Near the CP : Critical slowing down -> Relaxation to 
equilibrium is infinitely slow.

The fluctuations of  which relaxes parametrically as 
 is the slowest non-hydrodynamic mode

̂s ≡ s/n
Γ ∼ ξ−3

Focus on a regime where only correlations of    are out of 
equilibrium - Hydro+

<latexit sha1_base64="J51M/asLXRNL4xoj+mqe6/wev6g=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp0x9TzMxsUK25dXcOskq8gtSgQHNQ/eoPY5ZGXCGT1Jie5yboZ1SjYJLPKv3U8ISyCR3xnqWKRtz42fzcGTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbKXi/95vRTDGz8TKkmRK7ZYFKaSYEzy38lQaM5QTi2hTAt7K2FjqilDm1DFhuAtv7xK2hd176ruPlzWGrdFHGU4gVM4Bw+uoQH30IQWMJjAM7zCm5M4L86787FoLTnFzDH8gfP5A6pJj8k=</latexit>

ŝ



Application to Hydro+

where there is only one mode which is singular and out of equilibrium:

Applying maximum-entropy freeze-out to a Hydro+ simulation

<latexit sha1_base64="GgRZdqKKriBMxrD1uV6xZeG2rUY="></latexit>

�GAB =

✓
nc

c̄pTc

◆2 
EA � wc

nc
qA

� 
EB � wc

nc
qB

�
fAfB� h�ŝ�ŝi

Baryon density and 
enthalpy at the 
critical point

<latexit sha1_base64="i/rENr2uUeATd4i4HAFmcXGvw3Q=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XxVBIR9Vj04rGC/YAmhM120y7dbMLuRC2h/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1tLyyuraemmjvLm1vbNr7+23dJIpypo0EYnqhEQzwSVrAgfBOqliJA4Fa4fD64nfvmdK80TewShlfkz6kkecEjBSYFdkQLEH7BFy7B3jMX4IaGBXnZozBV4kbkGqqEAjsL+8XkKzmEmggmjddZ0U/Jwo4FSwcdnLNEsJHZI+6xoqScy0n0+PH+Mjo/RwlChTEvBU/T2Rk1jrURyazpjAQM97E/E/r5tBdOnnXKYZMElni6JMYEjwJAnc44pRECNDCFXc3IrpgChCweRVNiG48y8vktZpzT2vObdn1fpVEUcJHaBDdIJcdIHq6AY1UBNRNELP6BW9WU/Wi/Vufcxal6xipoL+wPr8AWCsk/I=</latexit>

nc & wc

<latexit sha1_base64="WMtkgr1vqYQhLBcvciYQQmGAPj8=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae2oUy2m3bpZhN2N0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKj70AVUan/YT0yxW36s5BVomXkwrkaPTLX71BTNOISUMFat313MT4GSrDqWDTUi/VLEE6xiHrWioxYtrP5hdPyZlVBiSMlS1pyFz9PZFhpPUkCmxnhGakl72Z+J/XTU147WdcJqlhki4WhakgJiaz98mAK0aNmFiCVHF7K6EjVEiNDalkQ/CWX14lrYuqV6u695eV+k0eRxFO4BTOwYMrqMMdNKAJFCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8faNeQvg==</latexit>

c̄p Specific heat of HRG 
in equilibrium

Now, we compare this to a previously used freeze-out prescription for critical fluctuations

<latexit sha1_base64="sanNqVsEZTkE5h2bEN2h8IG5i9g="></latexit>

�GAB = b�Hab(H̄
�1

PḠ)aA(H̄
�1

PḠ)bB
<latexit sha1_base64="rLJ6nLOYkRYa8Bu7UgdEq7lH5kQ="></latexit>

b�Hŝŝ = � h�ŝ�ŝi , b�Hpp = b�Hpŝ = b�Hpuµ = b�Hŝuµ = b�Hu⌫uµ = 0



Freeze-out prescription based on EFT near critical 
point

<latexit sha1_base64="1zYmY9w3AVT9GASpa7ixtanh6CQ=">AAACBHicbVDJSgNBEO1xjXGLesylMQiCEGZE1INI1IvHCGaBzDD0dGqSJj0L3TVCCDl48Ve8eFDEqx/hzb+xsxw08UHB470qquoFqRQabfvbWlhcWl5Zza3l1zc2t7YLO7t1nWSKQ40nMlHNgGmQIoYaCpTQTBWwKJDQCHo3I7/xAEqLJL7HfgpexDqxCAVnaCS/UHQlhHgR+leuEp0uXh65bZDIqFH8Qsku22PQeeJMSYlMUfULX2474VkEMXLJtG45doregCkUXMIw72YaUsZ7rAMtQ2MWgfYG4yeG9MAobRomylSMdKz+nhiwSOt+FJjOiGFXz3oj8T+vlWF47g1EnGYIMZ8sCjNJMaGjRGhbKOAo+4YwroS5lfIuU4yjyS1vQnBmX54n9eOyc1q2705KletpHDlSJPvkkDjkjFTILamSGuHkkTyTV/JmPVkv1rv1MWldsKYze+QPrM8fqueXdg==</latexit>

hfAi+ �fA

 We incorporate the effects of critical fluctuations via the modification of 
particle masses due to their interaction with the critical sigma field 

Fluctuating particle distribution function

<latexit sha1_base64="qYapE6KB00GAtQEMaBi4ln/ZylU=">AAACBXicbZC7TsMwFIYdrqXcAowwWFRITFWCEDAWWBiLRC9SW0UnjpNatZPIdhBV1YWFV2FhACFW3oGNt8FpM0DLL1n69J9zdHx+P+VMacf5thYWl5ZXVktr5fWNza1te2e3qZJMEtogCU9k2wdFOYtpQzPNaTuVFITPacsfXOf11j2ViiXxnR6mtCcgilnICGhjefZBN6BcAxbeZRfSVCYPODKoWCSg7NkVp+pMhOfBLaCCCtU9+6sbJCQTNNaEg1Id10l1bwRSM8LpuNzNFE2BDCCiHYMxCKp6o8kVY3xknACHiTQv1nji/p4YgVBqKHzTKUD31WwtN/+rdTIdXvRGLE4zTWMyXRRmHOsE55HggElKNB8aACKZ+SsmfZBAtAkuD8GdPXkemidV96zq3J5WaldFHCW0jw7RMXLROaqhG1RHDUTQI3pGr+jNerJerHfrY9q6YBUze+iPrM8fgtKX7w==</latexit>

�mA ⇡ gA�

<latexit sha1_base64="7f0XYTNW/DCMESd0kiPS4vK6DoA="></latexit>

fA = hfAi+ gA
@ hfAi
@mA

�

MP, Rajagopal, Stephanov, Yin, 22

<latexit sha1_base64="a22O/d9C4f5MMgYJb2+r9whERk4="></latexit>

h�i = 0, h�(x+)�(x�)i = Z�1 h�ŝ(x+)�ŝ(x�)i

Stephanov, Rajagopal, Shuryak, 1999

Fluctuating particle 
distribution function



Freeze-out of Gaussian fluctuations near the 
critical point

<latexit sha1_base64="E3uX+zBWKWBkThDKNS6L2+MdagY="></latexit>

� h�NA�NBi� = dA dB

Z
DpA

Z
DpB

Z
(dS · pA)

Z
(dS · pB)�GAB

<latexit sha1_base64="p1n3H3q8DPjcdDwf5XQ3cLiY32o="></latexit>

�GAB ⌘ h�fA�fBi =
gAgB
ZT 2

mA

EA

mB

EB
fAfB h�ŝ�ŝi

<latexit sha1_base64="ZAPS4MEPTSOXWYGY7GL3yAXNi5Q="></latexit>

h�NA�NBi = hNAi �AB +� h�NA�NBi�

Poisson (or more generally, baseline) contribution

Deviations from baseline 
(critical+dynamical effects)

MP, Rajagopal, Stephanov, Yin, 22

Unknowns!



<latexit sha1_base64="UglzjE/xCJhHuPbbkMv6TBl0Prw="></latexit>

�GAB =
gAgB
ZT 2

mA

EA

mB

EB
fAfB� h�ŝ�ŝi

Agrees with the prescription obtained using the EFT with sigma field:

if g_As have a specific energy dependence 

Maximum-entropy freeze-out 
<latexit sha1_base64="GgRZdqKKriBMxrD1uV6xZeG2rUY="></latexit>

�GAB =

✓
nc

c̄pTc

◆2 
EA � wc

nc
qA

� 
EB � wc

nc
qB

�
fAfB� h�ŝ�ŝi



Hydrodynamic fluctuations                                      MAXIMUM ENTROPY 
FREEZE-OUT  Cumulants of particle multiplicities

Mixed correlations between event by event multiplicities of pions and low energy protons can become negative near CP.

<latexit sha1_base64="EzwZUdZDa+Gp8aERwuCK0OcCSKQ="></latexit>

�Gp⇡ ⇡
✓

nc

c̄pTc

◆2

< 0z }| {
�wc

nc

�
E⇡fpf⇡� h�ŝ�ŝi < 0

ME freeze-out is currently being employed to make estimates for cumulants of particle multiplicities in simplified settings.

MP,Stephanov, 22


