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1. Introduction

Space-time evolution of Heavy Ion Collisions

Description of
space-time evolution by

“Relativistic hydrodynamics”

Fluctuation Dissipation Relation (FDR)
Dissipation (viscosity) and fluctuations
are always accompanied.
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Evolution of relativistic hydrodynamic models 

2. Formalisms
Perturbative expansion around the Bjorken’s solution
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� →� � + � � � , � etc. � : energy density,
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� = � − � : proper time
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Small deviations

Energy-momentum conservation

Causal constitutive equations
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Fluctuations

Balance equation for Fluctuation (1st order perturbation)
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Perturbative expansion � : relaxation time
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New

J. D. Bjorken, Phys. Rev. D 27, 140 (1983)

Balance equation for Background (0th order perturbation)

Π: bulk pressure
for arbitrary constitutive equations for � and Π

� ≡� − � : shear stress

W. Israel and J. M. Stewart, Annals Phys. 118, 341 (1979)
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3. Results

Initial condition: � � = 1 fm = 10 GeV/fm , � � = 1 fm =
4�

3�
GeV/fm� � � = 1 fm = 0 GeV/fm ,

Space-time evolution of energy density

� + � � ⁄GeV fm

�
fm

�

Streak like structure appears

Distribution of energy density
is frozen and could carry the
information of the early stage.

Correlations of energy density fluctuations
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Behaviors of correlations are closely related with the 
properties of the medium.

Lattice EoS: A. Bazavov et al., Phys. Rev. D 90, 094503 (2014) 2-particle correlations
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Enhance the
correlations

Narrow the spread

Enhance the
correlations

Suppress the
correlations

Broaden the spread

Enhance the
correlations

Mass dependence Shear viscosity dependence

Relaxation time dependence EoS (sound velocity) dependence

4. Summary ・We developed a framework which deals with causal hydrodynamic fluctuations in 1-dimensional expanding system.

・We observed streak like structure through time evolution of energy density caused by a freeze of distribution.

・We found behaviors of correlations of thermodynamic variables and particles are closely related with the properties of the medium.

・Heavier hadrons are good probes of correlations.

・Shear viscosity and relaxation time work oppositely.

・Correlations include the information of EoS.

Extract the properties of the medium from 2-particle correlations!

� : rapidity of particle 1

� : rapidity of particle 2
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perfect fluid behavior
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Representative research in 1-dimensional expanding system
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Introduction

QGP created in the HIC is successfully described by

“Relativistic Viscous Hydrodynamics”

Fluctuation Dissipation Relation (FDR)

Dissipation (viscosity) and fluctuations
are always accompanied.

𝜉𝜋
𝜇𝜈

𝑥 𝜉𝜋
𝛼𝛽

𝑥′ = 4𝜂𝑇𝛿4 𝑥 − 𝑥′ Δ𝜇𝜈𝛼𝛽

Ex.) FDR for shear stress tensor

𝜉𝜋
𝜇𝜈

: fluctuation 𝜂: viscosity

To see the effect of hydrodynamic fluctuations on observables

Purpose



Formalism

Perturbative expansion around the Bjorken’s solution

𝑢𝜇 → cosh 𝜂𝑠 + 𝛿𝑦 𝜏, 𝜂𝑠 , 0, 0, sinh 𝜂𝑠 + 𝛿𝑦 𝜏, 𝜂𝑠

𝑒 → 𝑒0 𝜏 + 𝛿𝑒 𝜏, 𝜂𝑠 etc.
𝑒: energy density

𝜂𝑠 =
1

2
ln

𝑡+𝑧

𝑡−𝑧
: coordinate rapidity

𝜏 = 𝑡2 − 𝑧2: proper time

𝑢Bj
𝜇
= cosh 𝜂𝑠, 0, 0, sinh 𝜂𝑠

Small deviations

Energy-momentum conservation
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+
1

𝜏

𝜕

𝜕𝜂𝑠

𝛿𝑦 𝑤0 + Π0 − 𝜋0
𝛿𝑝 + 𝛿Π − 𝛿𝜋

+
1

𝜏

𝛿𝑤 + 𝛿Π − 𝛿𝜋
2𝛿𝑦 𝑤0 + Π0 − 𝜋0

= 0

𝑑

𝑑𝜏
𝑒0 +

1

𝜏
𝑤0 + Π0 − 𝜋0 = 0

𝑤 = 𝑒 + 𝑝: enthalpy density 𝑝: hydrostatic pressure

Background

Fluctuation

(Bjorken equation)

Π: bulk pressure𝜋 ≡ 𝜋00 − 𝜋33: shear stress

J. D. Bjorken, Phys. Rev. D 27, 140 (1983)

W. Israel and J. M. Stewart, Annals Phys. 118, 341 (1979)



Formalism

Perturbative expansion around the Bjorken’s solution

𝑢𝜇 → cosh 𝜂𝑠 + 𝛿𝑦 𝜏, 𝜂𝑠 , 0, 0, sinh 𝜂𝑠 + 𝛿𝑦 𝜏, 𝜂𝑠

𝑒 → 𝑒0 𝜏 + 𝛿𝑒 𝜏, 𝜂𝑠 etc.
𝑒: energy density

𝜂𝑠 =
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2
ln
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𝑢Bj
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= cosh 𝜂𝑠, 0, 0, sinh 𝜂𝑠

Small deviations

Energy-momentum conservation
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+
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𝑒0 +

1

𝜏
𝑤0 + Π0 − 𝜋0 = 0

𝑤 = 𝑒 + 𝑝: enthalpy density 𝑝: hydrostatic pressure

Background

Fluctuation

(Bjorken equation)

Π: bulk pressure𝜋 ≡ 𝜋00 − 𝜋33: shear stress

Causal constitutive equations + noise

Background

Fluctuation

J. D. Bjorken, Phys. Rev. D 27, 140 (1983)

W. Israel and J. M. Stewart, Annals Phys. 118, 341 (1979)

1 + 𝜏𝜋0
𝑑

𝑑𝜏
𝜋0 =

4𝜂0
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𝛿𝜋 = −

𝛿𝜏𝜋
𝜏𝜋0

4𝜂0
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− 𝜋0 +
4𝜂0
3𝜏

𝜕

𝜕𝜂𝑠
𝛿𝑦 +

4𝛿𝜂

3𝜏
+ 𝝃𝝅

noise term

𝜏𝜋: relaxation time

𝜂: shear viscosity



Results

Space-time evolution of energy density
Initial conditions: 𝑒0 𝜏 = 1 fm = 10 GeV/fm3, 𝜋0 𝜏 = 1 fm =

4𝜂

3𝜏
GeV/fm3

𝛿𝑒 𝜏 = 1 fm = 0 GeV/fm3,

Distribution is frozen Carry the information of early stage

𝑒0 + 𝛿𝑒 ΤGeV fm3

𝜂𝑠

𝜏
fm



Results

2 particle correlations

Mass dependence

Enhance

Narrow

Heavier hadrons are good probes of correlations
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𝑌1: rapidity of particle 1
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Results

2 particle correlations
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EoS (sound velocity) dependence

Enhance

Broaden

Correlations include information of EoS

𝑌1: rapidity of particle 1

𝑌2: rapidity of particle 2

Lattice EoS: A. Bazavov et al., Phys. Rev. D 90, 094503 (2014)



Results

2 particle correlations

Shear viscosity dependence

Enhance

൙
𝑑
𝑁

𝑑
𝑌 1

𝑑
𝑁

𝑑
𝑌 2

𝑑
𝑁

𝑑
𝑌 1

𝑑
𝑁

𝑑
𝑌 2

Viscosity → Enhance

𝑌1: rapidity of particle 1

𝑌2: rapidity of particle 2



Results

2 particle correlations
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Viscosity → Enhance Relaxation time → Suppress

Relaxation time dependence

𝑌1: rapidity of particle 1

𝑌2: rapidity of particle 2



Results

2 particle correlations
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Shear viscosity dependence

Enhance
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𝑑
𝑁

𝑑
𝑌 2

Suppress

Relaxation time dependence

𝑌1: rapidity of particle 1

𝑌2: rapidity of particle 2

Hydrodynamic fluctuations provide a multidimensional analysis

New framework of causal hydrodynamic fluctuations in (1+1)D system

Summary


