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Abstract. We construct the general theory of first-order relativistic hydrody-
namics for a fluid exhibiting a chiral anomaly, including all possible viscous
terms allowed by symmetry. Using standard techniques, we compute the neces-
sary and sufficient conditions for this theory to be relativistically causal in the
nonlinear regime and for thermal equilibria to be linearly stable. This is the first
theory of first-order chiral hydrodynamics suitable for numerical simulations.

1 Introduction

Hydrodynamics is an effective description of many-body systems in the long-wavelength,
long-time limit. An important topic of current research in the field is the extension of hy-
drodynamic theories to include quantum effects from the underlying theory describing in-
teractions among the microscopic constituents. A prime example is chiral hydrodynamics,
which incorporates the effect of quantum anomalies in the macroscopic fluid description [1–
5]. Theoretical, numerical, and experimental work is underway to estimate the strength of
signatures of anomalous effects in the quark-gluon plasma (QGP) formed in heavy-ion colli-
sions [6]. Experimental evidence of anomalous phenomena in the QGP would shed light on
CP-violation and the structure of the QCD vacuum [7].

Due to the importance of viscous effects in the QGP, it is crucial to formulate a the-
ory of viscous chiral hydrodynamics to study and simulate effects associated with quantum
anomalies. However, strikingly, some of the previously developed theories are unsuitable for
numerical simulation even in the ideal case [8]. Indeed, they are incompatible with two fun-
damental principles from relativity and thermodynamics—they violate relativistic causality,
i.e., they support faster-than-light signal propagation, and they unphysically predict catas-
trophic instabilities of thermal equilibrium states. Some such theories do not even have a
well-posed initial value problem; namely, they do not admit unique solutions for arbitrary
initial data [8].

A systematic effective field theory approach to relativistic hydrodynamics known as the
BDNK method has recently been developed [9–13]. In the BDNK method, all possible first-
order terms allowed by symmetry are included in the constitutive relations of the hydro-
dynamic currents. Conditions for causality and stability are then established, constraining
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the physically permissible values of the various transport parameters. We apply the BDNK
method to construct the first causal and stable formulation of viscous chiral hydrodynamics
incorporating the chiral anomaly [14]. This enables, for the first time, consistent numerical
simulations of chiral transport effects throughout the hydrodynamic evolution of the QGP.

2 First-order chiral hydrodynamics

We assume that the chirally anomalous fluid is characterized by an axial current Jµ5 associated
with an anomalous U(1)A symmetry, as well as the energy-momentum tensor T µν. For sim-
plicity, we neglect any conserved vector U(1)V currents, e.g., baryon density, and we couple
the fluid to an artificial background U(1)A gauge field1. The equations of motion are then

∂µT µν = FνλJ5λ and ∂µJ
µ
5 = CEµBµ, (1)

where C is the chiral anomaly coefficient and Eµ = Fµνuν and Bµ = 1
2 ϵ
µαβγuαFβγ are external

“electric and magnetic fields” associated with the U(1)A gauge field with field strength Fµν.
We take the dynamical fields describing the fluid to be energy density ε, axial charge density
n5, and flow velocity uµ, and express Jµ5 and T µν with the most general symmetry-allowed
terms up to first order in derivatives [14]. The constitutive relations are thus given by

T µν = Euµuν + P∆µν + Qµuν + Qνuµ + T µν, (2a)
Jµ5 = Nuµ +Jµ, (2b)

where

E = ε + ε̃1Dε + ε2∇λuλ + ε̃3Dn5, (3a)

P = P + π̃1Dε + π2∇λuλ + π̃3Dn5, (3b)

N = n5 + ν̃1Dε + ν2∇λuλ + ν̃3Dn5, (3c)
Qµ = θ̃1∇

µ
⊥ε + θ2Duµ + θ̃3∇

µ
⊥n5 + θE Eµ + θBBµ + θωωµ, (3d)

Jµ = γ̃1∇
µ
⊥ε + γ2Duµ + γ̃3∇

µ
⊥n5 + γE Eµ + γBBµ + γωωµ, (3e)

T µν = −2ησµν. (3f)

Here ε, P, and n5 are the equilibrium energy density, pressure, and axial charge
density, uµ is the fluid velocity, ωµ = 1

2 ϵ
µαβσuα∂βuσ is the fluid vorticity,

σµν = (∆µα∇αuν + ∆να∇αuµ)/2 − ∆µν∇αuα/3 is the shear stress tensor, D = uµ∇µ,
∇
µ
⊥ = ∆

µν∇ν, and various transport parameters have been introduced. Note that the coeffi-
cients γB and γω encode the well-known chiral magnetic and chiral vortical effects, respec-
tively.

We then derive the necessary and sufficient conditions under which the equations of mo-
tion, obtained by inserting (2) into the conservation laws (1), are causal in the fully nonlinear
regime. We obtain these conditions using standard techniques from the theory of partial
differential equations tailored to the system’s characteristics [15]. The conditions are a col-
lection of inequalities among the transport parameters.

Remarkably, causality demands the heat diffusion term proportional to vorticity, i.e., θωωµ

in (3d), to vanish. To address this issue, we recall that the hydrodynamic fields ε, n5, and uµ

do not have first-principles definitions in out of equilibrium, but rather are effective fields
parameterizing the evolution of the observable fluxes T µν and Jµ. The choice used to define

1This is the so-called U(1)A model [2]. The more phenomenologically relevant U(1)A × U(1)V model, with the
electromagnetic U(1)V symmetry gauged instead, can be found in [14].



the hydrodynamic fields out of equilibrium is known as a choice of hydrodynamic frame (see,
e.g., [10]). We elect to make the frame transformation, or field redefinition, given by

uµ → uµ +
θω ω

µ

ε + P
. (4)

After inserting this transformation into (2) and (3) and retruncating to first order in derivatives,
we obtain a theory free of the problematic term. We note that this particular definition of uµ

requires departing from the thermodynamic frame introduced in Ref. [16]. Beyond this, only
a few specific combinations of the 20 transport parameters are required to determine causality.
These combinations are denoted by λi, i = 0, . . . , 3, in Fig. 1, and their explicit expressions
are given in [14].

Figure 1. The causal region of parameter space for first-order relativistic chiral hydrodynamics [14].
The λi are certain combinations of transport parameters, reported in full in [14]. Provided the charac-
teristic speed of shear waves η/θ2 is less than the speed of light and θω vanishes as discussed in the
main text, we find that each point within the green shaded region corresponds to a causal hydrodynamic
theory. In contrast, each point outside necessarily admits acausal solutions.

To study stability, we linearize the equations of motion around all homogeneous thermal
equilibrium states in zero external fields and perform a Fourier stability analysis to identify
the necessary and sufficient conditions for all perturbations to remain bounded over time. The
full set of conditions is reported in Ref. [14]. While significantly more complicated than the
conditions for causality, the stability conditions are again only a set of inequalities that can
be checked numerically given specific choices of the transport parameters’ functional forms.

Finally, we note that our analysis reduces to “ordinary” non-chiral BDNK upon setting
θB = θω = γB = γω = 0. Therefore, we have improved upon existing results for non-



chiral BDNK theory by providing the full necessary and sufficient conditions for causality
and stability. Previously, only sufficient conditions were available in an explicit form.

3 Conclusion

Following the BDNK method, we have written the most general first-order theory of viscous
chiral hydrodynamics and derived the necessary and sufficient conditions for it to be nonlin-
early causal and linearly stable. These conditions are expressed in terms of inequalities that
constrain the values of transport coefficients, which implies that only a specific set of hydro-
dynamic frames can be used. Within the allowed frames, it will be possible, for the first time,
to consistently simulate chiral effects throughout the hydrodynamic evolution of the GQP
produced in heavy-ion collisions, incorporating the dynamics of the axial and vector charge
currents on the same footing as the flow of energy and momentum.
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