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Abstract. The theoretical treatment of jet quenching lacks a full description
of the interplay between vacuum-like emissions, usually formulated in momen-
tum space, and medium induced ones that demand an interface with a space-
time picture of the expanding medium and thus must be formulated in position
space. In this work we build a toy Monte-Carlo parton shower ordered in for-
mation time, virtual mass, and opening angle, which are equivalent at leading
logarithmic accuracy. Aiming to explore a link with jet substructure, we com-
pute the Lund plane distributions for the different ordering prescriptions. Fur-
ther, we investigate the sensitivity of ordering prescriptions to medium effects
by counting the number of events eliminated by a decoherence condition.

1 Introduction
Ultra-relativistic heavy ion colliders, such as the Large Hadron Collider (LHC) and the Rel-
ativistic Heavy Ion Collider (RHIC) have unlocked the study of the Quark-Gluon Plasma
(QGP), a hot and dense nuclear medium characterised by color deconfinement. Studies of
this state of matter are made possible by the analysis of high-energy jets produced in the
collision. Compared to proton-proton collisions, their energy and substructure are modi-
fied through interactions with the medium [1], and the wide range of energy scales present
within a jet allows for the construction of jet quenching observables which might unlock a
space-time tomography of the QGP [2–4]. However, a theoretical description of jet-medium
interactions requires accounting for the interplay between vacuum-like and medium-induced
emissions [5], complicated by the fact that the former are formulated in momentum space
while the latter require an interface with a space-time picture of an evolving medium.

Aiming at such a description, this work explores three different formulations of a vacuum-
cascade at double-logarithmic accuracy, based on the resummed no-emission probability
computed from perturbative QCD, ordered in formation time, invariant mass, and opening
angle [6, 7]. The ambiguity inherent to this choice of ordering variable is reflected in the
shower kinematics [8] and can be understood as characterising the uncertainty of this ap-
proximation. We further explore the impact of these different formulations on jet-medium
interactions by implementing a simplified jet quenching model.
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2 Building differently ordered cascades
The scale evolution of a QCD cascade is generated by sampling the no-emission probability
between a previous scale sprev and the next scale s , given by the Sudakov form factor,

∆R(sprev, s) = exp
− αCR

π

∫ s

sprev

ds
s

∫
Γ(s)

dz
z

 , (1)

obtained by resumming the differential rate for resolvable emissions calculable in perturbative
QCD. This requires integrating over all possible emission scales s and splitting fractions z and
taking the leading logarithmic contribution for the splitting function, P̂(z) ≃ 2CR/z, where R
stands for the color representation of the emitter. The integration range in (1) is due to the
resolution criterion for the splittings, corresponding to a transverse momentum cutoff.

We use light-cone coordinates, in which the four-momenta are written pµ = (p+, p−, p),
such that p± = (p0±p3)/

√
2, and p stands for the transverse momentum components. In these

coordinates, the kinematic variables for a generic splitting pa → pb+pc are written prel = (1−
z) pb−z pc and z = p+b /p

+
a = 1−p+c /p

+
a where prel stands for the relative transverse momentum

of the daughter partons, and z is the light-cone momentum fraction of parton b. Based on
these definitions, we choose three different ordering variables, namely the inverse formation
time t−1

form, the invariant mass p2, and the (squared) opening angle ζ, defined respectively as

t−1
form =

|prel|
2

E z(1 − z)
, p2 =

|prel|
2

z(1 − z)
, ζ =

|prel|
2

[E z(1 − z)]2 , with E = p+a /
√

2 . (2)

We take the hadronisation condition as |prel| = Λ, allowing the shower to continue while
the inequality |prel|

2 > Λ2 is verified. This condition can be rewritten in terms of each ordering
variable, providing a regularisation of the soft divergence. In the case of formation time
ordering, for example, this condition is written

z(1 − z) >
Λ2/E
t−1
form

. (3)

Because the left-hand side of this inequality has an upper bound of 1/4 > z(1 − z), this
condition also provides the lower bound on the formation time, which we identify as the
hadronisation time t−1

form > 4Λ2/E. The starting condition of the shower is set by requiring an
upper bound on one of the ordering variables. A natural choice is that the formation time of
the first splitting must be larger than the time-scale of the hard scattering, set by the energy
of the first quark, t−1

form < E. We further impose an the angular restriction ζ < 4 in order to
ensure the consistency of the ζ distribution (among others) across ordering prescriptions.

The procedure to generate a parton cascade can be illustrated by considering formation
time ordered showers. One begins by generating a value for t−1

form from the no-emission prob-
ability in (1), along with a light-cone fraction z from the splitting function P̂(z) ∝ 1/z. From
the (t−1

form, z) pair, we compute the angular variable ζ and reject all splittings which do not obey
ζ < 4, continuing the sampling procedure. Parton splittings continue to be generated until the
inverse formation time reaches its lower bound given by the hadronisation condition.

In the remainder of this work we describe preliminary results for 106 parton cascades
sampled according to each of the three ordering prescriptions, initiated by a quark with light-
cone energy of Ejet = 1 GeV and a hadronisation cutoff of Λ = 1 GeV/c.

3 Lund Plane densities and trajectories
Lund diagrams [9] allow for a representation of of parton emissions as points in a plane
with coordinates

{
log10(|prel|/GeV/c), log10(1/z)

}
. Focusing on the first splitting in the par-

ton cascades, we represent the primary Lund plane in figure 1 (left) for time ordered cascades,



noting how large transverse momenta and small light cone fractions are favoured. A com-
parison between ordering prescriptions is enabled by considering the “trajectories” of the
quark splittings in this Lund plane, i.e the mean values of |prel| and z distributions for the first
five splittings along the quark branch. This is shown in figure 1 (right) for all three order-
ing prescriptions. We find an evolution towards increasing values of the light-cone fraction
(relative to the quark), consistend with the closing of phase-space predicted by equation (3),
although the specific trajectories vary with the ordering prescription. These results imply that
differently ordered cascades can differ significantly in their kinematics, resulting in a different
distribution of formation times, which may play a determining role in coupling the shower
evolution with a finite medium. In order to explore this possibility the next section presents a
simplified quenching model along with its impact on differently ordered cascades.
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Figure 1: (Left) First splitting Lund distribution for cascades ordered in formation time.
(Right) Lund trajectories for cascades ordered in formation time (orange), virtual mass
(green), and angle (purple).

4 A simple quenching model

We implement a simple quenching model by reducing the parton-medium interactions to a
simple condition, stating that a cascade is suppressed if, in any of its quark-initiated splittings
the relative transverse distance acquired by the daughters exceeds the inverse saturation scale
of the medium, Q−1

sat = (q̂L)−1/2, where the transport coefficient q̂ depends on the medium
density and L is the medium length. We further demand that only splittings inside the medium
can be modified, tform < L. These conditions are encoded in the quenching probability

Pquenching = Θ (L − tform) × Θ
(
rsplit − (q̂L)−1/2

)
, where rsplit =

1
|prel|

. (4)

We apply this model to cascades ordered according to each of the prescriptions, in two
different modes; either checking the conditions in (4) only against against the first emission
of the cascade, or against all splittings in the quark branch. The percentage of eliminated
events for both cases is displayed in figure 2 for three different sets of quenching parameters
(q̂, L). While we find significant differences between algorithms when applying the condition
to the first splitting, these diminish when the full quark branch is taken into account. These
results suggest that while the integrated energy loss of a parton cascade is not sensitive to the
ordering prescription at DLA accuracy, medium-induced effects over the first few splittings
might be affected by this choice. Compounded by lack of medium evolution in this simplified
model, these findings motivate the need for a theoretically consistent formalism to describe
the interface between a developing jet and an evolving medium.
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Figure 2: Percentage of quenched events for the three ordering variables, when the condition
is applied to the first splitting (full bars) or to the full quark branch (empty bars) for different
sets of quenching parameters.

5 Summary

In this work we developed a toy Monte Carlo for parton showers at double logarithmic ac-
curacy. The setup allows to consistently change between different ordering variables that
were chosen to be formation time, virtual mass and opening angle. The Lund plane densities
and trajectories for all three prescriptions were computed. Moreover, we applied a simplified
quenching model inspired by coherence effects in a finite size medium of constant density,
obtaining the percentage of suppressed events for different quenching scenarios. While this
quenching frequency seems independent of the the ordering prescription when the model is
applied to the full shower, significant differences remain when applying the model exclu-
sively to the first emission, highlighting the need for an interface between jet development
and medium evolution.
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