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Abstract. We simulate the space-time dynamics of high-energy collisions
based on a microscopic kinetic description, in order to determine the range of
applicability of an effective description in relativistic viscous hydrodynamics.
We find that hydrodynamics provides a quantitatively accurate description of
collective flow when the average inverse Reynolds number Re−1 is sufficiently
small and the early pre-equilibrium stage is properly accounted for. By de-
termining the breakdown of hydrodynamics as a function of system size and
energy, we find that it is quantitatively accurate in central lead-lead collisions
at LHC energies, but should not be used in typical proton-lead or proton-proton
collisions, where the development of collective flow cannot accurately be de-
scribed within hydrodynamics.

1 Introduction

The theoretical description of heavy ion collisions usually relies on hydrodynamics as one
of its main components. However, the applicability of hydrodynamics on nucleonic time-
and length-scales is unclear, as it requires a scale separation between microscopic degrees of
freedom and the system size as well as some degree of equilibration. The discovery of col-
lective flow in small systems [1] has led to attempts to describe even these in hydrodynamic
simulations, which calls for a critical examination of its validity.

Kinetic theory is a microscopic description that is applicable to dilute and far-from-
equilibrium systems and converges to hydrodynamics in the limit of high interaction rate
close to equilibrium. We investigate the accuracy of hydrodynamic results as a function of
evolution time and system size by comparing to kinetic theory on the basis of observables
related to transverse flow [2, 3].

2 Setup

We consider 2+1D simulations of the time evolution of an initial distribution with vanishing
transverse anisotropy. The initial energy density profile was obtained as an average of events
from the 30-40 % centrality class of Pb+Pb collisions at 5.02 TeV (see [4] for details).
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In kinetic theory, we describe the system as a single phase space distribution f of mass-
less on-shell bosons. The time evolution is given by the Boltzmann equation in conformal
relaxation time approximation (RTA).

pµ∂µ f = CRTA[ f ] = −
pµuµ
τR

( f − feq) , τR = 5
η

s
T−1 (1)

While this simplified setup will not provide a quantitatively accurate description of experi-
mental data, it does allow for a detailed study of the qualitative behaviour of hadronic col-
lision systems. One of the main advantages is that the dynamics will depend only on the
geometry of the initial state and a single dimensionless parameter, the opacity γ̂ [5]. It quan-
tifies the total interaction rate in the system and encodes dependences on the shear viscosity
η/s, the initial transverse radius R and initial energy scale dE0

⊥/dη.

γ̂ =
(
5
η

s

)−1
 1

aπ
R

dE(0)
⊥

dη

1/4 (2)

In practice, we vary the shear viscosity η/s, but this scaling argument ensures that this is
equivalent to varying system size.

The setup of hydrodynamics has to be chosen carefully such as to enable a reasonable
comparison to kinetic theory. Consequently, we employ a conformal equation of state and
choose the hydrodynamic transport coefficients to reproduce the behaviour of conformal RTA.
Furthermore, hydrodynamics can not be expected to agree with kinetic theory in the early
far-from-equilibrium stage. We therefore initialize the hydrodynamic simulations in a hybrid
setup using profiles of the energy-momentum tensor from a kinetic theory simulation after it
has partially equilibrated. The degree of equilibration can be assessed in terms of the inverse
Reynolds number Re−1 =

(
6πµνπµν/e2

)1/2
[6], where e is the Landau restframe energy density

and πµν is the shear stress tensor. Thus, we decide when to start hydrodynamics based on the
average value of this quantity weighted with the energy density, which we denote as

〈
Re−1
〉
ϵ
.

Our simulations were carried out in vHLLE [7]. The specific setup is detailed in Sec. IIIC
of [2].

3 Equilibration and onset of transverse dynamics

To understand where hydrodynamics fails to accurately describe the system, we first study
the time evolution of some observables of interest. Fig. 1 shows the time evolution in kinetic
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Figure 1. Time evolution of (left) inverse Reynolds number, (middle) transverse flow velocity and
(right) elliptic flow for opacities ranging across four orders of magnitude. See Eq. (2) for the relation
between opacity and shear viscosity.



theory for opacities ranging across four orders of magnitude. The left plot shows the time
evolution of

〈
Re−1
〉
ϵ
, which measures the degree of departure from equilibrium. Its behaviour

is strongly dependent on the opacity, indicating that large systems equilibrate on a timescale
that is a small fraction of their size, while some small systems never fully equilibrate.

The time evolution of the mean transverse flow velocity ⟨u⊥⟩ϵ is linear at early times. As
this is mostly driven by the transverse geometry, its timescale has negligible dependence on
the opacity. All systems reach a mean transverse flow velocity of ⟨u⊥⟩ϵ = 0.1 at roughly
τ ≈ 0.15R, which we use as a criterion for the onset of transverse expansion.

The buildup of elliptic flow εp is driven by transverse expansion. The right plot shows
that it is mostly built up around τ ∼ R. Qualitatively the time dependence curves are sim-
ilar for all opacities, but their magnitude varies from no flow in the free-streaming limit to
some large opacity limiting value ϵp ≈ 0.25, which might indicate that these systems follow
the behaviour of ideal hydrodynamics. If one wanted to describe only elliptic flow at large
opacities, one might come to the conclusion that the pre-equilibrium behaviour is irrelevant
and hydrodynamics is always accurate independent of its initialization time. However, this
is not true, as the transverse geometry - including eccentricities - will be modified during the
pre-equilibrium cooling [8].

4 Applicability of Hydrodynamics

We want to extract a criterion for the applicability of hydrodynamics based on the accuracy
of late time results for transverse flow observables in hybrid schemes. The left plot in Fig. 2
shows a comparison of elliptic flow εp results from kinetic theory and hybrid results employ-
ing three different switching criteria. The results improve continuously with decreasing value
of ⟨Re−1⟩ϵ , i.e. with increasing degree of equilibration at the time of switching from kinetic
theory to hydrodynamics. Evidently, this is because a smaller part of the pre-equilibrium

Ideal hydro

.

E
ll
ip
ti
c
�
o
w

ε p

Opacity γ̂

Kinetic theory

Kin.theory+Hydro

⟨Re−1⟩ϵ = 0.8
⟨Re−1⟩ϵ = 0.6
⟨Re−1⟩ϵ = 0.4

0

0.05

0.1

0.15

0.2

0.25
0.1 1 10 100 1000

QCD

R
a
ti
o

Shear viscosity 4πη/s

0.95
1

1.05

0.1110

Figure 2. Left: Comparison of final values (τ = 3R) of elliptic flow in hybrid schemes at three different
switching times (different shades of red) to kinetic theory (black) as a funciton of opacity. Right:
Timescales of the onset of transverse expansion and hydrodynamization in kinetic theory simulations
as a function of opacity. The purple line signifies the onset of transverse expansion, i.e. when a system
is above the line it is subject to transverse expansion and flow develops. On the other hand, the pink
line indicates a sufficient degree of equilibration for hyrodynamics to apply, i.e. to the left of this curve,
the system is out-of-equilibrium whereas to the right of this line, it can be described accurately using
hydrodynamics.



period is simulated in hydrodynamics, which does not correctly describe the system’s be-
haviour in this regime. Comparing also results for dE⊥

dη and ⟨uT ⟩ϵ [3], we find that all hybrid
results show less than 5% disagreement with kinetic theory if ⟨Re−1⟩ϵ is below a critical value
Re−1

c ≈ 0.75, so we identify this as the criterion of applicability.
The right plot of Fig. 2 now compares our extracted characteristic timescales of the

onset of transverse expansion and hydrodynamization as a function of opacity. These can
also be taken from the left and middle plots of Fig. 1. While the former has little opacity
dependence, hydrodynamization takes much longer for smaller systems, if it even sets in at
all. This means that for small opacities, the system has not hydrodynamized at the onset of
transverse expansion, so it becomes necessary to employ a 2+1D nonequilibrium description
in order to achieve accurate results. The smallest opacities for which hydrodynamics remains
accurate are on the order of γ̂ ≈ 3, corresponding to the crossing of the lines. This result could
in principle be conditional to the specific geometry of the chosen initial condition. However,
we also tried varying the centrality at fixed shear viscosity and found a similar criterion [3].

System dE0
⊥

dη R γ̂

[GeV] [fm]
p+p (min. bias) 7.1 0.12 0.70
p+Pb (min.bias) 24 0.81 1.5

p+Pb (high mult.) 230 0.81 2.7
O+O (70-80) 13 0.88 1.4
O+O (30-40) 55 1.13 2.2

O+O (0-5) 140 1.61 3.1
Pb+Pb (70-80) 85.1 2.16 2.70
Pb+Pb (30-40) 1280 2.78 5.66

Pb+Pb (0-5) 5670 3.94 8.97

Table 1. Opacity estimates for several collision
systems

In order to understand what this
means for real collision systems that
are examined at the LHC, we computed
their typical opacity values using Eq. (2),
based on an estimated value of 4πη/s =
2 and estimates for the system energy
and size. The results are compiled in
Table 1. We find that Pb+Pb systems
mostly behave hydrodynamically except
in peripheral collisions. On the other
hand, p+p collisions are far from hy-
drodynamic behaviour. p+Pb collisions
come closer to the regime of applicabil-
ity of hydrodynamics, but still do not
reach it. But interestingly, O+O colli-
sions might probe the transition regime
to hydrodynamic behaviour.
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