
Andreas von Manteuffel 
 

 
Michigan State University 

 
 

Precision calculations for future e+e– colliders: targets and tools 
June 7-17, 2022, CERN

ANALYTIC METHODS FOR MULTI-LOOP CALCULATIONS



COMPUTATIONAL CHALLENGES FOR 
 PRECISION PREDICTIONSe+e−

• Precise predictions for observables ( ) and derived quantities ( ,…):

• Scattering amplitudes at higher order perturbation theory: 

 


• UV renormalization

• IR subtraction

• Phase space integration

• Beyond fixed order: non-relativistic effects, resummation
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AMPLITUDE INTEGRAND
•  integrand from projectors + Feynman diagrams, on-shell techniques, …


• Scheme to regularize UV and IR divergences + treatment of 


• Helicity amplitude   where  spinor factor and  scalar


•   ,  different options:


𝒜(m,n)

γ5

𝒜(m,n) = sλ𝒜(m,n)
λ sλ 𝒜(m,n)

λ

𝒜(m,n)
λ = ∑

i

ciIi

Ii ci

Tensor integrals Tensors

Scalar integrals Rational scalar functions of kinematics, d

Master integrals 
(d-fact., phys. denom., canonical, finite, …) Rational (algebraic,..) scalar functions

Special functions for Laurent exp. in eps   
(HPL, MPL, eMPL, problem specific, …) Rational (algebraic,..) scalar functionsRe
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talks: Tiziano Peraro, 
Vasily Sotnikov, Max Zoller



IBP REDUCTIONS

• Linear relations between Feynman integrals

• Algorithmic approach: Laporta

• Alternatives and improvements, symbolic or integer propagator exponents

• Important progress for generic amplitudes:


• Finite field sampling and rational reconstruction

• Denominator guessing

• Syzygies (surface terms)


• Focus:

• More scales: smarter sampling

• More loops: smarter memory management


• Future improvements from intersection theory, p-adic numbers, non-commutative 
Gröbner basis, … ?

talk: Tiziano Peraro



EVALUATION OF INTEGRALS

talks (analytical focus): Li Lin Yang, Vasily Sotnikov, Stefan Weinzierl 
talks (numerical focus): Valentin Hirschi, Long Chen, Vitalii Materia, Janusz Gluza, Narayan Rana, Martijn Hidding, Xiao Liu



STATE OF THE ART FOR AMPLITUDES

• Depicted amplitudes: frontier in full-color, massless QCD (more in this talk)

• Frontier @ 2-loop leading color, massless QCD: 5 legs, 1 off-shell 

[Abreu, Febres-Cordero, Its, Klinkert, Page, Sotnikov ’21; Badger, Hartanto, Kryś, Zoia ’22; Badger, Hartanto, Zoia ’22, Hartanto, 
Poncelet, Popescu, Zoia ‘22] 

• Frontier @ 2-loop with external + internal masses (t,W,Z): 4 legs 
[Bârnreuther, Czakon, Fiedler ’13; …; Agarwal, Jones, AvM ’20; Heller, AvM, Schabinger, Spiesberger ’20; Bonetti, Smirnov, 
Panzer, Tancredi ’21; Brønnum-Hansen, Wang ’20, ’21; Brønnum-Hansen, Melnikov, Quarroz, Wang ’21; Bonciani, Broggio, Di 
Vita, Ferroglia, Mandal, Mastrolia, Mattiazzi, Primo, Ronca, Schubert, Torres Bobadilla Tramontano ’21; Chen, Heinrich, Kerner, 
Klappert, Schlenk ’20; Becchetti, Moriello, Schweitzer ’21]

go

•

•

talk: Vasily Sotnikov



MIXED EW-QCD CORRECTIONS TO 
 DRELL-YAN  PRODUCTIONe+e−

• High invariant mass  production: search for new physics


• EW corrections important due to large Sudakov logs


• Two independent calculations at large invariant mass: 




• [Bonciani, Buonocore, Grazzini, Kallweit, Rana, Tramontana, Vicini 2021] 
based on semi-numerical two-loop amplitudes [Armadillo, Bonciani, Devoto, Rana, Vicini 2022] 

• [Buccioni, Caola, Chawdhry, Devoto, Heller, AvM, Melnikov, Röntsch, Signorile-Signorile 2022] 
based on analytical two-loop amplitudes [Heller, AvM, Schabinger, Spiesberger 2020] (this talk)  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 SCHEMESγ5
• Problem:  really a 4-dimensional object:  


• What to do in dimensional regularization ?

• Split d dimensional space  4 dim (bar) +  dim (hat)  

keep  4-dimensional:    etc 


• Option 1: ’t Hooft, Veltman [’72], Breitenlohner, Maison [’77] (HVBM)  


• give up anti-commutativity 

• violates Ward identities


• Option 2: Kreimer [’90]


• give up cyclicity of Dirac trace

• requires reading point

• possibly symmetrization 

γ5

→ ϵ
ϵμνρσ



SETUP AND  TERMSμ

• 3 different setups for our calculation:

1. HVBM scheme + projectors + mu-terms

2. Kreimer’s scheme + projectors + mu-terms

3. Kreimer’s scheme + tensor reduction of integrals / spin-summed interference


• HVBM + Kreimer: short Dirac chains

• HVBM: split indices before Dirac trace, Kreimer: no split for Dirac trace


• Tensor integrals with  dim loop momenta (  terms) from parametric representation, 

 
+ standard reduction techniques

ϵ μ



SYMMETRY RESTORATION
• In HVBM, corrections to vector and axial-vector currents differ

• Restore Ward identities by adding counter terms

• For vertex, require  



• Implement by adding counter terms  



• Remark 1: need also symmetry restoring counter terms in boxes 




• Remark 2: we keep also the higher order  terms for the counter termϵ



 SCHEMES DEPENDENCESγ5

•  scheme dependence (after adding symmetry restoring counter terms):


• ,  one-loop remainders and ,  bare two-loop: 
scheme and reading point dependent 

• Finite remainders: 
coincide between schemes 

• Note: towards general counter-terms for HVBM in 
[Belusca-Maito, Ilakovac, Kühler, Mador-Bozinovic, Stöckinger 2021]

γ5

𝒪(ϵ1) 𝒪(ϵ2) 𝒪(1/ϵ) 𝒪(ϵ0)



• Use differential equations, integrals allow for  basis [Henn ’13]:  


• Leading singularities introduce: ,  ,  


• Reparametrization ,    rationalizes 2 out of 3 roots, 
                                      is not rationalizable  [van Straten ’14, Besier, Festi, Harrison, Naskrecki ’19] 

• Our approach:

• Systematically simplify letters

• Construct multiple polylogarithms a la [Duhr, Gangl, Rhodes ’11], but for algebraic arguments


• See also:

• Other work on polylogarithmic iterated integrals with algebraic letters: [Caron-Huot, Henn ’14, Ablinger, Blümlein, Raab, 

Schneider ’14, Papadopoulos, Tommasini, Wever ’15, Bonciani et al ’16, AvM, Tancredi ’17, Abreu et al ’20, Chicherin, Sotnikov ’20, 
Syrrakos ’20, Kreel, Weinzierl ’21, Chicherin, Sotnikov, Zoia ’21, Henn, Peraro, Xu, Zhang ’22, …] and many more


• Cases with elliptical curves: […, Abreu, Becchetti, Duhr, Ozcelik ’22] 

ϵ

r1 = s(s − 4m2) r2 = −st(4m2(t + m2) − st) r3 = s(t2(s − 4m2) + sm2(m2 − 2t))
s = − m2(1 − w)2/w t = − m2w(1 + z)2/(z(1 + w)2)

ϵ4sr1 ϵ4r3 ϵ4sr2 etc.

NON RATIONALIZABLE ROOTS

r = 4(1 − w)2wz2 + (w + z)2(1 + wz)2

talk: Stefan Weinzierl

d ⃗m = ϵ dlog(la) ̂A(a) ⃗m



• Match diff. eqs. against analytical ansatz


• Transport boundary constants: high precision numerics with power-log series solutions 
[Lee, Smirnov, Smirnov ‘18, Liu, Ma, Wang ’18, Heller, AvM, Schabinger ’19, Moriello ’19, Hidding ’20, Armadillo, Bonciani, Devoto, Rana, Vicini ’22, …] 

• Analytical result in terms of standard multiple polylogs possible despite non-rationalizable roots: 

 
[Heller, AvM, Schabinger 2019]


• No spurious letters, simple constants


•  0.7 s numerical evaluation of full amplitude (incl. ZZ, WW contrib., generic point) 
with HandyG [Naterop, Signer, Ulrich ’19]


• “Good MPLs” crucial for performance, requires dividing phase space
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ANALYTICAL RESULT
talks: Narayan Rana, Martijn Hidding, Xiao Liu



MORE MASSES, MORE ROOTS
•  scattering integrals [Heller ’21]: 


• Leading singularities introduce four roots [ , ] 



•  basis, initially 30 complicated letters, deg 4 in x,y,z

• Algorithm gives 20 simplified letters (no rationalization at all) 



• Analytic solution in terms of G functions


•  decay, mixed EW-QCD 2-loop corrections [Chaubey, Kaur, Shivaji ’22]:

• Letter simplification, direct integration

eμ
x, y = (m2

1 ± m2
2)/(2s) z = t/s

ϵ dlog

H → ZZ



BACK TO DY: HELICITY AMPLITUDES
[Heller, AvM, Schabinger, Spiesberger 2020] 

s = 500 GeV

Re H(m,n)
λ1λ2λ3λ4

/(4π)m+nπ/3 ≈ 1.05

(α, αs)

(α, αs)



CROSS SECTION AT HIGH ENERGIES
[Buccioni, Caola, Chawdhry, Devoto, Heller, AvM, Melnikov, Röntsch, Signorile-Signorile 2022]

• Mixed EW-QCD corrections order -1% already for energies > 200 GeV, larger magnitude than NNLO QCD

• Reduction in uncertainty even larger, notably: scale dependence, choice of EW input parameter scheme

• Factorizable corrections dominate at large energies (Sudakov logs)


• Nested local IR subtractions

• 


•  intervals

•  scheme:  input

pT,l± > 30 GeV, |yl± | < 2.5, pT,l− − pT,l+ > 35 GeV, μR = μF = mll /2

ϕ(i) : (200 − 300, 300 − 500, 500 − 1500, > 1500) GeV

Gμ Gμ, mw, mz



FULL-COLOR MASSLESS QCD AMPLITUDES

go

•

•

 
[Agarwal, Buccioni, AvM, Tancredi ’21] 



[Badger, Brønnum-Hansen, Chicherin, Gehrmann, 
 Hartanto, Henn, Marcoli, Moodie, Peraro, Zoia ’21]

qq̄ → γγj

gg → γγj

 
[Lee, AvM, Schabinger, Smirnov, Smirnov, Steinhauser ’21] 

 
[Chakraborty, Huber, Lee, AvM, Schabinger, Smirnov, Smirnov, Steinhauser ’21]

qq̄ → γ*, gg → H

bb̄ → H

 
[Caola, AvM, Tancredi ’20] 

 
[Bargiela, Caola, AvM, Tancredi ’21] 

: 
[Chakraborty, Caola, Gambuti, AvM, Tancredi ’21,’21,ta]

qq̄ → γγ

gg → γγ

qq̄ → q′ ̄q′ , gg → gg, qq̄ → gg



 @ 2 LOOPSqq̄ → γγg

• Master integrals in public package PentagonFunctions [Chicherin, Sotnikov ’20] 


•  helicity amplitudes: [Agarwal, Buccioni, AvM, Tancredi ’21]

• Compact analytical results for helicity amplitudes

• Leading color not obviously a good approximation: 

qq̄ → γγg



PARTIAL FRACTIONS FOR AMPLITUDES

Note: minimize denominator degrees (  Leinartas)≠

[Pak ’11, Abreu et al ’19, Boehm et al ’20, Heller et al ’21, Bendle et al ’21]

• PFD: significant reduction in size 

• Easy to identify linear relations 
between coefficients


• Easy to generate fast code even 
for complicated amplitudes


• Representation can be tuned for 
numerical stability ! 
see  @ 2-loops 
[Agarwal, Buccioni, AvM, Tancredi ’21]

qq̄ → γγj



 @ 3 LOOPSgg → γγ
• Master integrals in terms of HPLs: [Henn, Mistlberger, Smirnov, Wasser ’20]


•  helicity amplitudes: [Bargiela, Caola, AvM, Tancredi ’21]

• Symbolic intermediate expressions sizable but allow for easy crossings, simple workflow

• Compact analytical results for amplitudes 

 

gg → γγ



FORM FACTORS @ 4 LOOPS

+ . . .

+ . . .

+ . . .

: 1 diagram𝒪(α0
s )

:  2 diagrams𝒪(α1
s )

: 69 diagrams𝒪(α2
s )

: 1586 diagrams𝒪(α3
s )

: 43220 diagrams𝒪(α4
s )

• Consider , ,   form factors at 4-loops:

• Virtual N4LO for Drell-Yan, Higgs prod./decay

• Universal IR features: cusp ( ) and collinear ( ) anomalous dimensions

qq̄γ* ggH bb̄H

1/ϵ2 1/ϵ



• W at small pT: important for mass measurement at hadron colliders

• Fixed order breaks in this regime, requires resummation

• N3LL or higher needs four-loop cusp anomalous dim., some further works:


• Hbb @ N3LL [Ajjath, Chakraborty, Das, Mukherjee, Ravindran ’19] + many more

• Energy-energy correlation @ N4LL [Duhr, Mistlberger, Vita ’21; Moult, Zhu, Zhu ’21]

ANOMALOUS DIMS & RESUMMATION

[Isaacson, Fu, Yuan ‘21]



IBP DETAILS
• Reduction of dots: “no-numerator syzygies” in Lee-Pomeransky rep. 

[Lee ‘14; Bitoun, Bogner, Klausen, Panzer ’17] 

• Need higher-order annihilators.


• Reduction of numerators: mostly plain Laporta, some with “no-dot syzygies” in Baikov rep. 
[Gluza, Kajda, Kosower ‘11; Schabinger ’11; Its ’15; Larsen, Zhang ’15; Böhm, Georgoudis, Larsen Schulze, Zhang ’18; …] 

• Used linear algebra approach [Agarwal, Jones, AvM ’20].


• O(25k) sectors, up to O( ) eqs. per sector


• Reduction tables: several TB compressed (checksums!)


• Inter-sector relation: 

108



• Observation [Panzer 2014; AvM, Panzer, Schabinger 2014]:

• any divergent loop integral expressible in terms of finite basis integrals  



• Expand integrands of finite integrals around 


• If linearly reducible: integrate analytically with HyperInt [Panzer 2014]

• Improved numerical evaluations, used for HH [Borowka, Greiner, Heinrich, Jones, Kerner ‘16], Hj 

[Jones, Kerner, Lusioni ‘18], ZH [Chen, Davies, Heinrich, Jones, Kerner, Mishima, Schlenk, Steinhauser ’22] …

ϵ = (4 − d)/2 ≈ 0

METHOD OF FINITE INTEGRALS

+…

talks: Long Chen, Vitalii Materia



[Agarwal, AvM, Jones 2020]

GENERALIZED FINITE INTEGRALS

Supported by pySecDec 
[Borowka, Heinrich, Jahn, Jones, Kerner, Schlenk, Zirke  2017] 



“NICE” FINITE INTEGRALS

• Only 1 term for weight 6 for 
a nice finite integral:

• Example: 10 terms in  for 
weight 6 in conventional basis:

ϵ



• Wilson line method (with a conjecture): [Henn, Peraro, Stahlhofen, Wasser ’19; Brüser, Grozin, Henn, Stahlhofen ’19; Henn, Mistlberger, Korchemsky ’19]

• Quartics from form factors: [Lee, Smirnov, Smirnov, Steinhauser ’19]  
• Full calculation from QCD form factors: [AvM, Panzer, Schabinger ’20]

ANALYTICAL CUSP ANOMALOUS DIMENSION

N=4 SYM: [Henn, Mistlberger, Korchemsky ’19; 
Huber, AvM, Panzer, Schabinger, Yang ’19]






 
[Agarwal, AvM, Panzer, Schabinger ’21] 

ANALYTICAL COLLINEAR ANOMALOUS DIMENSIONS

(N=4 planar color: [Dixon ’17])



ANALYTICAL FORM FACTORS @ 4-LOOP QCD
• Partial results for finite parts of form factors @ 4-loop QCD: 

[Henn, Smirnov, Smirnov, Steinhauser ’16;  Henn, Smirnov, Smirnov, Steinhauser, Lee ’16; Lee, Smirnov, Smirnov, 
Steinhauser ’17, ’19]


• Partial results for finite parts of for factors @ 4-loop QCD: 
[AvM, Schabinger ’16, ’19, ’19]  

• Complete form factors @ 4-loop QCD: 
[Lee, AvM, Schabinger, Smirnov, Smirnov, Steinhauser ’21, ’22; Chakraborty, Huber, Lee, AvM, Schabinger, Smirnov, 
Smirnov, Steinhauser ’22]


• See also:


• Recent results for form factors with masses + singlet contrib. @ 3-loop QCD: 
[Fael, Lange, Schönwald, Steinhauser ’22; Czakon, Niggetiedt ’20; Chen, Czakon, Niggetiedt ’21; Gehrmann, Primo ’21] 

• First steps towards inclusive H cross section at 4th order (soft-collinear contributions): 
[Moch, Ruijl, Ueda, Vermaseren, Vogt ’17, ’18; Das, Moch, Vogt ’19, ’20] 
 
 
 



METHOD OF DIFFERENTIAL EQUATIONS
• Take a second leg off-shell, , 

transport from x=1 (propagator) to x=0 (one-scale FF) [Henn, Smirnov, Smirnov ’13]


• Reductions with Fire 6 [A.V. Smirnov, Chukharev ’19], canonical form [Henn ’13] with Libra [Lee ’20] 

• Example topology with singularities at x = 0, 1, -1,1/4, 4:  [Lee, AvM, Schabinger, Smirnov, Smirnov, Steinhauser ’21]


• 2-scale letters: 

• 1-scale G(…, 1) with weights                                                                       mapped to MZVs 
 

x = q2
1 /q2



 FORM FACTOR @ 4 LOOPSggH

[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ’21,’22]

Note: all master integrals mapped to finite basis and checked to at least  relative precision with 
Fiesta 5 [A.V. Smirnov, Shapurov, Vysotsky ’21]

10−4



STATUS AND PROSPECTS FOR  PRECISION GOALSe+e−

• A lot of overlap with recent technology for LHC processes 
(mixed EW-QCD, higher loops, …)


• Numerical methods easier to automate, avoid expression swell


• Analytical insights can enable much better numerical performance


• Finite-field methods crucial in many current calculations


• Challenging  calculations motivate:


• Improved IBP reductions (fast, low memory, automated)


• Improved integral evaluation (fast, reliable, automated)


• Improved  treatment (rigorous, automated)

e+e−

γ5

From: Snowmass survey of 53 
recent perturbative calculations 
[Febres-Cordero, AvM, Neumann ’22]


