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I. Primordial Non-Gaussianities (PNGs)
Quick introduction and definitions
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Non-linearities in the sky

Planck CMB intensity maps

Sources of non-Gaussianity:

• Foreground

• Late-time evolution: lensing, etc.

• Early-time evolution: gravity, interactions, etc.

• Initial conditions:

Primordial non-Gaussianities from inflation

𝑻𝐢𝐧𝐢 𝜽,𝝋 = 𝑻𝐢𝐧𝐢
𝑮 𝜽,𝝋 + 𝒇𝐍𝐋

𝐥𝐨𝐜𝐚𝐥 × 𝑻𝐢𝐧𝐢
𝑮 𝜽,𝝋

𝟐

Gaussian Non-Gaussian if 𝑓NL
local ≠ 0

Reviews: [Bartolo, Komatsu, Matarrese, Riotto 2004]

[Chen 2010]



PRIMORDIAL BISPECTRUM
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< 𝜁𝑘1𝜁𝑘2𝜁𝑘3 >= 2𝜋 7 𝛿 3 𝑘1 + 𝑘2 + 𝑘3
𝐴𝑠
2

𝑘1𝑘2𝑘3
2
× 𝑆 𝑘1, 𝑘2, 𝑘3

𝜁 the primordial curvature perturbation

𝒌𝟏

𝒌𝟐

𝒌𝟑
Shape function

Power spectrum = 𝟐. 𝟏𝟎 × 𝟏𝟎−𝟗

Similar definitions for tensor and mixed NGs: < 𝜁𝑘1𝜁𝑘2𝛾𝑘3 >, < 𝜁𝑘1𝛾𝑘2𝛾𝑘3 >, < 𝛾𝑘1𝛾𝑘2𝛾𝑘3 >

SST                                   STT                                 TTT

𝛾 the primordial tensor perturbation



PRIMORDIAL BISPECTRUM
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< 𝜁𝑘1𝜁𝑘2𝜁𝑘3 >= 2𝜋 7 𝛿 3 𝑘1 + 𝑘2 + 𝑘3
𝐴𝑠
2

𝑘1𝑘2𝑘3
2
× 𝑆 𝑘1, 𝑘2, 𝑘3

𝒌𝟏

𝒌𝟐

𝒌𝟑

Ex: Single-field inflation 

Shape function

Power spectrum = 𝟐. 𝟏𝟎 × 𝟏𝟎−𝟗

𝑆 =
5

12
1 − 𝑛𝑠 𝑆loc +

𝜖

8
𝑆eq +⋯ = 𝐕𝐄𝐑𝐘 𝐒𝐌𝐀𝐋𝐋

𝟎. 𝟎𝟑51

< 𝟎. 𝟎𝟎𝟑𝟓 (from 𝑟 < 0.056)

[Maldacena 2003]

(attractor)

𝜁 the primordial curvature perturbation

[Acquaviva, Bartolo, Matarrese, Riotto 2002]



PRIMORDIAL BISPECTRUM
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< 𝜁𝑘1𝜁𝑘2𝜁𝑘3 >= 2𝜋 7 𝛿 3 𝑘1 + 𝑘2 + 𝑘3
𝐴𝑠
2

𝑘1𝑘2𝑘3
2
× 𝑆 𝑘1, 𝑘2, 𝑘3

𝜁 The curvature perturbation

𝒌𝟏

𝒌𝟐

𝒌𝟑

Ex: Single-field inflation 

Shape function

Power spectrum = 𝟐. 𝟏𝟎 × 𝟏𝟎−𝟗

𝑆 =
5

12
1 − 𝑛𝑠 𝑺𝐥𝐨𝐜 +

𝜖

8
𝑺𝐞𝐪 +⋯ = 𝐕𝐄𝐑𝐘 𝐒𝐌𝐀𝐋𝐋

Shape templates

(attractor)

𝑓NL
loc 𝑓NL

eq
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squeezed

flattened
(+)

equilateral
flattened

(-)
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squeezed:

flattened
(+)

equilateral
flattened

(-)

𝒌𝟏 ≃ 𝒌𝟐 ≫ 𝒌𝟑

𝒌𝟏

𝒌𝟐

𝒌𝟑



OBSERVATIONAL CONSTRAINTS

< 𝜁𝑘1𝜁𝑘2𝜁𝑘3 >= 2𝜋 7 𝛿 3 𝑘1 + 𝑘2 + 𝑘3
𝐴𝑠
2

𝑘1𝑘2𝑘3
2
× 𝑆 𝑘1, 𝑘2, 𝑘3

𝜁 the primordial curvature perturbation, 𝛾 the primordial tensor perturbation

𝒌𝟏

𝒌𝟐

𝒌𝟑
Shape function[Planck 2018]→ 𝑓NL

sq
= −0.9 ± 5.1



< 𝜁𝑘1𝜁𝑘2𝜁𝑘3 >= 2𝜋 7 𝛿 3 𝑘1 + 𝑘2 + 𝑘3
𝐴𝑠
2

𝑘1𝑘2𝑘3
2
× 𝑆 𝑘1, 𝑘2, 𝑘3

𝜁 the primordial curvature perturbation, 𝛾 the primordial tensor perturbation

𝒌𝟏

𝒌𝟐

𝒌𝟑
Shape function

for tensor and mixed NGs: < 𝜁𝑘1𝜁𝑘2𝛾𝑘3 >, < 𝜁𝑘1𝛾𝑘2𝛾𝑘3 >, < 𝛾𝑘1𝛾𝑘2𝛾𝑘3 >

SST                                   STT                                 TTT

𝑓NL
sq
= 84 ± 49 𝑓NL

sq
= ? ? ? 𝑓NL

sq
= 290 ± 170

[Planck 2018]

[WMAP] [WMAP]

→ 𝑓NL
sq
= −0.9 ± 5.1

OBSERVATIONAL CONSTRAINTS



< 𝜁𝑘1𝜁𝑘2𝜁𝑘3 >= 2𝜋 7 𝛿 3 𝑘1 + 𝑘2 + 𝑘3
𝐴𝑠
2

𝑘1𝑘2𝑘3
2
× 𝑆 𝑘1, 𝑘2, 𝑘3

𝜁 the primordial curvature perturbation, 𝛾 the primordial tensor perturbation

𝒌𝟏

𝒌𝟐

𝒌𝟑
Shape function

for tensor and mixed NGs: < 𝜁𝑘1𝜁𝑘2𝛾𝑘3 >, < 𝜁𝑘1𝛾𝑘2𝛾𝑘3 >, < 𝛾𝑘1𝛾𝑘2𝛾𝑘3 >

SST                                   STT                                 TTT

𝑓NL
sq
= 84 ± 49 𝑓NL

sq
= ? ? ? 𝑓NL

sq
= 290 ± 170

[Planck 2018]

[WMAP] [WMAP]

→ 𝑓NL
sq
= −0.9 ± 5.1

OBSERVATIONAL CONSTRAINTS



II. Tensor PNGs
And induced anisotropies in the SGWB
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Stochastic Gravitational Wave Background



THE SGWB: ~30 DECADES OF SCALES

At CMB scales, we have the strong constraint 𝐴𝑡 = 𝑟⋆ 𝐴𝑠 < 10−11

But much more freedom at smaller scales (higher frequencies)

𝒉𝟐𝛀𝐆𝐖(𝒇)

𝒇

LISAPTA UHFCMB

𝑟⋆ = 0.01
𝑟⋆ = 0.001

LISA

nHz mHz GHzfHz

No talk!

Paulo 
Freire

No talk!

BBO ET

No talk!

Matteo
Califano

Mark 
Hewitson



THE STOCHASTIC GRAVITATIONAL WAVE BACKGROUND
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Many sources! Astrophysical, cosmological… How to disentangle them? Ivan
Martin 
Vilchez



DISTINCTIVE FEATURES OF THE SGWB

Frequency profile

ഥΩ𝐺𝑊 𝑓 = Ω0
𝑓

𝑓∗

𝒏𝑮𝑾 𝒇

Having access to several
orders of magnitude in 

frequency can help

[Auclair et al.,
LISA CWG 2022]

[Many many works, sorry
for not showing yours]



DISTINCTIVE FEATURES OF THE SGWB

Chirality

Often in the context of a Cherns-Simon term

• Gauge fields:

• Beyond GR: 

𝑔 𝜒 𝐹𝑎𝜇𝜈 ෨𝐹𝜇𝜈
𝑎 ∈ ℒ

[Dimastrogiovanni, Peloso 2013]

[Adshead, Martinec, Wyman 2013]

[Dimastrogiovanni, Fasiello, Fujita 2016]

[Watanabe, Komatsu 2020]

[Anber, Sorbo 2010, 2011] Unstable polarisation that sources chiral GWs:

𝛾𝐿 ≫ 𝛾𝑅

Chirality can be measured𝜒 =
𝑃𝛾
𝐿−𝑃𝛾

𝑅

𝑃𝛾
tot

𝑔 𝜒 𝑅𝜇𝜈 ෨𝑅𝜇𝜈 ∈ ℒ

[Bartolo, Orlando 2017, 2018]

[Barnaby, Peloso 2011]
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Antonio 
Manso

Also the possibility of other modes in the GWs:
Josu

Aurrekoetxea



[Bartolo et al., LISA Cosmology Working Group 2022]

DISTINCTIVE FEATURES OF THE SGWB

Anisotropies:

Ω𝐺𝑊 𝑓, ො𝑛 = ഥΩ𝐺𝑊 𝑓 1 + 𝜹𝑮𝑾 𝒇, ෝ𝒏

𝒂ℓ,𝒎 = නdΩ 𝑌ℓ,𝑚( ො𝑛)𝜹𝑮𝑾 ෝ𝒏

𝑪ℓ =
1

2ℓ + 1


𝑚

𝒂ℓ,𝒎
∗ 𝒂ℓ,𝒎

Different sources give
different anisotropies

[Bartolo et al., LISA Cosmology Working Group 2022]



SEVERAL SOURCES OF ANISOTROPIES

• GWs signal from astrophysical sources expected to be anisotropic

• Cosmological background propagates through structures → anisotropic

• Primordial NGs also induce anisotropies:

[Cusin et al. 2017, 2018, 2019]

[Bertacca et al. 2019]

[Bellomo et al. 2021]

[Contaldi et al. 2016]

[Bartolo et al. 2018, 2019]

[Alba, Maldacena 2015]

[Domcke, Jinno, Rubira 2020]

[Jeong, Kamionkowski 2012]

[Dimastrogiovanni et al. 2014, 2015, 2021]

Anisotropies of the LSS from the same effect

[Brahma, Nelson, Chandera 2013]

These anisotropies inherit a non-Gaussian statistics from propagation
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SEVERAL SOURCES OF ANISOTROPIES

• Primordial NGs also induce anisotropies: 
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• The idea:

Consider the modulation of
two short modes by a long one:

Seen from far away the signal is anisotropic

PNG-INDUCED ANISOTROPIES

[Jeong, Kamionkowski 2012]

𝛿𝐿𝑆𝑆 𝒌𝑺, ො𝑛 ; 𝛿𝐺𝑊 𝒇𝑺, ො𝑛 ∝ ⟨𝒀𝑺𝒀𝑺⟩𝑿𝑳 ∝ ⟨𝒀𝑺𝒀𝑺𝑿𝑳⟩

𝒇𝐍𝐋,𝐬𝐪
𝒀𝒀𝑿 from inflation: PNG

Here Y can be a scalar (anisotropies of the LSS) or a tensor (anisotropies of the SGWB)

Also X can be a scalar (modulation by a scalar mode) or a tensor (modulation by a tensor mode)

𝒌𝑺

𝒌𝑺

Squeezed: 𝒌𝑺 ≫ 𝒌𝑳

𝒌𝑳



• Formal derivations with the in-in formalism:

PNG-INDUCED ANISOTROPIES [Dimastrogiovanni, Fasiello, LP 2022]
ArXiv:2203.17192
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Rigorous quantum computation of correlation functions in cosmology
≠

Scattering amplitudes in particle physics



• Formal derivations with the in-in formalism:

❖We look for interactions between small and large scales → 𝑓NL,𝜸𝜸𝜸
sq

and 𝑓NL,𝜸𝜸𝜻
sq

→

PNG-INDUCED ANISOTROPIES [Dimastrogiovanni, Fasiello, LP 2022]
ArXiv:2203.17192
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⟨𝜸𝑺𝜸𝑺𝑿𝑳⟩

with 𝑿𝑳 ∈ 𝜸𝑳, 𝜻𝑳



• Formal derivations with the in-in formalism:

❖We look for interactions between small and large scales → 𝑓NL,𝛾𝛾𝛾
sq

and 𝑓NL,𝛾𝛾𝜁
sq

❖ A long-wavelength source 𝐽𝐿 can be treated classicaly and has negligible derivatives:

PNG-INDUCED ANISOTROPIES [Dimastrogiovanni, Fasiello, LP 2022]
ArXiv:2203.17192

መ𝐽𝐿 = 𝐽𝐿 𝜏 ො𝑎𝑘 + 𝐽𝐿
∗ 𝜏 ො𝑎

−𝑘

†
→ 𝐽𝐿

cl 𝜏 ො𝑎𝑘 + ො𝑎
−𝑘

†
; 𝜕𝑖𝐽𝐿

cl, 𝜕𝑡𝐽𝐿
cl are negligible

𝒃𝒌

−𝑘𝜏 →0

ො𝑎𝑘 , ො𝑎𝑘′
†

= 2𝜋 3𝛿 3 (𝑘 − 𝑘′) 𝑏𝑘 , 𝑏𝑘′
†

= 0

Lucas Pinol (IFT) - 12th Iberian Gravitational Waves Meeting, Braga - June 8th 2022

J can be X or not, here we keep it generic to treat multifield scenarios, e.g. 𝑋 = 𝜁 and 𝐽 = 𝜎



• Formal derivations with the in-in formalism:

❖We look for interactions between small and large scales → 𝑓NL,𝛾𝛾𝛾
sq

and 𝑓NL,𝛾𝛾𝜁
sq

❖ A long-wavelength source 𝐽𝐿 can be treated classicaly and has negligible derivatives:

❖ A 3-pt interaction involving 𝐽𝐿 becomes a 2-pt interaction times a classical source 𝐽𝐿
cl

PNG-INDUCED ANISOTROPIES [Dimastrogiovanni, Fasiello, LP 2022]
ArXiv:2203.17192

𝑱 𝑱𝐜𝐥quantum fields that
can be contracted

classical field that
is factored out of vevs

𝜸 𝜸 𝜸 𝜸
For a QED example see

[Peskin, Schroeder 1995]



• Formal derivations with the in-in formalism:

❖We look for interactions between small and large scales → 𝑓NL,𝛾𝛾𝛾
sq

and 𝑓NL,𝛾𝛾𝜁
sq

❖ A long-wavelength source 𝐽𝐿 can be treated classicaly and has negligible derivatives:

❖ A 3-pt interaction involving 𝐽𝐿 becomes a 2-pt interaction times a classical source 𝐽𝐿
cl

❖ 2-pt functions in the presence of a classical source are now defined:

PNG-INDUCED ANISOTROPIES [Dimastrogiovanni, Fasiello, LP 2022]
ArXiv:2203.17192

< 𝛾𝑘1𝛾𝑘2 >𝐽cl

𝜸 𝜸

𝑱𝐜𝐥

𝜸 𝜸 𝜸𝜸 𝜸

𝑱

𝜸 𝜸 𝜸

𝑿
መ𝐽𝑘 ,

𝑋𝑘′ ≠ 0

⟨𝛾𝑘1𝛾𝑘2𝑋𝑘3⟩ = 2𝜋 3 𝛿3 𝑘1 + 𝑘2 + 𝑘3 𝐵𝛾𝛾𝑋



• Formal derivations with the in-in formalism:

❖We look for interactions between small and large scales → 𝑓NL,𝛾𝛾𝛾
sq

and 𝑓NL,𝛾𝛾𝜁
sq

❖ A long-wavelength source 𝐽𝐿 can be treated classicaly and has negligible derivatives:

❖ A 3-pt interaction involving 𝐽𝐿 becomes a 2-pt interaction times a classical source 𝐽𝐿
cl

❖ 2-pt functions in the presence of a classical source are now defined

❖We compute both diagrams with the in-in formalism and are therefore able to relate them: 

PNG-INDUCED ANISOTROPIES [Dimastrogiovanni, Fasiello, LP 2022]
ArXiv:2203.17192

⟨𝛾𝑘1𝛾𝑘2⟩𝐽cl = නd3 Ԧ𝑞 𝛿 3 Ԧ𝑞 + 𝑘1 + 𝑘2
𝐵sq
𝛾𝛾𝑋

𝑘1, 𝑘2, Ԧ𝑞

𝑃𝐽𝑋 𝑞
𝐽cl Ԧ𝑞

Non-diagonal part, 𝒌𝟏 + 𝒌𝟐 ≠ 𝟎, of the 2-pt function does not vanish → anisotropies

𝑘1 + 𝑘2 ≪ 𝑘1,2



• Formal derivations with the in-in formalism:

❖We look for interactions between small and large scales → 𝒇𝐍𝐋,𝜸𝜸𝜸
𝐬𝐪

and 𝒇𝐍𝐋,𝜸𝜸𝜻
𝐬𝐪

❖ A long-wavelength source 𝐽𝐿 can be treated classicaly and has negligible derivatives:

❖ A 3-pt interaction involving 𝐽𝐿 becomes a 2-pt interaction times a classical source 𝐽𝐿
cl

❖ 2-pt functions in the presence of a classical source are now defined

❖We compute both diagrams with the in-in formalism and are therefore able to relate them: 

PNG-INDUCED ANISOTROPIES [Dimastrogiovanni, Fasiello, LP 2022]
ArXiv:2203.17192

⟨𝛾𝑘1𝛾𝑘2⟩𝑱𝐜𝐥 = නd3 Ԧ𝑞 𝛿 3 Ԧ𝑞 + 𝑘1 + 𝑘2 𝑃𝛾(𝑘1)𝒇𝐍𝐋,𝜸𝜸𝑿
𝐬𝐪

𝑘1, 𝑘2, Ԧ𝑞 𝑱𝐜𝐥 𝒒
𝑘1 + 𝑘2 ≪ 𝑘1,2

𝑱𝐜𝐥(𝒒) is a statistical quantity → so is ⟨𝛾𝑘1𝛾𝑘2⟩𝐽cl → 𝛿 ො𝑛1 𝛿 ො𝑛2 ∝ 𝐽cl Ԧ𝑞 𝐽cl Ԧ𝑞′ ≠ 0



• Spin-2 EFT of inflation: 𝜎𝑖𝑗 = 𝜕𝑖𝜕𝑗𝜎
(0) + 𝜎𝑖𝑗

(2)

→ 𝜎(2) couples linearly to 𝛾 and can make the tilt blue:                   for half of parameter space ( ሶ𝑐2 < 0)

We compute anisotropies explicitly and find:

MULTIFIELD MODELS WITH LARGE ANISOTROPIES

𝑛𝑡 > 0

< 𝛿𝐺𝑊
2 (𝑘𝑆, ො𝑛) > ∼

< 𝛾𝛾𝜁 > (𝑘𝑆, 𝑘𝑆, 𝑘𝐿)

𝑃𝛾(𝑘𝑆)𝑃𝜁𝜎 0 (𝑘𝐿)
𝒫𝜎 0 (𝑘𝐿)

𝝆

< 𝛾𝛾𝜁 > < 𝛾𝛾 >
𝜎 0
cl

[Dimastrogiovanni,
Fasiello, LP 2022]
ArXiv:2203.17192

[Bordin et al. 2018]



• Supersolid inflation: two fundamental scalar fluctuations (𝜁𝑛, 𝑅𝜋0)

→ 𝑅𝜋0 couples quadratically to 𝛾 and can make the tilt blue:                                             

We compute anisotropies explicitly and find:

[Dimastrogiovanni,
Fasiello, LP 2022]
ArXiv:2203.17192

𝑛𝑡 = 2 𝑛𝑠
en − 1 > 0

< 𝛿𝐺𝑊
2 (𝑘𝑆, ො𝑛) > ∼ 𝑓NL,sq

𝛾𝛾𝜁
𝑘𝑆, 𝑘𝑆, 𝑘𝐿

𝒫𝜁𝑛𝒫𝑅𝜋0
𝒫𝜁𝑛𝑅𝜋0

𝑘𝐿

𝐴𝑠
1/2

< 𝛾𝛾𝜁 > < 𝛾𝛾 >𝑅𝜋0
cl

MULTIFIELD MODELS WITH LARGE ANISOTROPIES
adiabatic entropic

≫ 𝟏 𝟒 × 𝟏𝟎−𝟓

𝒪(𝟏)

[Celoria et al. 2021]



CONCLUSION

➢Primordial NGs contain much more information than a single number 𝑓NL
local

➢We do not know much about tensor primordial NGs

➢Squeezed tensor primordial NGs survive in the form of induced anisotropies in the
SGWB, allowing for a new probe of the inflationary field content and interactions

Formidable opportunity to use the non-
linear Universe as a particle detector 

𝛿GW( ො𝑛) ∝ ⟨𝛾𝑘1𝛾𝑘2⟩𝜁cl = නd3 Ԧ𝑞 𝛿 3 Ԧ𝑞 + 𝑘1 + 𝑘2 𝑃𝛾(𝑘1)𝑓NL,sq
𝛾𝛾𝜁

𝑘1, 𝑘2, Ԧ𝑞 𝜻𝐜𝐥 𝒒
𝑘1 + 𝑘2 ≪ 𝑘1,2

Note: 𝜻𝐜𝐥 𝒒 is the seed of anisotropies in the CMB! Cross-correlations, e.g.,  𝛿GW𝛿𝑇 ≠ 0



ℓ-DEPENDENCE 

Anisotropies:

Ω𝐺𝑊 𝑓, ො𝑛 = ഥΩ𝐺𝑊 𝑓 1 + 𝜹𝑮𝑾 𝒇, ෝ𝒏

𝒂ℓ,𝒎 = නdΩ 𝑌ℓ,𝑚( ො𝑛)𝜹𝑮𝑾 ෝ𝒏

𝑪ℓ =
1

2ℓ + 1


𝑚

𝒂ℓ,𝒎
∗ 𝒂ℓ,𝒎

[Dimastrogiovanni et al. 2021]

𝑓NL
sq
= 103, 𝑟 = 0,05

1

ℓ ℓ + 1

1

(ℓ − 2) ℓ − 3
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