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Motivations
oce

Motivations

= Perturbation theory in GR is a fundamental tool to describe physical
systems and make predictions

m Scattering from BH

= Quasi-normal modes and gravitational waves (energy and angular
momentum fluxes)
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Perturbation theory of vacuum spherically symmetric

spacetimes
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Perturbation theory
[e] lelele]ele)

Steps towards decoupling

m Perturbed Einstein equations at linear order

G+ MG, =0
0G iy + Ay = 0

uv = Guv + h,uu —
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Steps towards decoupling

m Perturbed Einstein equations at linear order

G+ MG, =0
0G iy + Ay = 0

uv = Guv + h,uu —

= Metric splitting reflecting spherical symmetry

Yab 0 Gapdx®dz® = —f(r) dt? + dr?/ f(r)
—
0 Qup Q45d0*d6F = dh? + sin? fdp?

v =
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Steps towards decoupling

m Perturbed Einstein equations at linear order

G+ MG, =0
0G iy + Ay = 0

uv = Guv + h,uu —

= Metric splitting reflecting spherical symmetry

Yab 0 Gapdx®dz® = —f(r) dt? + dr?/ f(r)
—
0 Qup Q45d0*d6F = dh? + sin? fdp?

v =

m Harmonics expansion of perturbed metric

£m,odd £m,even
huy = E hyw + huy

L,m
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Harmonic decoupled Einstein equations

8Ge (@4,0%) = () Y™ (oY)
6G A (2", 0%) = el"(2") YA (OF) + 0" (2") X4 (07)

SGUB(z*,09) = EF(a") THR(O) + &Y (") YAB(OF) + 0F" (%) X45(6°)

June 7
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Harmonic decoupled Einstein equations

0Gey (+°,0%) = &) Y™ (07)
JGf;X(l'b,@B) _ Ef;m(ll,'b) Yﬁm(GB)ﬂ-Oﬁm(ZL'b) Xﬁ\"L((“)B)
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Harmonic decoupled Einstein equations

0Gay (af,0%) = &' () Y™ (e
6GA (2", 0%) = el"(2") YA (©7) + 0" (2") X4 (07)

SGUB(z*,09) = EF(a") TAR(O) + &Y (") YAB(OF) + 0F" (%) X435 (6°)
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Perturbation theory
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Known master functions

0Odd parity

\IJRW = %Ea
_ 2r ab [ 7 2 ot
Yopm = C—1)(+2) € <hb:a rTahb>

T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063-1069 (1957), C. T. Cunningham
et al., Astrophys. J. 224, 643-667 (1978)
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Perturbation theory
0000080

Known master functions

0Odd parity

\IJRW = %Ea
_ 2r ab [ 7 2 ot
Yopm = C—1)(+2) € <hb:a rTahb>

Even parity

27‘ g 2 a by a 1
\\ =<K+ — — K.
2M = P { 3 (’" " hap =T )}

F. J. Zerilli, Phys. Rev. D 2, 2141-2160 (1970), V. Moncrief, Ann. Phys. (N.Y.)
88, 323 (1974)
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‘IJRW =

2 = 2 =
Vepm = 77’)51!) (hb:a - ;Tahb>

Even parity

_L o z a by _ a 1
Uy = W+ {K—i—)\ (7" Ry — T K:a)}

s 1 r .
ha - ha - §h2:a + Tahﬂ ) hab - h’ab — Ka:b = Kbia s

Ar)=(+2)(¢—-1)—Ar*=3(f-1) K=K+ g -2,
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Perturbation theory
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Known master equations

Master equation

(D2 - Qeven/odd) \Ileven/odd =0
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Known master equations

Master equation

(D2 - Qeven/odd) \Ileven/odd =0

m In Schwarzschild background

Ll+1) 3r,
Qodd(r):T B
Qeven(r):é{wew +1)+ %) + 95(@ —1)(L+2)+ %)]

= Tortoise coordinate dz/dr =1/ f(r)

o? 02
(_w + w - ‘/even/odd> \I[even/odd = Oa Vveven/odd = f Qeven/odd
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Master equations

[ Jele]e]e]e]e]

Construction of master functions and equations
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Master equations
O@00000

Assumptions

Linear in the metric perturbations and first-order derivatives

Woia = Coho™ +Cihy™ + Cg hy™
+ Cshg™ + Cihg™ + Cs hi™
+ Cohy™ + Crhg™ + Cshy™

Time independent coefficients
Cf = Ci(r)
Satisfies a wave equation and the potential is left arbitrary

Arbitrary perturbative gauge

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021)
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Ma a
[e]e] Je]e]ele}

Kl I:QOdd(T) _ Qidd(’l“)] -0 K13 [Qeven(r) _ inen(r)] -0
= Standard branch = Standard branch
Qodd (T’) _ Qi)dd (T’) Qeven (7‘) _ inen (’I“)
» Darboux branch = Darboux branch
Ki=0 Ki3=0
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Master equations
[e]e]e] Jelele]

Odd parity sector: standard branch

[ (02 — Qoad) s¥oaa =0 ]

= A single potential selected Q°%(r) = Q299(r)

0e+1)+3(f—1)

r2

Q) = A+ (= Qrw in Sch)
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Master equations
[e]e]e] Jelele]

Odd parity sector: standard branch

[ (02 — Qoad) s¥oaa =0 ]

= A single potential selected Q°%(r) = Q299(r)

0e+1)+3(f—1)

r2

Q) = A+ (= Qrw in Sch)

m Master function is a linear combination of RW and CPM

(+2)(—-1)

s%odd(t,r) = Ky Ypw(t,r) — 1

Ko Yepm(t, )

t"Uepmia = 2 Vrw
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0dd parity sector: Darboux branch

[ (O2 = Q0ad) p¥oda = 0 ]

= Potential dependent master functions

oWoaaltr) = ~EFPEED (ke 4 e () Wepna(t, ) + K Bon(t,7)

with

2K,
£+2)(£-1)
E(r) =E(r, 2(r))

Don(t, ) = ha

k7:
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Ma uations
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0dd parity sector: Darboux branch

[ (O2 — Qoad) p¥oda = 0 ]

= Family of potentials

S5V, podd
<5V>z+2 5 -V =0

’ x

where

§V =V —yodd

Vodd _ fQOdd
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Master equations
[e]e]e]e]e] e}

Even parity sector: standard branch

[ (DQ - Qeven) Sqleven =0 ]

= A single potential selected Q°V"(r) = Q" (r)

A1) = 2Ar2\(r) — (L +2)(0 = D+ 2 (£ +2)°(E = 1)* (P + £+ 1)
3r2X2(r)

even
Q" =

(QZ SCh)
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Master equations
[e]e]e]e]e] e}

Even parity sector: standard branch

[ (DZ - Qeven) Sqleven =0 ]

= A single potential selected Q°V"(r) = Q" (r)

A1) = 2Ar2\(r) — (L +2)(0 = D+ 2 (£ +2)°(E = 1)* (P + £+ 1)
3r2X2(r)

even
Q" =

(QZ SCh)

m Master function is a linear combination of ZM and a new one

0+ 1)
4

S‘I/even(ta T') = K2 \IJZM (t7 T') - KlS \IJNE(ta 1")

Ung(t, ) = ﬁt“ (rf(:a — habrb)

ta\IIZM a =2¥ng
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Y quations
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Even parity sector: Darboux branch

[ (D2 - Qeven) D\Ileven =0 ]

= Potential dependent master functions

K -
Dq/even(tv 7ﬁ) = (K2 + K24 E(T)) qIZM (t7 7‘) - % K(t7 T)
with

5(r) = X(r, 2(r))
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Master equations
[e]e]e]e]e)e] ]

Even parity sector: Darboux branch

[ (D2 - Qeven) D\Ijeven =0 ]

= Family of potentials
JV(K 'V;;VCI’) _
(5), (&), =0

V=V -y

where

even even
vever = fQ°
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Darboux covariance and KdV hierarchy in Schwarzschild BH
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Darboux covariance and KdV hierarchy
[e] Je]e]e]e]

Full space of master equations

(=7 +Ly) W= (-0 +82-V)T =0

Standard branch

even ZM NE
s¥Ysaa = C1¥cpm + Co¥rw

V = Viay
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Darboux covariance and KdV hierarchy
[e] Je]e]e]e]

Full space of master equations

(=7 +Ly) W= (-0 +82-V)T =0

Standard branch

sToT = €, U8y + Co VR
1%

Z
VRW

Darboux branch

even ZM even g,ZM even
p¥eda = C1¥cpm + €2 ( odd YCPM + odd)

5V1: (;Ven/odd
( : ) +2 Vo ) _sv=0

%

o
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Darboux covariance and KdV hierarchy
[e]e] Je]e]e]

Standard view on DTs

m Isospectrality of Vew and Vz

S. Chandrasekhar, Proc. Roy. Soc. Lond. A 369, 425-433 (1980), K. Glampedakis
et al., Phys. Rev. D 96, 024036 (2017)
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Darboux covariance and KdV hierarchy
[e]e] JeJe]e)

Standard view on DTs

m Isospectrality of Vew and Vz

iwt

DT in frequency domain U(t,7) =e

U(z;w)

Lyy(z;w) = —w’P(z;w)

L’vd) = 7“')2(;5
¢ =W, o] /1o

Lyto = —witho — g(z) = —(Into) e —
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Darboux covariance and KdV hierarchy
[e]e] Je]e]e]

Standard view on DTs

m Isospectrality of Vew and Vz

iwt

DT in frequency domain U(t,7) =e

U(z;w)

Lyy(z;w) = —w’P(z;w)

L’vd) = 7“')2(;5
¢ =W, o] /1o

Lyto = —witho — g(z) = —(Into) e —

m Darboux transformation between RW and ZM

_ M) —iw, _ 6M f(r)
Yo = “57e . . G(z) = N(r)r2
w, = —io = —i gt Viiw = £G, + oG + G*
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Darboux covariance and KdV hierarchy
[e]e]e] Je]e]

Darboux transformation

= Darboux transformation between (v, ¢) and (V, ¥)

V=9p,+gp
(O, —v)p=0 — V=v+2g, — (;-V)¥ =0

g.—9 +v=_0C
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[e]e]e] Je]e]

Darboux transformation

= Darboux transformation between (v, ¢) and (V, ¥)

V=9p,+gp
O —v)e=0 — V=v+2g, — (= V)¥ =0

g.—9 +v=_0C

<55‘(}x> I”(Ei;),z_‘w:o

’
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Darboux and KdV hierarchy

[e]e]e] Je]e]

Darboux transformation

= Darboux transformation between (v, ¢) and (V, ¥)

V=9p,+gp
@2 —v)p=0 — V=uv+2g,
9o—9>+v=0C

<56‘(’/”> I+2(%‘j)ym—5v:0

’

= Darboux covariance of perturbations of spherically-symmetric BHs

it = 5 [ do (V- Vi)

1
g™t = */dw (Vz — Vaw)

June 7, =
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Darboux covariance and KdV hierarchy
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Inverse scattering methods in BH perturbation theory

m Scattering through a potential barrier

el for v - —0,
P —

a(w)e™® + b(w)e ™  for x — 400,
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Darboux covariance and KdV hierarchy
[e]e]e]e] Jo]

Inverse scattering methods in BH perturbation theory

m Scattering through a potential barrier

el for v - —0,
P —

a(w)e™® + b(w)e ™  for x — 400,

= Bogoliubov coefficients completely determine the problem

m Reflection and transmission coefficients

R = (5 T =

m QNMs w; are the zeros of a(w)

a(w;) =0
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Darboux covariance and KdV hierarchy
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KdV hierarchy in BH perturbation theory

m The logarithm of a(w) can be expanded in inverse powers

21w oo

+oo
In[a(w)] = Z (Iin)n = I :/ dzP,(V,V',..)

m [, are the KdV integrals associated to the infinite symmetries of the
KdV equation

L. D. Faddeev and V. E. Zakharov, Funct. Anal. Appl. 5, 280-287 (1971)
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KdV hierarchy in BH perturbation theory

m The logarithm of a(w) can be expanded in inverse powers

21w oo

+oo
In[a(w)] = Z (Iin)n = I, = / dzP,(V,V',..)

m [, are the KdV integrals associated to the infinite symmetries of the
KdV equation

[ The KdV integrals I,, are equal for all the Darboux related potentials ]

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021)
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Conclusions

= First-time complete picture

= Computational advances (QNMs, scattering data..)

= Extensions to modified theories of gravity, Kerr BH...
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