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Gravity is very successfully described by the General Relativity
theory of Albert Einstein. It is one of the best and most beautiful
theories we have. Still, we are stubbornly trying to modify it.

There are mysteries in cosmology. What are the Dark Sectors?
Was there inflation, and if yes then how? And if the problems such
as H0 tension are real, what are we making out of that?

On top of that, there are singularities, inherent and unavoidable.
They are mostly hidden whenever one can imagine. But don’t we
want to have a better understanding of what is going on?

And let alone the puzzle of quantum gravity, together with our
pathological belief in the mathematically horrendous quantum field
theory approach.
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And the amazing news we get is that it is extremely difficult to
meaningfully modify the theory of General Relativity.

Simple models such as f (R) are almost nothing new, and can be
reformulated as an extra universal force mediated by a scalar field
on top of the usual gravity. Deeper attempts at modifying it
require exquisite care to not encounter with ghosts, or other bad
instabilities, or total lack of well-posedness, or no reasonable
cosmology available, or.... you name it!

And having the miserable lack of an undoubtful success, it makes
all the good sense to try whatever crazy modification or a new
geometry one can think of. And let it lead us to a better
understanding.

Alexey Golovnev Centre for Theoretical Physics British University in EgyptOn some problems of modifying gravity



One possible idea is to modify the class of variations.
Recall unimodular gravity, for example.

Another option is mimetic gravity, or mimetic dark matter.
The idea is to represent the physical metric gµν in the
Einstein-Hilbert variational principle as

gµν = g̃µν g̃
αβ(∂αϕ)(∂βϕ).

The conformal mode of g̃ is stripped off any physical significance,
and its role is relegated to the scalar player. The latter has
derivatives though, and therefore the equations of motion appear
more general. Namely, an effective ideal pressureless fluid with
purely potential flow is added.
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One problem is that the caustic singularities become fundamental,
not just mere artefacts of some approximation.

Many generalisations were tried, for example with higher
derivatives of the scalar in the action.
Some singularity avoidance mechanism was constructed, though
with a subtle use of changing branches of a multi-valued function.

Another option is a more general metric transformation:

gµν = C (ϕ, X̃ ) · g̃µν + D(ϕ, X̃ ) · (∂µϕ)(∂νϕ)

with X̃ ≡ g̃µν(∂µϕ)(∂νϕ).
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Roughly speaking, the metric transformation is invertible as long as

∂

∂X̃

(
C

X̃
+ D

)
̸= 0.

Therefore, if
C

X̃
+ D = h(ϕ),

then it is nowhere invertible, like in the classical mimetic gravity
case, and reproduces precisely that.
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If not to have it universal, the non-invertibility condition can be
taken as a differential equation

C = X̃
∂

∂X̃
C + X̃ 2 ∂

∂X̃
D

for the scalar field.

Outside these loci, the model will be just the same as GR. With
such scalar field configurations though, it will again offer more
solutions, precisely of mimetic dark matter type.
It is nice, of course. But looks rather scary, in the sense of an
ill-defined number of degrees of freedom.
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One possible approach of a serious change in geometrical
foundations is (modified) teleparallel gravity. The teleparallel
framework works in terms of torsion instead of curvature.

In the tetrad-based description of gravity, one can naturally have
torsionful connections without curvature or non-metricity by

Γαµν = eαA∂µe
A
ν .

At least locally, every connection of this sort can be written like
this, for some particular tetrad.

If we go beyond TEGR, or just reproducing GR, this framework is
about more than just a metric. In general, different tetrads for the
same metric are physically different objects.
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To fix the notations, recall that the quest for TEGR action can
start from observing that a metric-compatible connection Γαµν with

torsion differs from the Levi-Civita one
(0)

Γ α
µν by a contortion tensor:

Γαµν =
(0)

Γ
α
µν(g) + Kα

µν

which is defined in terms of the torsion tensor Tα
µν = Γαµν − Γανµ as

Kαµν =
1

2
(Tαµν + Tναµ + Tµαν) .

It is antisymmetric in the lateral indices because I ascribe the left
lower index of a connection coefficient to the derivative, e.g.
▽µT

ν ≡ ∂µT
ν + ΓνµαT

α.
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The curvature tensor

Rα
βµν = ∂µΓ

α
νβ − ∂νΓ

α
µβ + ΓαµρΓ

ρ
νβ − ΓανρΓ

ρ
µβ

for the two different connections obviously has a quadratic in K
expression in the difference. Then making necessary contractions,
such as Rµν = Rα

µαν and R = gµνRµν , we can come to

(0)

R +T+ 2
(0)

▽µ T
µ = 0

since the connection Γ has zero curvature. Here Tµ ≡ Tα
µα is the

torsion vector while the torsion scalar

T ≡ 1

2
SαµνT

αµν

is given in terms of the superpotential

Sαµν ≡ Kµαν + gαµTν − gανTµ

which is antisymmetric in the last two indices, the same as the
torsion tensor.
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Due to the basic relation above, the Einstein-Hilbert action

−
∫
d4x

√
−g

(0)

R is equivalent to the TEGR one,
∫
d4x∥e∥T.

They are the same, up to the surface term B ≡ 2
(0)

▽µ T
µ.

Of course, this equivalence disappears when we go to modified
gravity, for example the f (T ) gravity:

S =

∫
f (T) · ∥e∥d4x .

Actually, the work of varying this action can be simplified a lot by
using this observation.

But many problems await us!
The pesky strong coupling issues...
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After some little exercise, the equation of motion can be written as

fT
(0)

Gµν +
1

2
(f − fTT) gµν + fTTSµνα∂

αT = κTµν

with Tµν being the energy-momentum tensor of the matter.
This is a very convenient form of equations!
Addition of a flat spin connection does not make any change to it.

If fTT ̸= 0, then the antisymmetric part of the equations takes the
form of

(Sµνα − Sνµα)∂
αT = 0.

It can be thought of as related to Lorentzian degrees of freedom.

And we see that solutions with constant T are very special and do
not go beyond the usual GR, unless we are to study perturbations
around them.
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The number of degrees of freedom is not very well known. And the
main reason is a variable rank of the algebra of Poisson brackets of
constraints.
But, what is for sure, is that there must be at least one extra mode.

Still, the trivial Minkowski eAµ = δAµ is obviously in a strong
coupling regime for it. Indeed, then T ∝ (∂δe)2, and for the
quadratic action we just take f (T) = f0 + f1T+O(T2) which
means accidental restoration of the full Lorentz symmetry, and
linearised GR.
This no contradiction to experiments is highly problematic.

Moreover, the strong coupling issue is there also for the standard
cosmology.
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One can use the following ansatz for perturbations

e∅0 = a(τ) · (1 + ϕ)

e∅i = a(τ) · (∂iβ + ui )

ea0 = a(τ) · (∂aζ + va)

eaj = a(τ) ·
(
(1− ψ)δaj + ∂2ajσ + ϵajk∂ks + ∂jca + ϵajkwk +

1

2
haj

)
.

with the usual metric perturbations given by

g00 = −a2(τ) · (1 + 2ϕ)

g0i = a2(τ) · (∂i (ζ − β) + vi − ui )

gij = a2(τ) ·
(
(1− 2ψ)δij + 2∂2ijσ ++∂icj + ∂jci + hij

)
.

and the new (Lorentzian) components given are scalar β + ζ,
pseudoscalar s, vector ui + vi , and pseudovector wj .
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Under infinitesimal diffeomorphisms xµ → xµ + ξµ(x)
with ξ0 and ξi ≡ ∂iξ + ξ̃i , one can simply derive the following
transformation laws:

ϕ −→ ϕ− ξ0
′ − Hξ0

ψ −→ ψ + Hξ0

σ −→ σ − ξ

β −→ β − ξ0

ζ −→ ζ − ξ′

ci −→ ci − ξ̃i

vi −→ vi − ξ̃′i .

Guage invariant combinations are obvious.

One natural choice: σ = 0 and β = ζ (conformal Newtonian
gauge), and ci = 0.
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The pseudoscalar mode is still not present in the linear equations.

A very interesting (but unreliable) prediction is non-zero
gravitational slip:

ϕ− ψ = −12fTTH(H ′ − H2)

fT
ζ

where

△ζ = −3

(
ψ′ + Hϕ− H ′ − H2

H
ψ

)
.

But still, no new dynamical modes in linear perturbations!
According to a recent work, the same is true even for spatially
curved cosmologies.
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This is a very amazing persistence of strong coupling.
In my opinion, the big trouble is that we have broken the local
Lorentz invariance not strongly enough. Some random and strange
net of ”remnant symmetries” is still there.

For example, we can take another solution for Minkowski metric

eaµ =


cosh(λ) sinh(λ) 0 0
sinh(λ) cosh(λ) 0 0

0 0 cos(ψ) − sin(ψ)
0 0 sin(ψ) cos(ψ)


with arbitrary fixed functions λ(t, x , y , z) and ψ(t, x , y , z).
It has T = 0, and therefore is a solution iff f (0) = 0.

It does not even form a group!
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For linear Lorentzian perturbations one gets equations

−ψzTt − λyTx + λxTy + ψtTz = 0,

ψyTt − λzTx − ψtTy + λxTz = 0,

−λyTt − ψzTx + λtTy + ψxTz = 0,

−λzTt + ψyTx − ψxTy + λtTz = 0

for linear variations of T around the zero value.
In generic enough a situation we get T =const. However, in case
of only a boost or only a rotation, perturbations of non-constant T
are possible.
In particular, for λ(z) and no rotation, we get a new mode with
strange Cauchy data of C1(y , z) and C2(x , y , z).
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One can look for generalisations. For example, a model of f (T,B)
type. Those go beyond one of the main initial motivations for f (T)
gravity, for they produce 4-th order equations of motion.

It is unclear whether they can avoid the Ostrogradski-type ghosts,

unless in the case of f (
(0)

R ). However, what is clear is that they
inherit all the troubles of f (T) gravity. Indeed, they obviously can

be rewritten as f (T,
(0)

R ), with all the issues of rather chaotic
remnant symmetries.

There are also symmetric teleparallel options, in terms of
non-metricity. They seem to have similar troubles, with
diffeomorphism invariance violation being not strong enough, like
the Lorentz one in metric teleparallel.
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Conclusions

There are many reasons to try modifying gravity,
even in most crazy ways ever.

It brings a lot of pleasure,
and no less serious troubles...

Thank you!
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