
New Boundary Conditions for Cosmology

Neil Turok

University of Edinburgh and Perimeter Institute

with Latham Boyle, see recent preprints 2109.06204, 2110.06258, 2201.07279 

extending Boyle, Finn, NT  Phys. Rev. Lett. 121 (2018) 251301
Annals of Physics 438 (2022) 168767



Credit: Pablo Carlos Budassi

Large Scale Universe
remarkably simple fit 
just 5 parameters

energy content
• ⁄𝑛! 𝑛"
• ⁄𝜌#$ 𝜌!
• 𝜌%

comoving perturbations
• 𝑟𝑚𝑠 𝑅&

(()~𝑘*𝐴( &
&!
)+,

• 𝐴~7.0×10+-
• ε~0.015 (𝑘. ≡ 0.05Mpc-1 ) 
many quantities consistent with zero



let’s explore the possibility that 
the universe gets simpler as you look back to the bang 



the puzzling large-scale geometry of the cosmos

Penrose



flatness closer to home…



one explanation



a better explanation

• the earth is large
(~10!" atoms)

• gravity, dissipation, 
thermodynamics

(entropy)



measures

any “solution” of cosmological puzzles, e.g., horizon, flatness, homogeneity, 
Lambda … rests on some (perhaps intuitive) notion of a measure

in physics, measures arise from quantum statistical mechanics

is there a quantum statistical mechanics for cosmology?
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gravitational entropy: 
black hole thermodynamics
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de Sitter
Gravitational entropy calculated 
from the Euclidean path integral
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(this derivation hides an important sign!)
De Sitter Entropy



Cosmology with radiation plus Lambda – with compact space
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has remarkable global analytical properties

𝑑𝑠* = 𝑎 𝑡 * −𝑑𝑡* + 𝛾?@𝑑𝑥?𝑑𝑥@

Jacobi elliptic function
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simple pole

simple zero

𝑎 𝑡 is single-valued in the complex 𝑡-plane 
Its only singularities are simple poles and it is doubly-periodic 
Periodicity in imaginary time implies a Hawking temperature

L. Boyle and NT, hep-th/2109.06204
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CPT symmetric 
universe 

Boyle, Finn, NT  Phys. Rev. Lett. 121 (2018) 251301
Annals of Physics 438 (2022) 168767



the big bang is a 
``perfect CPT mirror”

“Conformal zero”
R. Newman (1993)
GR+conformal fluid

regular conformal 3-metric 
provides complete Cauchy
data at the bang



seesaw mechanism and neutrino masses

𝐻

𝜈0 𝜈0𝜈1

𝑀1

𝐻

By imposing perfect CPT symmetry, we predict the abundance of RH neutrinos.
They account for the dark matter if their mass is 4.8 108 GeV.



1) out of equilibrium 𝑇A ≫ 𝑇BC ≈ 10+(D𝑇E,G$!

2) the Hamiltonian is zero – no canonical ensemble

3) Nevertheless, one can still define a statistical ensemble

4) Expansion is adiabatic 𝐻~ ⁄𝑇A* 𝑀1 ≪ 𝑇A

5) The radiation is in local thermal equilibrium: treat as a perfect fluid.

statistical mechanics for cosmology



Path Integrals: amplitudes and partition functions

1) Amplitudes: pure state to pure state ∫𝐷𝑥 𝑒$%

P-L theorem: for any relevant saddle, |𝑒$%|≤ 1 ⇒ semiclassical exponents cannot be positive
(series of papers by Feldbrugge+Lehners+NT)

2) Partition functions: 𝑍 = 𝑇𝑟 𝑒"&' = 𝑒%"(/*

𝑆 is often exponentially large
For gravity, 𝐻 annihilates physical states so  𝑍 = number of physical states
𝑍 = 𝑒% > 1⟹ 𝑆 > 0 semiclassical exponents must be positive 

(forthcoming paper on real time path integrals by Feldbrugge+NT)



𝑍 = Tr(∫ 𝑑𝑛𝑒"$'+); 𝐻 = 𝐻, +𝐻-

Trace over radiation as conformal-invariant matter at temperature 𝑇 = 𝛽".

Hence Tr- 𝑒"&'! = 𝑒%!"&/!; 𝑆- is the (adiabatically conserved) total entropy in radiation,
𝑈-(𝑆-) is the associated internal energy

Set 𝛽 = 𝑖𝑛 to obtain 𝑍 = 𝑒%! Tr, ∫𝑑𝑛 𝑒"$('"1/!)+ ;  path integral for cosmology with

𝑖𝑆 = 𝑖
𝑉
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9𝑑𝑡 𝑛(−3J̇
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K$ + 3𝜅𝑎
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where 𝑈- = 𝑟 ⁄𝑉 𝐿34! ;   𝐿34! ≡ 8𝜋𝐺 Note: odd in 𝑛
- this is the sign
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Cosmology with Lambda, radiation & space curvature
Friedmann 3𝑎′! + 3𝜅𝑎! − 𝜆𝑎5 = 𝑟;        𝜌- =

-
6#7$%
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sign of 𝜅

𝑉LMM(𝑎) Einstein static universe
(no horizon, no gravitational entropy)

Real time



Two ways to go Euclidean

𝑑𝑠) = 𝑎)(𝑛𝑡)(−𝑛)𝑑𝑡) +𝛾23𝑑𝑥2𝑑𝑥3)

even    Wick  𝑛 = −𝑖𝑁,𝑁 real  

odd     Wick plus Conformal 𝑎 𝑛𝑡 = −𝑖𝑏 𝑁𝑡 , 𝑏 𝑡 real
(“conformal rotation” C; 
Gibbons+Hawking+Perry)

𝑎 𝑛𝑡

𝑎 𝑛𝑡
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yields instantons for all 
values of 𝜅, 𝜆 > 0, 𝑟 > 0

yields instantons 
only for 𝜅 > 0, 𝑟 ≤ 𝑟456

Imaginary time



∟!"

Lorentzian

Euclidean

|𝑎 𝑛𝑡 |



∟!"

Lorentzian

Euclidean

|𝑎 𝑛𝑡 |

action is 
topological:
invariant
under 
contour
deformations





0.1 1 10 100 1000
0.01

0.10

1

10

100

1000

!!
!"

" > 0" < 0

⁄!# !"⁄% &

max( Ω'Ω#("
)

result

Type equation here.

S

𝑆!~𝑆" 𝑆#
$/&

S



can understand large Sg scaling by counting 

dS horizons at Lambda-radiation equality
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scalar, tensor, conformal perturbations decrease the gravitational entropy

most probable universe is homogeneous, isotropic and flat on large scales 

Much remains to be done: 
• explicitly construct the quantum ensemble, show instantons are its saddles
• generalize to non-conformal invariant matter & include black holes
• string theory as a 1+1 model cosmology with a big bang and horizons
• origin of perturbations – from conformal anomaly (Boyle+NT, in prep)



Thank You!



short strings in AdS3 long strings



1+1 analog model: 
string loop in

̈−𝑥N + 𝑥′′N + ΓOP
N −𝑥̇O𝑥̇P + 𝑥QO𝑥QP +𝐻 OP

N 𝑥̇O𝑥′P = 0; 
𝐻NOP = 𝐻𝜀NOP; constraints 𝑥̇* + 𝑥′* = 0, 𝑥̇𝑥Q = 0

Equations of motion  in orthonormal gauge

𝑥N = (𝑇 𝜏 , 𝑅 𝜏 cos 𝜎, 𝑅 𝜏 sin 𝜎) ; 𝑑𝑠**= 𝑅*(𝜏)(−𝑑𝜏* + 𝑑𝜎*)

⇒ −𝑇̇* 1 + 𝑅* + 𝑅̇* 1 + 𝑅* +0 + 𝑅* = 0 (1)
−𝑇̈ − $ %

&'%$𝑅̇𝑇̇ −
( %
&'%$𝑅̇ = 0 (2)

(2)⇒ 𝑇̇ = −($%$'*)
&'%$

(1)⇒ 𝑅̇* − 3𝑅2 − 𝑅* 4𝑑 − 1 = 𝑑*

𝑅 𝜏 = 𝐴 𝑠𝑛 *
,𝑡,𝑚 ; 𝐴 = * &'-

(*.&

circular loop

Jacobi elliptic solutions, again 

See, e.g., Maldacena and Ooguri,
hep-th/0001053 [hep-th]
and references therein

w/ Malcolm Perry

𝐴𝑑𝑆7 with constant 3-form 

https://arxiv.org/abs/hep-th/0001053


Vacuum energy and conformal anomalies

𝐸𝒌 = &"ℏ𝑘(𝑛" + 2𝑛"9 − 2 𝑛:/) + 2𝑛:)

𝑇<
< = 𝑐 𝐶) − 𝑎 𝐸 +𝜉 𝑅:          

𝑎 = :
7="(' ?)" 𝑛" − 28 𝑛"' +

::
) 𝑛:/) + 62 𝑛:

𝑐 = :
:)"(' ?)" 𝑛" − 8 𝑛"' + 3 𝑛:/) + 12 𝑛:

Unique solution assuming the gauge group is SU3xSU2xU1: 

𝑛$/. = 4𝑛$= 48; 𝑛,]=3𝑛$= 36; 𝑛, = 0. 

adjustable

𝐶! = 𝐶I&JK𝐶I&JK;
𝐸 = 𝑅I&JK𝑅I&JK − 4𝑅I&𝑅I& + 𝑅!

Requires precisely three generations, each containing a RH neutrino

dim-zero scalars
dim-one scalars

Weyl or Majorana fermions

gauge fields



3𝑎̇* = −3𝜅𝑎* + 𝑟 + 𝜆𝑎2;  equal Λ, radiation density at 𝑎LR= (𝑟/𝜆)0/2

but for 𝑎 < 𝑎LR,  𝑎~𝑟0/*𝑡 so 𝑡LR~1/(𝑟𝜆)0/2

Horizon volume at eq,~ 𝑎!"# 𝑡!"#

Total volume at eq,  ~ 𝑎!"# 𝜅$#/&

number of horizon volumes at equality
𝑁XYA~(𝜆𝑟/𝜅*)(/2

multiply by de Sitter entropy 𝜆+0

understanding in terms of horizons

𝑁ABC𝜆D: ~(𝑟/𝜅))7/' 𝜆D:/' ~ 𝑆C𝑆E
:/'



dark energy

𝑆𝑈
3×
𝑆𝑈
2×
𝑈1

gauge fields

particles

gravity

Higgs

Can we explain nature’s observed (and surprising) 
simplicity with simple and highly predictive principles?

Do (real-time) path integrals exist?   Feldbrugge and NT, forthcoming preprint 
a program of foundational research is called for, e.g.,
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Large Scale Universe
remarkably simple fit, 
with just 5 parameters

energy content
• ⁄𝑛! 𝑛"
• ⁄𝜌#$ 𝜌!
• 𝜌%

comoving curvature
𝑘+*𝑅&

(()~𝐴&𝑘+,

• 𝐴&,AZ.~7.0×10+-
• ε~0.017
many quantities consistent with zero



Gravity

right handed neutrinos

SU3xSU2xU1
L LL R R R

Small Scale Universe

dark matter



seesaw mechanism and neutrino masses

𝐻

𝜈0 𝜈0𝜈1

𝑀1

𝐻



Trace anomaly: QFT in curved spacetime

𝑇NO = − $
./

01
0/23

; 𝛿𝑔NO= 𝜀𝑔NO ⇒ 01
04 = − ./

$ 𝑇N
N

However, the quantum stress tensor is divergent (products of fields at the 
same point). After renormalization, one finds Weyl symmetry is broken

𝑇N
N = 𝑐 𝐶* − 𝑎𝐸 + 𝜉 𝑅;

𝐶* = 𝑅[\"]𝑅[\"] − 2𝑅[\𝑅[\ + &
5𝑅

* Weyl curvature squared
𝐸 = 𝑅[\"]𝑅[\"] −4𝑅[\𝑅[\ + 𝑅* Euler density

𝑐, 𝑎 depend on the matter content, cannot be altered by local counterterms
𝜉 may be altered by adding a local (𝑅*) counterterm to the Lagrangian

(there are also contributions from the running of couplings)

Hilbert Weyl



Scalar Lagrangians
Dimension-one scalars have a two-derivative, Weyl invariant action
𝑆* = 0

* ∫ B
(_ ` `23a2ba3bc⋯ b(_)⟶f(_).&b(_)

Dimension-zero scalars have a four-derivative Weyl-invariant action
𝑆2 = 0

* ∫ B
(_ `( g)$c⋯ g _ ⟶g _

These were considered in higher-derivative UV finite theories, thought to be plagued by ghosts.

However, their Euclidean action is positive. We have recently shown them to possess a well-defined 
partition function, suggesting the quantum theory is healthy.

The theory is unusual: the vacuum is the only energy eigenstate. There are no particle-like states.


