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Figure 9.2: Summary of determinations of –s(M2
Z

) from the seven
sub-fields discussed in the text. The yellow (light shaded) bands
and dotted lines indicate the pre-average values of each sub-field.
The dashed line and blue (dark shaded) band represent the final
world average value of –s(M2

Z
).

average and are at the moment the only input values in the Heavy-
quarkonia category. Their unweighted combination leads to the
pre-average for this category of –s(M2

Z
) = 0.1187 ± 0.0052. We

note that, while we include this result in our final average, be-
cause of the large uncertainty of the two determinations in this
category, removing this pre-average would not change the final
result within the quoted uncertainty.

9.4.3 Deep-inelastic scattering and global PDF fits:

Studies of DIS final states have led to a number of precise deter-
minations of –s: a combination [501] of precision measurements
at HERA, based on NLO fits to inclusive jet cross sections in neu-
tral current DIS at high Q

2, provides combined values of –s at
di�erent energy scales Q, as shown in Fig. 9.3, and quotes a com-
bined result of –s(M2

Z
) = 0.1198±0.0032. A more recent study of

multijet production [373], based on improved reconstruction and
data calibration, confirms the general picture, albeit with a some-
what smaller value of –s(M2

Z
) = 0.1165 ± 0.0039, still at NLO.

An evaluation of inclusive jet production, including approximate

NNLO contributions [502], reduces the theoretical prediction for
jet production in DIS, improves the description of the final HERA
data in particular at high photon virtuality Q

2 and increases the
central fit value of the strong coupling constant.

Another class of studies, analyzing structure functions at NNLO
QCD (and partly beyond), provide results that serve as relevant
inputs for the world average of –s. Most of these studies do not,
however, explicitly include estimates of theoretical uncertainties
when quoting fit results of –s. In such cases we add, in quadra-
ture, half of the di�erence between the results obtained in NNLO
and NLO to the quoted errors: a combined analysis of non-singlet
structure functions from DIS [503], based on QCD predictions up
to N3LO in some of its parts, results in –s(M2

Z
) = 0.1141±0.0022

(BBG). Studies of singlet and non-singlet structure functions,
based on NNLO predictions, result in –s(M2

Z
) = 0.1162 ± 0.0017

[504] (JR14). The AMBP group [505, 506] determined a set of
parton distribution functions using data from HERA, NOMAD,

αs(MZ
2) = 0.1179 ± 0.0010
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Figure 9.3: Summary of measurements of –s as a function of
the energy scale Q. The respective degree of QCD perturba-
tion theory used in the extraction of –s is indicated in brack-
ets (NLO: next-to-leading order; NNLO: next-to-next-to-leading
order; NNLO+res.: NNLO matched to a resummed calculation;
N3LO: next-to-NNLO).

CHORUS, from Tevatron and the LHC for the Drell-Yan process
and the hadro-production of single-top and top-quark pairs and
determined –s(M2

Z
) = 0.1147 ± 0.0024 [505]. The MMHT group

[507], also including hadron collider data, determined a new set of
parton density functions (MMHT2014) together with –s(M2

Z
) =

0.1172 ± 0.0013. Similarly, the CT group [508] determined the
CT14 parton density set together with –s(M2

Z
) = 0.1150+0.0036

≠0.0024.
The NNPDF group [509] presented NNPDF3.1 parton distribu-
tion functions together with –s(M2

Z
) = 0.1185 ± 0.0012.

We note that criticism has been expressed on some of the above
extractions. Among the issues raised, we mention the neglect of
singlet contributions at x Ø 0.3 in pure non-singlet fits [510],
the impact and detailed treatment of particular classes of data
in the fits [510, 511], possible biases due to insu�ciently flexible
parametrizations of the PDFs [512] and the use of a fixed-flavor
number scheme [513,514].

Summarizing the results from world data on structure functions,
taking the unweighted average of the central values and errors of
all selected results, leads to a pre-average value of –s(M2

Z
) =

0.1161 ± 0.0018, see Fig. 9.2.

9.4.4 Hadronic final states of e+e≠
annihilations:

Re-analyses of event shapes in e
+

e
≠ annihilation (j&s), mea-

sured around the Z peak and at LEP2 center-of-mass energies
up to 209 GeV, using NNLO predictions matched to NLL re-
summation and Monte Carlo models to correct for hadroniza-
tion e�ects, resulted in –s(M2

Z
) = 0.1224 ± 0.0039 (ALEPH)

[515], with a dominant theoretical uncertainty of 0.0035, and in
–s(M2

Z
) = 0.1189 ± 0.0043 (OPAL) [516]. Similarly, an anal-

ysis of JADE data [517] at center-of-mass energies between 14
and 46 GeV gives –s(M2

Z
) = 0.1172 ± 0.0051, with contributions

from the hadronization model and from perturbative QCD un-
certainties of 0.0035 and 0.0030, respectively. Precise determi-
nations of –s from 3-jet production alone (3j), at NNLO, re-
sulted in –s(M2

Z
) = 0.1175 ± 0.0025 [518] from ALEPH data

and in –s(M2
Z

) = 0.1199 ± 0.0059 [519] from JADE. A recent
determination is based on an NNLO+NNLL accurate calcula-
tion that allows to fit the region of lower 3-jet rate (2j) using
data collected at LEP and PETRA at di�erent energies. This
fit gives –s(M2

Z
) = 0.1188 ± 0.0013 [520], where the dominant

uncertainty is the hadronization uncertainty, which is estimated
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MOTIVATION

Can we get new, independent measurements of αs using 
soft drop jet mass at hadron colliders?

Uncertainties in strong coupling constant αs propagate into (almost all) 
precision measurements at the LHC 

Tension between different measurements (LEP, lattice, hadron colliders,…)

3

What are the advantages and challenges?



PREVIOUS αs MEASUREMENTS

World average: 
αs(mZ)=0.1179 ± 0.0010

4
[Figures from Workman et al. (Particle Data Group) 2022]

Here: 
Investigate prospects for 
using jet mass for a new 

precision measurement of αs
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usually is estimated as discussed in Sec. 9.2.4.
• The size of non-perturbative e�ects. Su�ciently inclusive quan-

tities, like the e
+

e
≠ cross section to hadrons, have small non-

perturbative contributions ≥ �4
/Q

4. Others, such as event-
shape distributions, have typically contributions ≥ �/Q.

• The scale at which the measurement is performed. An uncer-
tainty ” on a measurement of –s(Q2), at a scale Q, translates
to an uncertainty ”

Õ = (–2
s(M2

Z)/–
2
s(Q2)) · ” on –s(M2

Z). For
example, this enhances the already important impact of pre-
cise low-Q measurements, such as from · decays, in combi-
nations performed at the MZ scale.

The selection of results from which to determine the world average
value of –s(M2

Z) is restricted to those that are

- published in a peer-reviewed journal at the time of writing this
report,

- based on the most complete perturbative QCD predictions of
at least NNLO accuracy,

- accompanied by reliable estimates of all experimental and the-
oretical uncertainties.

Numerous measurements from jet production in DIS and at
hadron colliders are still excluded from the average presented here,
because the determination of –s(M2

Z) from those data sets has not
yet been upgraded to NNLO. We expect that this will change in
the near future. Still, the NLO analyses will be discussed in this
Review, as they are important ingredients for the experimental
evidence of the energy dependence of –s, i.e. for asymptotic free-
dom, one of the key features of QCD.

In order to calculate the world average value of –s(M2
Z), we

apply, as in earlier editions, an intermediate step of pre-averaging
results within the sub-fields now labeled “Hadronic · decays and
low Q

2 continuum” (· decays and low Q
2), “Heavy quarkonia

decays” (QQ̄ bound states), “PDF fits” (PDF fits), “Hadronic
final states of e

+
e

≠ annihilations” (e+
e

≠ jets & shapes), “Ob-
servables from hadron-induced collisions” (hadron colliders), and
“Electroweak precision fit” (electroweak) as explained in the fol-
lowing sections. For each sub-field, the unweighted average of all
selected results is taken as the pre-average value of –s(M2

Z), and
the unweighted average of the quoted uncertainties is assigned to
be the respective overall error of this pre-average. For the “Lat-
tice QCD” (lattice) sub-field we do not perform a pre-averaging;
instead, we adopt for this sub-field the average value and uncer-
tainty derived by the Flavour Lattice Averaging Group (FLAG)
in Ref. [542].

Assuming that the six sub-fields (excluding lattice) are largely
independent of each other, we determine a non-lattice world aver-
age value using a ‘‰2

averaging’ method. In a last step we perform
an unweighted average of the values and uncertainties of –s(M2

Z)
from our non-lattice result and the lattice result presented in the
FLAG2019 report [542].

9.4.1 Hadronic · decays and low Q2 continuum:
Based on complete N3LO predictions [32], analyses of the ·

hadronic decay width and spectral functions have been performed,
e.g. in Refs. [32,543–548], and lead to precise determinations of –s

at the energy scale of M
2
· . They are based on di�erent approaches

to treat perturbative and non-perturbative contributions, the im-
pacts of which have been a matter of intense discussions for a long
time, see e.g. Refs. [547–550]. In particular, in · decays there is
a significant di�erence between results obtained using fixed-order
(FOPT) or contour-improved perturbation theory (CIPT),

such that analyses based on CIPT generally arrive at larger
values of –s(M2

· ) than those based on FOPT. In addition, some
results show di�erences in –s(M2

· ) between di�erent groups using
the same data sets and perturbative calculations, most likely due
to di�erent treatments of the non-perturbative contributions, cf.

Ref. [548] with Refs. [547,551]. References [552,553] question the
validity of using a truncated OPE at Q

2 = m
2
· based on the

disagreement found between experimental values of the spectral
moments and the theory representations based on the truncated
OPE fits at Q

2
> m

2
· .
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Figure 9.2: Summary of determinations of –s(M2
Z) from the

seven sub-fields discussed in the text. The yellow (light shaded)
bands and dotted lines indicate the pre-average values of each sub-
field. The dashed line and blue (dark shaded) band represent the
final world average value of –s(M2

Z). The “*” symbol within the
“hadron colliders” sub-field indicates a determination including a
simultaneous fit of PDFs.

We determine the pre-average value of –s(M2
Z) for this sub-

field from studies that employ both FOPT and CIPT expansions,
and that account for the di�erence among these in the quoted
overall uncertainty. If necessary, we perform ourselves the aver-
aging of FOPT and CIPT numbers and the quadratic addition
of half their di�erence to the uncertainty. As the results from
Refs. [32, 550, 551] are not totally independent, we pre-average
as a first step the three results –s(M2

Z) = 0.1202 ± 0.0019 [32],
–s(M2

Z) = 0.1199 ± 0.0015 [551], and –s(M2
Z) = 0.1197 ± 0.0015

[550] to –s(M2
Z) = 0.1199 ± 0.0016 (summarized as BDP2008-

16 in Fig. 9.2). Subsequently, this is combined with –s(M2
Z) =

0.1162 ± 0.0025 [554], and –s(M2
Z) = 0.1182 ± 0.0015 [555], which

replaces the previous result from Ref. [548]. We also include
the result from · decay and lifetime measurements, obtained in
Sec. Electroweak Model and constraints on New Physics of the
2020 edition of this Review [537], –s(M2

Z) = 0.1170+0.0019
≠0.0017. The

latter result, being a global fit of · data, involves some correla-
tions with the other extractions of this category. However, since
we perform an unweighted average of the central value and uncer-
tainty, the e�ects of the potential correlations are reduced.

All these results are summarized in Fig. 9.2. Determining the
unweighted average of the central values and their overall uncer-
tainties, we arrive at –s(M2

Z) = 0.1178 ± 0.0019, which we will
use as the first input for determining the world average value of

164 9. Quantum Chromodynamics

αs(MZ2) = 0.1179 ± 0.0009
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Figure 9.3: Summary of measurements of –s as a function of
the energy scale Q. The respective degree of QCD perturba-
tion theory used in the extraction of –s is indicated in brack-
ets (NLO: next-to-leading order; NNLO: next-to-next-to-leading
order; NNLO+res.: NNLO matched to a resummed calculation;
N3LO: next-to-NNLO).

–s(M2
Z). This corresponds to –s(M2

· ) = 0.312 ± 0.015.

9.4.2 Heavy quarkonia decays:
Recently, two determinations have been performed [556,557] that
are based on N3LO accurate predictions. Reference [556] per-
forms a simultaneous fit of the strong coupling and the bot-
tom mass mb, including states with principal quantum number
up to n Æ 2 in order to break the degeneracy between –s and
mb, finding –s(M2

Z) = 0.1178 ± 0.0051. Reference [557] in-
stead uses as input of the fit the renormalon-free combination
of masses of the meson Bc, the bottomonium ÷b and the char-
monium ÷c, MBc ≠ M÷b /2 ≠ M÷c /2, which is weakly dependent
on the heavy quark masses, but shows a good dependence on –s.
Using this observable, they obtain –s(M2

Z) = 0.1195 ± 0.0053.
Two further values are derived at NNLO in Ref. [558, 559] from
mass splittings and sum rules giving –s(M2

Z) = 0.1183 ± 0.0019
and –s(M2

Z) = 0.1175 ± 0.0032 when evolved from the relevant
charmonium respectively bottomonium mass scales to M

2
Z . Fi-

nally, by means of quarkonium sum rules, Refs. [560, 561] quote
–s(M2

Z) = 0.1168±0.0019 and –s(M2
Z) = 0.1186±0.0048 for char-

monium and bottomonium respectively. These six determinations
satisfy our criteria to be included in the heavy-quarkonia category
of the world average. Their unweighted combination leads to the
pre-average for this category of –s(M2

Z) = 0.1181 ± 0.0037.

9.4.3 PDF fits:
Another class of studies, analyzing structure functions at NNLO
QCD (and partly beyond), provide results that serve as relevant
inputs for the world average of –s. Most of these studies do not,
however, explicitly include estimates of theoretical uncertainties
when quoting fit results of –s. In such cases we add, in quadra-
ture, half of the di�erence between the results obtained in NNLO
and NLO to the quoted errors.

A combined analysis of non-singlet structure functions from
DIS [562], based on QCD predictions up to N3LO in some of
its parts, results in –s(M2

Z) = 0.1141 ± 0.0022 (BBG). Studies
of singlet and non-singlet structure functions, based on NNLO
predictions, result in –s(M2

Z) = 0.1162 ± 0.0017 [563] (JR14).
The AMBP group [564, 565] determined a set of parton distribu-
tion functions using data from HERA, NOMAD, CHORUS, from
the Tevatron and the LHC using the Drell-Yan process and the
hadro-production of single-top and top-quark pairs, and deter-
mined –s(M2

Z) = 0.1147 ± 0.0024 [564].

The MSHT group [566], also including hadron collider data,
determined a new set of parton density functions (MSHT20)
together with –s(M2

Z) = 0.1174 ± 0.0013. Similarly, the CT
group [567] determined the CT18 parton density set together
with –s(M2

Z) = 0.1164 ± 0.0026. The NNPDF group [568] pre-
sented NNPDF3.1 parton distribution functions together with
–s(M2

Z) = 0.1185 ± 0.0012.
We note that criticism has been expressed on some of the above

extractions. Among the issues raised, we mention the neglect of
singlet contributions at x Ø 0.3 in pure non-singlet fits [569],
the impact and detailed treatment of particular classes of data
in the fits [569, 570], possible biases due to insu�ciently flexible
parametrizations of the PDFs [571] and the use of a fixed-flavor
number scheme [572,573].

Summarizing the results from world data on structure functions,
taking the unweighted average of the central values and errors of
all selected results, leads to a pre-average value of –s(M2

Z) =
0.1162 ± 0.0020, see Fig. 9.2.

9.4.4 Hadronic final states of e+e≠ annihilations:
Re-analyses of jets and event shapes in e

+
e

≠ annihilation (j&s),
measured around the Z peak and at LEP2 center-of-mass ener-
gies up to 209 GeV, using NNLO predictions matched to NLL re-
summation and Monte Carlo models to correct for hadronization
e�ects, resulted in –s(M2

Z) = 0.1224 ± 0.0039 (ALEPH) [574],
and in –s(M2

Z) = 0.1189 ± 0.0043 (OPAL) [575]. Similarly, an
analysis of JADE data [576] at center-of-mass energies between
14 and 46 GeV gives –s(M2

Z) = 0.1172 ± 0.0051, with contribu-
tions from the hadronization model and from perturbative QCD
uncertainties of 0.0035 and 0.0030, respectively. Precise deter-
minations of –s from 3-jet production alone (3j), at NNLO, re-
sulted in –s(M2

Z) = 0.1175 ± 0.0025 [577] from ALEPH data
and in –s(M2

Z) = 0.1199 ± 0.0059 [578] from JADE. A recent
determination is based on an NNLO+NNLL accurate calcula-
tion that allows to fit the region of lower 3-jet rate (2j) using
data collected at LEP and PETRA at di�erent energies. This
fit gives –s(M2

Z) = 0.1188 ± 0.0013 [579], where the dominant
uncertainty is the hadronization uncertainty, which is estimated
from Monte Carlo simulations. A fit of energy-energy-correlation
(EEC) also based on an NNLO+NNLL calculation together with
a Monte Carlo based modeling of hadronization corrections gives
–s(M2

Z) = 0.1175 ± 0.0029 [580]. These results are summarized
in the upper seven rows of the e

+
e

≠ sector of Fig. 9.2.
Another class of –s determinations is based on analytic model-

ing of non-perturbative and hadronization e�ects, rather than on
Monte Carlo models [581–584], using methods like power correc-
tions, factorization of soft-collinear e�ective field theory, disper-
sive models and low scale QCD e�ective couplings. In these stud-
ies, the world data on Thrust distributions (T), or - most recently
- C-parameter distributions (C), are analysed and fitted to per-
turbative QCD predictions at NNLO matched with resummation
of leading logs up to N3LL accuracy, see Sec. 9.2.3.3. The results
are –s(M2

Z) = 0.1135±0.0011 [582] and –s(M2
Z) = 0.1134+0.0031

≠0.0025
[583] from Thrust, and –s(M2

Z) = 0.1123 ± 0.0015 [584] from
C-parameter. They are displayed in the lower three rows of the
e

+
e

≠ sector of Fig. 9.2. A recent calculation has determined the
leading non-perturbative contribution to the C-parameter in the
three-jet limit, and has found that it di�ers by a factor of two from
the two-jet limit [585]. Taking this result into account in analyses
of the C-parameter would increase the value of the extracted –s

parameter, leaving it more in keeping with the world average.
The determination of Ref. [581], –s(M2

Z) = 0.1164+0.0028
≠0.0024, is

no longer included in the average as it is superseded by other
determinations that use the same Thrust data but rely on more
accurate theoretical predictions. Not included in the computa-
tion of the world average but worth mentioning are a compu-
tation of the NLO corrections to 5-jet production and compari-
son to the measured 5-jet rates at LEP [586], giving –s(M2

Z) =
0.1156+0.0041

≠0.0034, and a computation of non-perturbative and per-
turbative QCD contributions to the scale evolution of quark
and gluon jet multiplicities, including resummation, resulting in
–s(M2

Z) = 0.1199 ± 0.0026 [587].
We note that there is criticism on both classes of –s extractions
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usually is estimated as discussed in Sec. 9.2.4.
• The size of non-perturbative e�ects. Su�ciently inclusive quan-

tities, like the e
+

e
≠ cross section to hadrons, have small non-

perturbative contributions ≥ �4
/Q

4. Others, such as event-
shape distributions, have typically contributions ≥ �/Q.

• The scale at which the measurement is performed. An uncer-
tainty ” on a measurement of –s(Q2), at a scale Q, translates
to an uncertainty ”

Õ = (–2
s(M2

Z)/–
2
s(Q2)) · ” on –s(M2

Z). For
example, this enhances the already important impact of pre-
cise low-Q measurements, such as from · decays, in combi-
nations performed at the MZ scale.

The selection of results from which to determine the world average
value of –s(M2

Z) is restricted to those that are

- published in a peer-reviewed journal at the time of writing this
report,

- based on the most complete perturbative QCD predictions of
at least NNLO accuracy,

- accompanied by reliable estimates of all experimental and the-
oretical uncertainties.

Numerous measurements from jet production in DIS and at
hadron colliders are still excluded from the average presented here,
because the determination of –s(M2

Z) from those data sets has not
yet been upgraded to NNLO. We expect that this will change in
the near future. Still, the NLO analyses will be discussed in this
Review, as they are important ingredients for the experimental
evidence of the energy dependence of –s, i.e. for asymptotic free-
dom, one of the key features of QCD.

In order to calculate the world average value of –s(M2
Z), we

apply, as in earlier editions, an intermediate step of pre-averaging
results within the sub-fields now labeled “Hadronic · decays and
low Q

2 continuum” (· decays and low Q
2), “Heavy quarkonia

decays” (QQ̄ bound states), “PDF fits” (PDF fits), “Hadronic
final states of e

+
e

≠ annihilations” (e+
e

≠ jets & shapes), “Ob-
servables from hadron-induced collisions” (hadron colliders), and
“Electroweak precision fit” (electroweak) as explained in the fol-
lowing sections. For each sub-field, the unweighted average of all
selected results is taken as the pre-average value of –s(M2

Z), and
the unweighted average of the quoted uncertainties is assigned to
be the respective overall error of this pre-average. For the “Lat-
tice QCD” (lattice) sub-field we do not perform a pre-averaging;
instead, we adopt for this sub-field the average value and uncer-
tainty derived by the Flavour Lattice Averaging Group (FLAG)
in Ref. [542].

Assuming that the six sub-fields (excluding lattice) are largely
independent of each other, we determine a non-lattice world aver-
age value using a ‘‰2

averaging’ method. In a last step we perform
an unweighted average of the values and uncertainties of –s(M2

Z)
from our non-lattice result and the lattice result presented in the
FLAG2019 report [542].

9.4.1 Hadronic · decays and low Q2 continuum:
Based on complete N3LO predictions [32], analyses of the ·

hadronic decay width and spectral functions have been performed,
e.g. in Refs. [32,543–548], and lead to precise determinations of –s

at the energy scale of M
2
· . They are based on di�erent approaches

to treat perturbative and non-perturbative contributions, the im-
pacts of which have been a matter of intense discussions for a long
time, see e.g. Refs. [547–550]. In particular, in · decays there is
a significant di�erence between results obtained using fixed-order
(FOPT) or contour-improved perturbation theory (CIPT),

such that analyses based on CIPT generally arrive at larger
values of –s(M2

· ) than those based on FOPT. In addition, some
results show di�erences in –s(M2

· ) between di�erent groups using
the same data sets and perturbative calculations, most likely due
to di�erent treatments of the non-perturbative contributions, cf.

Ref. [548] with Refs. [547,551]. References [552,553] question the
validity of using a truncated OPE at Q

2 = m
2
· based on the

disagreement found between experimental values of the spectral
moments and the theory representations based on the truncated
OPE fits at Q

2
> m

2
· .
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Figure 9.2: Summary of determinations of –s(M2
Z) from the

seven sub-fields discussed in the text. The yellow (light shaded)
bands and dotted lines indicate the pre-average values of each sub-
field. The dashed line and blue (dark shaded) band represent the
final world average value of –s(M2

Z). The “*” symbol within the
“hadron colliders” sub-field indicates a determination including a
simultaneous fit of PDFs.

We determine the pre-average value of –s(M2
Z) for this sub-

field from studies that employ both FOPT and CIPT expansions,
and that account for the di�erence among these in the quoted
overall uncertainty. If necessary, we perform ourselves the aver-
aging of FOPT and CIPT numbers and the quadratic addition
of half their di�erence to the uncertainty. As the results from
Refs. [32, 550, 551] are not totally independent, we pre-average
as a first step the three results –s(M2

Z) = 0.1202 ± 0.0019 [32],
–s(M2

Z) = 0.1199 ± 0.0015 [551], and –s(M2
Z) = 0.1197 ± 0.0015

[550] to –s(M2
Z) = 0.1199 ± 0.0016 (summarized as BDP2008-

16 in Fig. 9.2). Subsequently, this is combined with –s(M2
Z) =

0.1162 ± 0.0025 [554], and –s(M2
Z) = 0.1182 ± 0.0015 [555], which

replaces the previous result from Ref. [548]. We also include
the result from · decay and lifetime measurements, obtained in
Sec. Electroweak Model and constraints on New Physics of the
2020 edition of this Review [537], –s(M2

Z) = 0.1170+0.0019
≠0.0017. The

latter result, being a global fit of · data, involves some correla-
tions with the other extractions of this category. However, since
we perform an unweighted average of the central value and uncer-
tainty, the e�ects of the potential correlations are reduced.

All these results are summarized in Fig. 9.2. Determining the
unweighted average of the central values and their overall uncer-
tainties, we arrive at –s(M2

Z) = 0.1178 ± 0.0019, which we will
use as the first input for determining the world average value of
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Figure 9.3: Summary of measurements of –s as a function of
the energy scale Q. The respective degree of QCD perturba-
tion theory used in the extraction of –s is indicated in brack-
ets (NLO: next-to-leading order; NNLO: next-to-next-to-leading
order; NNLO+res.: NNLO matched to a resummed calculation;
N3LO: next-to-NNLO).

–s(M2
Z). This corresponds to –s(M2

· ) = 0.312 ± 0.015.

9.4.2 Heavy quarkonia decays:
Recently, two determinations have been performed [556,557] that
are based on N3LO accurate predictions. Reference [556] per-
forms a simultaneous fit of the strong coupling and the bot-
tom mass mb, including states with principal quantum number
up to n Æ 2 in order to break the degeneracy between –s and
mb, finding –s(M2

Z) = 0.1178 ± 0.0051. Reference [557] in-
stead uses as input of the fit the renormalon-free combination
of masses of the meson Bc, the bottomonium ÷b and the char-
monium ÷c, MBc ≠ M÷b /2 ≠ M÷c /2, which is weakly dependent
on the heavy quark masses, but shows a good dependence on –s.
Using this observable, they obtain –s(M2

Z) = 0.1195 ± 0.0053.
Two further values are derived at NNLO in Ref. [558, 559] from
mass splittings and sum rules giving –s(M2

Z) = 0.1183 ± 0.0019
and –s(M2

Z) = 0.1175 ± 0.0032 when evolved from the relevant
charmonium respectively bottomonium mass scales to M

2
Z . Fi-

nally, by means of quarkonium sum rules, Refs. [560, 561] quote
–s(M2

Z) = 0.1168±0.0019 and –s(M2
Z) = 0.1186±0.0048 for char-

monium and bottomonium respectively. These six determinations
satisfy our criteria to be included in the heavy-quarkonia category
of the world average. Their unweighted combination leads to the
pre-average for this category of –s(M2

Z) = 0.1181 ± 0.0037.

9.4.3 PDF fits:
Another class of studies, analyzing structure functions at NNLO
QCD (and partly beyond), provide results that serve as relevant
inputs for the world average of –s. Most of these studies do not,
however, explicitly include estimates of theoretical uncertainties
when quoting fit results of –s. In such cases we add, in quadra-
ture, half of the di�erence between the results obtained in NNLO
and NLO to the quoted errors.

A combined analysis of non-singlet structure functions from
DIS [562], based on QCD predictions up to N3LO in some of
its parts, results in –s(M2

Z) = 0.1141 ± 0.0022 (BBG). Studies
of singlet and non-singlet structure functions, based on NNLO
predictions, result in –s(M2

Z) = 0.1162 ± 0.0017 [563] (JR14).
The AMBP group [564, 565] determined a set of parton distribu-
tion functions using data from HERA, NOMAD, CHORUS, from
the Tevatron and the LHC using the Drell-Yan process and the
hadro-production of single-top and top-quark pairs, and deter-
mined –s(M2

Z) = 0.1147 ± 0.0024 [564].

The MSHT group [566], also including hadron collider data,
determined a new set of parton density functions (MSHT20)
together with –s(M2

Z) = 0.1174 ± 0.0013. Similarly, the CT
group [567] determined the CT18 parton density set together
with –s(M2

Z) = 0.1164 ± 0.0026. The NNPDF group [568] pre-
sented NNPDF3.1 parton distribution functions together with
–s(M2

Z) = 0.1185 ± 0.0012.
We note that criticism has been expressed on some of the above

extractions. Among the issues raised, we mention the neglect of
singlet contributions at x Ø 0.3 in pure non-singlet fits [569],
the impact and detailed treatment of particular classes of data
in the fits [569, 570], possible biases due to insu�ciently flexible
parametrizations of the PDFs [571] and the use of a fixed-flavor
number scheme [572,573].

Summarizing the results from world data on structure functions,
taking the unweighted average of the central values and errors of
all selected results, leads to a pre-average value of –s(M2

Z) =
0.1162 ± 0.0020, see Fig. 9.2.

9.4.4 Hadronic final states of e+e≠ annihilations:
Re-analyses of jets and event shapes in e

+
e

≠ annihilation (j&s),
measured around the Z peak and at LEP2 center-of-mass ener-
gies up to 209 GeV, using NNLO predictions matched to NLL re-
summation and Monte Carlo models to correct for hadronization
e�ects, resulted in –s(M2

Z) = 0.1224 ± 0.0039 (ALEPH) [574],
and in –s(M2

Z) = 0.1189 ± 0.0043 (OPAL) [575]. Similarly, an
analysis of JADE data [576] at center-of-mass energies between
14 and 46 GeV gives –s(M2

Z) = 0.1172 ± 0.0051, with contribu-
tions from the hadronization model and from perturbative QCD
uncertainties of 0.0035 and 0.0030, respectively. Precise deter-
minations of –s from 3-jet production alone (3j), at NNLO, re-
sulted in –s(M2

Z) = 0.1175 ± 0.0025 [577] from ALEPH data
and in –s(M2

Z) = 0.1199 ± 0.0059 [578] from JADE. A recent
determination is based on an NNLO+NNLL accurate calcula-
tion that allows to fit the region of lower 3-jet rate (2j) using
data collected at LEP and PETRA at di�erent energies. This
fit gives –s(M2

Z) = 0.1188 ± 0.0013 [579], where the dominant
uncertainty is the hadronization uncertainty, which is estimated
from Monte Carlo simulations. A fit of energy-energy-correlation
(EEC) also based on an NNLO+NNLL calculation together with
a Monte Carlo based modeling of hadronization corrections gives
–s(M2

Z) = 0.1175 ± 0.0029 [580]. These results are summarized
in the upper seven rows of the e

+
e

≠ sector of Fig. 9.2.
Another class of –s determinations is based on analytic model-

ing of non-perturbative and hadronization e�ects, rather than on
Monte Carlo models [581–584], using methods like power correc-
tions, factorization of soft-collinear e�ective field theory, disper-
sive models and low scale QCD e�ective couplings. In these stud-
ies, the world data on Thrust distributions (T), or - most recently
- C-parameter distributions (C), are analysed and fitted to per-
turbative QCD predictions at NNLO matched with resummation
of leading logs up to N3LL accuracy, see Sec. 9.2.3.3. The results
are –s(M2

Z) = 0.1135±0.0011 [582] and –s(M2
Z) = 0.1134+0.0031

≠0.0025
[583] from Thrust, and –s(M2

Z) = 0.1123 ± 0.0015 [584] from
C-parameter. They are displayed in the lower three rows of the
e

+
e

≠ sector of Fig. 9.2. A recent calculation has determined the
leading non-perturbative contribution to the C-parameter in the
three-jet limit, and has found that it di�ers by a factor of two from
the two-jet limit [585]. Taking this result into account in analyses
of the C-parameter would increase the value of the extracted –s

parameter, leaving it more in keeping with the world average.
The determination of Ref. [581], –s(M2

Z) = 0.1164+0.0028
≠0.0024, is

no longer included in the average as it is superseded by other
determinations that use the same Thrust data but rely on more
accurate theoretical predictions. Not included in the computa-
tion of the world average but worth mentioning are a compu-
tation of the NLO corrections to 5-jet production and compari-
son to the measured 5-jet rates at LEP [586], giving –s(M2

Z) =
0.1156+0.0041

≠0.0034, and a computation of non-perturbative and per-
turbative QCD contributions to the scale evolution of quark
and gluon jet multiplicities, including resummation, resulting in
–s(M2

Z) = 0.1199 ± 0.0026 [587].
We note that there is criticism on both classes of –s extractions
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Figure 9.2: Summary of determinations of –s(M2
Z

) from the seven
sub-fields discussed in the text. The yellow (light shaded) bands
and dotted lines indicate the pre-average values of each sub-field.
The dashed line and blue (dark shaded) band represent the final
world average value of –s(M2

Z
).

average and are at the moment the only input values in the Heavy-
quarkonia category. Their unweighted combination leads to the
pre-average for this category of –s(M2

Z
) = 0.1187 ± 0.0052. We

note that, while we include this result in our final average, be-
cause of the large uncertainty of the two determinations in this
category, removing this pre-average would not change the final
result within the quoted uncertainty.

9.4.3 Deep-inelastic scattering and global PDF fits:

Studies of DIS final states have led to a number of precise deter-
minations of –s: a combination [501] of precision measurements
at HERA, based on NLO fits to inclusive jet cross sections in neu-
tral current DIS at high Q

2, provides combined values of –s at
di�erent energy scales Q, as shown in Fig. 9.3, and quotes a com-
bined result of –s(M2

Z
) = 0.1198±0.0032. A more recent study of

multijet production [373], based on improved reconstruction and
data calibration, confirms the general picture, albeit with a some-
what smaller value of –s(M2

Z
) = 0.1165 ± 0.0039, still at NLO.

An evaluation of inclusive jet production, including approximate

NNLO contributions [502], reduces the theoretical prediction for
jet production in DIS, improves the description of the final HERA
data in particular at high photon virtuality Q

2 and increases the
central fit value of the strong coupling constant.

Another class of studies, analyzing structure functions at NNLO
QCD (and partly beyond), provide results that serve as relevant
inputs for the world average of –s. Most of these studies do not,
however, explicitly include estimates of theoretical uncertainties
when quoting fit results of –s. In such cases we add, in quadra-
ture, half of the di�erence between the results obtained in NNLO
and NLO to the quoted errors: a combined analysis of non-singlet
structure functions from DIS [503], based on QCD predictions up
to N3LO in some of its parts, results in –s(M2

Z
) = 0.1141±0.0022

(BBG). Studies of singlet and non-singlet structure functions,
based on NNLO predictions, result in –s(M2

Z
) = 0.1162 ± 0.0017

[504] (JR14). The AMBP group [505, 506] determined a set of
parton distribution functions using data from HERA, NOMAD,

αs(MZ
2) = 0.1179 ± 0.0010
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Figure 9.3: Summary of measurements of –s as a function of
the energy scale Q. The respective degree of QCD perturba-
tion theory used in the extraction of –s is indicated in brack-
ets (NLO: next-to-leading order; NNLO: next-to-next-to-leading
order; NNLO+res.: NNLO matched to a resummed calculation;
N3LO: next-to-NNLO).

CHORUS, from Tevatron and the LHC for the Drell-Yan process
and the hadro-production of single-top and top-quark pairs and
determined –s(M2

Z
) = 0.1147 ± 0.0024 [505]. The MMHT group

[507], also including hadron collider data, determined a new set of
parton density functions (MMHT2014) together with –s(M2

Z
) =

0.1172 ± 0.0013. Similarly, the CT group [508] determined the
CT14 parton density set together with –s(M2

Z
) = 0.1150+0.0036

≠0.0024.
The NNPDF group [509] presented NNPDF3.1 parton distribu-
tion functions together with –s(M2

Z
) = 0.1185 ± 0.0012.

We note that criticism has been expressed on some of the above
extractions. Among the issues raised, we mention the neglect of
singlet contributions at x Ø 0.3 in pure non-singlet fits [510],
the impact and detailed treatment of particular classes of data
in the fits [510, 511], possible biases due to insu�ciently flexible
parametrizations of the PDFs [512] and the use of a fixed-flavor
number scheme [513,514].

Summarizing the results from world data on structure functions,
taking the unweighted average of the central values and errors of
all selected results, leads to a pre-average value of –s(M2

Z
) =

0.1161 ± 0.0018, see Fig. 9.2.

9.4.4 Hadronic final states of e+e≠
annihilations:

Re-analyses of event shapes in e
+

e
≠ annihilation (j&s), mea-

sured around the Z peak and at LEP2 center-of-mass energies
up to 209 GeV, using NNLO predictions matched to NLL re-
summation and Monte Carlo models to correct for hadroniza-
tion e�ects, resulted in –s(M2

Z
) = 0.1224 ± 0.0039 (ALEPH)

[515], with a dominant theoretical uncertainty of 0.0035, and in
–s(M2

Z
) = 0.1189 ± 0.0043 (OPAL) [516]. Similarly, an anal-

ysis of JADE data [517] at center-of-mass energies between 14
and 46 GeV gives –s(M2

Z
) = 0.1172 ± 0.0051, with contributions

from the hadronization model and from perturbative QCD un-
certainties of 0.0035 and 0.0030, respectively. Precise determi-
nations of –s from 3-jet production alone (3j), at NNLO, re-
sulted in –s(M2

Z
) = 0.1175 ± 0.0025 [518] from ALEPH data

and in –s(M2
Z

) = 0.1199 ± 0.0059 [519] from JADE. A recent
determination is based on an NNLO+NNLL accurate calcula-
tion that allows to fit the region of lower 3-jet rate (2j) using
data collected at LEP and PETRA at di�erent energies. This
fit gives –s(M2

Z
) = 0.1188 ± 0.0013 [520], where the dominant

uncertainty is the hadronization uncertainty, which is estimated
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q/g fraction is well-defined in theoretical calculations 
(not an external input, not taken from experiments) 

Using PDF and hard functions: calculable prediction 

Sub-dominant effect on αs uncertainty

(Note: different from LeBlanc, Nachman, Sauer 2022)

PDF ↵s used f = �q

�g
% change

NNPDF 23 LO 0.119 0.479 -6.0
NNPDF 23 NLO 0.119 0.517 1.3

NNPDF 23 NNLO 0.119 0.523 2.5
NNPDF 23 NNLO 0.120 0.514 0.84

CT18NLO_as_0119 0.119 0.514 0.87
CT18NNLO_as_0119 0.119 0.507 -0.49

MSTW2008nlo68cl 0.120 0.510 0.063
MSTW2008nlo68cl 0.117 0.514 0.87

mean – 0.510 1.6

Table 1: Quark/Gluon fraction for different parton distribution functions which average to
fq/g = 0.510 with a standard deviation of 0.013. The % changes are listed relative to this
mean and the average % change is the average of the absolute value of these %’s. {tab:qgpdfs}

will see, gluon jets are more sensitive to ↵s than quark jets. So finding gluon-rich regions may
be a productive strategy.

To compute the quark gluon fraction we begin at leading order by computing the rates
for the different partonic process qq̄ ! gg, qq0 ! qq

0, etc. The quark gluon fraction is then

fq/g =
�q

�g
=

2�(pp ! qq) + �(pp ! gq)

2�(pp ! gg) + �(pp ! qg)
(2.8)

where q heuristically refers to quarks or antiquarks, identical or distinct.
We show in Table 1 the tree-level quark/gluon fraction computed with various PDFs.

These fractions were computed with Madgraph for pp collisions at 13 TeV with a pT cut of
600 GeV on the jets. The choice of PDFs was fairly arbitrary. We see that there is surprisingly
little variation among the PDFs with a typical quark gluon fraction of f = 0.51 with about a
2% uncertainty.

To systematically improve the computation for the quark gluon fraction, we write the
hard cross sections as

�q/g =
X

ab

X

IJ

Z
dxadxbfa(xa, µ)fb(xb, µ)H

ab
IJ(s, t)S

0

IJ (2.9)

Here I, J index the color channel (2 channels for quark-quark, 3 channels for quark-gluon,
and 9 channels for gluon-gluon) while ab index the parton flavors. H

ab
IJ are the hard functions

and S
0

IJ are the tree-level (global) soft functions. These soft functions are just matrices. For
example, in the qq ! qq channel

S
0

IJ =

 
N

2 0

0 CFN
2

!
(2.10)

– 8 –

This and the other tree-level soft functions can be found in [16]. The hard functions have
been computed to NLO [17] and NNLO [16]. Using the CTEQ NNLO PDFs with ↵s = 0.119

we find the LO, NLO and NNLO quark/gluon fractions to be

fLO = 0.507, fNLO = 0.530, fNNLO = 0.538, (2.11)

Corresponding to an 4.5% increase in the fraction at NLO and a further 1.5% increase at
NNLO.

2.3 Quark and gluon fractions

We will be concerned with jets produced in hadron collisions with an underlying process such
as pp ! dijets+X or pp ! Z + j +X with the jet initiated by the parton  = q, g. We will
derive the factorization in the context of inclusive jets measurement but our conclusions will
also hold for the exclusive case. We begin by considering the cross section differential in pT

and ⌘ for inclusive jets [18, 19]:

d3
�

dpTd⌘d⇠
=

X

abc

Z
dxadxbdz
xaxbz

fa(xa, µ)fb(xb, µ)H
c
ab

⇣
xa, xb, ⌘,

pT

z
, µ

⌘
Gc(z, ⇠, pT , R, µ) , (2.12) {eq:inclJ}{eq:inclJ}

where fa,b are the parton distribution functions, Hc
ab is the hard function describing inclusive

production of parton c with transverse momentum O(pT ), which initiates a signal jet carrying
momentum fraction z. The inclusive jet function [20] Gc describes the formation of jet of
radius R initiated by a parton c and the jet mass measurement ⇠. The factorization is valid
for R/2 ⌧ 1, which implies that the relevant modes describing the jet dynamics are the
hard-collinear modes with transverse momentum kt ⇠ pTR (but with energy ⇠ pT ), which is
parametrically smaller than the scale pT characterizing the jet production. The µ evolution
in Eq. (2.12) resums the large (single) logarithms ↵

n
s lnk(pTR/pT ), with k  n:

µ
d
dµ

Gi
�
z, ⇠, pTR,µ

�
=

↵s(µ)

⇡

X

j

Z
1

z

dz0

z0
Pji

✓
z

z0
, µ

◆
Gj
�
z
0
, ⇠, pT , R, µ

�
, (2.13) {eq:DGLAP}{eq:DGLAP}

where Pji are the time-like splitting functions. As the DGLAP evolution between the hard
and the hard collinear scale pTR involves branching of the original parton leading to formation
of multiple jets. See also Ref. [21] for an extension of this formalism to leading jets.

The integral over the jet function defines the event averaged number of jets for quarks
and gluons [21],

Z
1

0

dzd⇠ G(z, ⇠, pT , R, µ) = hN,jetsi ,  = q, g (2.14)

The number density is generated dynamically via QCD fragmentation process and depends on
the center of mass energy and the jet algorithm. As such it is not straightforward to identify
quark and gluon fractions associated with inclusive jet measurement.

– 9 –
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According to leading-logarithmic estimate,

[Les Houches 2017: Moult, Nachman, Soyez, Thaler; Chatterjee, Dreyer, Garzelli, 
Gras, Larkoski, Marzani, Siódmok, Papaefstathiou, Richardson, Samui]

Slope depends 
linearly on αs

Independent of αs, 𝝃

⇠ =
m

2
J

p
2
TR

2
(1)

pT

pTR
(2)

d3�

dpTd⌘d⇠
=

X

abc

Z
dxadxbdz

xaxbz
fa(xa)fb(xb)H

c
ab(z)Gc(z) , ⇠ =

m
2
J

p
2
TR

2
(3)

1. Non-perturbative region

2. Soft-drop resummation region
Resum logs in ⇠

zcutR�

3. Plain jet mass region with SD power corrections
Resum logs in ⇠, treat soft-drop as fixed-order corrections

4. Fixed-order region

G̃matched
,sd (⇠) ⌘ G̃resum

,sd

�
⇠, µsd!plain

�
+ G̃plain

,sd

�
⇠, µplain

�
� G̃resum

sd

�
⇠, µplain

�
(4)

+ G̃min
,sd

�
⇠, µmin!plain

�
� G̃int

sd

�
⇠, µmin!plain

�
.

⌦q = 0.51, ⌥q
0 = �0.69, ⌥q

1 = 1.1, for quarks (5)

⌦g = 0.93, ⌥g
0 = �0.07, ⌥g

1 = 0.68, for gluons (6)

d�

resum

d log10(⇠)
/ exp

h
� ↵s(µ)a log10(⇠)

i
⇡ 1� ↵s(µ)a log10(⇠) + . . . (7)

X

a,b,c

fa ⌦ fb ⌦H
c
ab ⌦ Jc (8)

1
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Figure 9.2: Summary of determinations of –s(M2
Z

) from the seven
sub-fields discussed in the text. The yellow (light shaded) bands
and dotted lines indicate the pre-average values of each sub-field.
The dashed line and blue (dark shaded) band represent the final
world average value of –s(M2

Z
).

average and are at the moment the only input values in the Heavy-
quarkonia category. Their unweighted combination leads to the
pre-average for this category of –s(M2

Z
) = 0.1187 ± 0.0052. We

note that, while we include this result in our final average, be-
cause of the large uncertainty of the two determinations in this
category, removing this pre-average would not change the final
result within the quoted uncertainty.

9.4.3 Deep-inelastic scattering and global PDF fits:

Studies of DIS final states have led to a number of precise deter-
minations of –s: a combination [501] of precision measurements
at HERA, based on NLO fits to inclusive jet cross sections in neu-
tral current DIS at high Q

2, provides combined values of –s at
di�erent energy scales Q, as shown in Fig. 9.3, and quotes a com-
bined result of –s(M2

Z
) = 0.1198±0.0032. A more recent study of

multijet production [373], based on improved reconstruction and
data calibration, confirms the general picture, albeit with a some-
what smaller value of –s(M2

Z
) = 0.1165 ± 0.0039, still at NLO.

An evaluation of inclusive jet production, including approximate

NNLO contributions [502], reduces the theoretical prediction for
jet production in DIS, improves the description of the final HERA
data in particular at high photon virtuality Q

2 and increases the
central fit value of the strong coupling constant.

Another class of studies, analyzing structure functions at NNLO
QCD (and partly beyond), provide results that serve as relevant
inputs for the world average of –s. Most of these studies do not,
however, explicitly include estimates of theoretical uncertainties
when quoting fit results of –s. In such cases we add, in quadra-
ture, half of the di�erence between the results obtained in NNLO
and NLO to the quoted errors: a combined analysis of non-singlet
structure functions from DIS [503], based on QCD predictions up
to N3LO in some of its parts, results in –s(M2

Z
) = 0.1141±0.0022

(BBG). Studies of singlet and non-singlet structure functions,
based on NNLO predictions, result in –s(M2

Z
) = 0.1162 ± 0.0017

[504] (JR14). The AMBP group [505, 506] determined a set of
parton distribution functions using data from HERA, NOMAD,

αs(MZ
2) = 0.1179 ± 0.0010

α s
(Q

2 )

Q [GeV]

τ decay (N3LO)
low Q2 cont. (N3LO)

DIS jets (NLO)
Heavy Quarkonia (NLO)

e+e- jets/shapes (NNLO+res)
pp/p-p (jets NLO)

EW precision fit (N3LO)
pp (top, NNLO)

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 1  10  100  1000

Figure 9.3: Summary of measurements of –s as a function of
the energy scale Q. The respective degree of QCD perturba-
tion theory used in the extraction of –s is indicated in brack-
ets (NLO: next-to-leading order; NNLO: next-to-next-to-leading
order; NNLO+res.: NNLO matched to a resummed calculation;
N3LO: next-to-NNLO).

CHORUS, from Tevatron and the LHC for the Drell-Yan process
and the hadro-production of single-top and top-quark pairs and
determined –s(M2

Z
) = 0.1147 ± 0.0024 [505]. The MMHT group

[507], also including hadron collider data, determined a new set of
parton density functions (MMHT2014) together with –s(M2

Z
) =

0.1172 ± 0.0013. Similarly, the CT group [508] determined the
CT14 parton density set together with –s(M2

Z
) = 0.1150+0.0036

≠0.0024.
The NNPDF group [509] presented NNPDF3.1 parton distribu-
tion functions together with –s(M2

Z
) = 0.1185 ± 0.0012.

We note that criticism has been expressed on some of the above
extractions. Among the issues raised, we mention the neglect of
singlet contributions at x Ø 0.3 in pure non-singlet fits [510],
the impact and detailed treatment of particular classes of data
in the fits [510, 511], possible biases due to insu�ciently flexible
parametrizations of the PDFs [512] and the use of a fixed-flavor
number scheme [513,514].

Summarizing the results from world data on structure functions,
taking the unweighted average of the central values and errors of
all selected results, leads to a pre-average value of –s(M2

Z
) =

0.1161 ± 0.0018, see Fig. 9.2.

9.4.4 Hadronic final states of e+e≠
annihilations:

Re-analyses of event shapes in e
+

e
≠ annihilation (j&s), mea-

sured around the Z peak and at LEP2 center-of-mass energies
up to 209 GeV, using NNLO predictions matched to NLL re-
summation and Monte Carlo models to correct for hadroniza-
tion e�ects, resulted in –s(M2

Z
) = 0.1224 ± 0.0039 (ALEPH)

[515], with a dominant theoretical uncertainty of 0.0035, and in
–s(M2

Z
) = 0.1189 ± 0.0043 (OPAL) [516]. Similarly, an anal-

ysis of JADE data [517] at center-of-mass energies between 14
and 46 GeV gives –s(M2

Z
) = 0.1172 ± 0.0051, with contributions

from the hadronization model and from perturbative QCD un-
certainties of 0.0035 and 0.0030, respectively. Precise determi-
nations of –s from 3-jet production alone (3j), at NNLO, re-
sulted in –s(M2

Z
) = 0.1175 ± 0.0025 [518] from ALEPH data

and in –s(M2
Z

) = 0.1199 ± 0.0059 [519] from JADE. A recent
determination is based on an NNLO+NNLL accurate calcula-
tion that allows to fit the region of lower 3-jet rate (2j) using
data collected at LEP and PETRA at di�erent energies. This
fit gives –s(M2

Z
) = 0.1188 ± 0.0013 [520], where the dominant

uncertainty is the hadronization uncertainty, which is estimated

D
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[Hoang, Mantry, Pathak, Stewart 2019]  
[Ferdinand, Lee, Pathak; See talk by Ferdinand]
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WHAT TO DO ABOUT HADRONIZATION?

Ideally, fit for 7 parameters to stay model independent. Too difficult? 

 
Instead, treat as nuisance parameters 

 
Take uncertainty as difference between parton level and hadron level:
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Figure 9.2: Summary of determinations of –s(M2
Z

) from the seven
sub-fields discussed in the text. The yellow (light shaded) bands
and dotted lines indicate the pre-average values of each sub-field.
The dashed line and blue (dark shaded) band represent the final
world average value of –s(M2

Z
).

average and are at the moment the only input values in the Heavy-
quarkonia category. Their unweighted combination leads to the
pre-average for this category of –s(M2

Z
) = 0.1187 ± 0.0052. We

note that, while we include this result in our final average, be-
cause of the large uncertainty of the two determinations in this
category, removing this pre-average would not change the final
result within the quoted uncertainty.

9.4.3 Deep-inelastic scattering and global PDF fits:

Studies of DIS final states have led to a number of precise deter-
minations of –s: a combination [501] of precision measurements
at HERA, based on NLO fits to inclusive jet cross sections in neu-
tral current DIS at high Q

2, provides combined values of –s at
di�erent energy scales Q, as shown in Fig. 9.3, and quotes a com-
bined result of –s(M2

Z
) = 0.1198±0.0032. A more recent study of

multijet production [373], based on improved reconstruction and
data calibration, confirms the general picture, albeit with a some-
what smaller value of –s(M2

Z
) = 0.1165 ± 0.0039, still at NLO.

An evaluation of inclusive jet production, including approximate

NNLO contributions [502], reduces the theoretical prediction for
jet production in DIS, improves the description of the final HERA
data in particular at high photon virtuality Q

2 and increases the
central fit value of the strong coupling constant.

Another class of studies, analyzing structure functions at NNLO
QCD (and partly beyond), provide results that serve as relevant
inputs for the world average of –s. Most of these studies do not,
however, explicitly include estimates of theoretical uncertainties
when quoting fit results of –s. In such cases we add, in quadra-
ture, half of the di�erence between the results obtained in NNLO
and NLO to the quoted errors: a combined analysis of non-singlet
structure functions from DIS [503], based on QCD predictions up
to N3LO in some of its parts, results in –s(M2

Z
) = 0.1141±0.0022

(BBG). Studies of singlet and non-singlet structure functions,
based on NNLO predictions, result in –s(M2

Z
) = 0.1162 ± 0.0017

[504] (JR14). The AMBP group [505, 506] determined a set of
parton distribution functions using data from HERA, NOMAD,

αs(MZ
2) = 0.1179 ± 0.0010
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Figure 9.3: Summary of measurements of –s as a function of
the energy scale Q. The respective degree of QCD perturba-
tion theory used in the extraction of –s is indicated in brack-
ets (NLO: next-to-leading order; NNLO: next-to-next-to-leading
order; NNLO+res.: NNLO matched to a resummed calculation;
N3LO: next-to-NNLO).

CHORUS, from Tevatron and the LHC for the Drell-Yan process
and the hadro-production of single-top and top-quark pairs and
determined –s(M2

Z
) = 0.1147 ± 0.0024 [505]. The MMHT group

[507], also including hadron collider data, determined a new set of
parton density functions (MMHT2014) together with –s(M2

Z
) =

0.1172 ± 0.0013. Similarly, the CT group [508] determined the
CT14 parton density set together with –s(M2

Z
) = 0.1150+0.0036

≠0.0024.
The NNPDF group [509] presented NNPDF3.1 parton distribu-
tion functions together with –s(M2

Z
) = 0.1185 ± 0.0012.

We note that criticism has been expressed on some of the above
extractions. Among the issues raised, we mention the neglect of
singlet contributions at x Ø 0.3 in pure non-singlet fits [510],
the impact and detailed treatment of particular classes of data
in the fits [510, 511], possible biases due to insu�ciently flexible
parametrizations of the PDFs [512] and the use of a fixed-flavor
number scheme [513,514].

Summarizing the results from world data on structure functions,
taking the unweighted average of the central values and errors of
all selected results, leads to a pre-average value of –s(M2

Z
) =

0.1161 ± 0.0018, see Fig. 9.2.

9.4.4 Hadronic final states of e+e≠
annihilations:

Re-analyses of event shapes in e
+

e
≠ annihilation (j&s), mea-

sured around the Z peak and at LEP2 center-of-mass energies
up to 209 GeV, using NNLO predictions matched to NLL re-
summation and Monte Carlo models to correct for hadroniza-
tion e�ects, resulted in –s(M2

Z
) = 0.1224 ± 0.0039 (ALEPH)

[515], with a dominant theoretical uncertainty of 0.0035, and in
–s(M2

Z
) = 0.1189 ± 0.0043 (OPAL) [516]. Similarly, an anal-

ysis of JADE data [517] at center-of-mass energies between 14
and 46 GeV gives –s(M2

Z
) = 0.1172 ± 0.0051, with contributions

from the hadronization model and from perturbative QCD un-
certainties of 0.0035 and 0.0030, respectively. Precise determi-
nations of –s from 3-jet production alone (3j), at NNLO, re-
sulted in –s(M2

Z
) = 0.1175 ± 0.0025 [518] from ALEPH data

and in –s(M2
Z

) = 0.1199 ± 0.0059 [519] from JADE. A recent
determination is based on an NNLO+NNLL accurate calcula-
tion that allows to fit the region of lower 3-jet rate (2j) using
data collected at LEP and PETRA at di�erent energies. This
fit gives –s(M2

Z
) = 0.1188 ± 0.0013 [520], where the dominant

uncertainty is the hadronization uncertainty, which is estimated
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• Uncertainties can be reduced by going to higher logarithmic orders 

• All NNLL data known [Bell, Rahn, Talbert 2018-2020. See Frye, Larkoski, Schwartz, Yan 2016] 

• Recent calculations at N3LL for β=0 [Kardos, Larkoski, Trócsányi] 

Collinear-soft 2-loop constant, 3-loop non-cusp. Global soft constant known for R=π/2. 

• N3LL for soft drop jet mass requires new 2-loop calculations 
→need constants for collinear soft and global soft for β>0
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1. Introduction: Soft-drop 
jet mass for αs measurement

9. Quantum Chromodynamics 167

Figure 9.2: Summary of determinations of –s(M2
Z

) from the seven
sub-fields discussed in the text. The yellow (light shaded) bands
and dotted lines indicate the pre-average values of each sub-field.
The dashed line and blue (dark shaded) band represent the final
world average value of –s(M2

Z
).

average and are at the moment the only input values in the Heavy-
quarkonia category. Their unweighted combination leads to the
pre-average for this category of –s(M2

Z
) = 0.1187 ± 0.0052. We

note that, while we include this result in our final average, be-
cause of the large uncertainty of the two determinations in this
category, removing this pre-average would not change the final
result within the quoted uncertainty.

9.4.3 Deep-inelastic scattering and global PDF fits:

Studies of DIS final states have led to a number of precise deter-
minations of –s: a combination [501] of precision measurements
at HERA, based on NLO fits to inclusive jet cross sections in neu-
tral current DIS at high Q

2, provides combined values of –s at
di�erent energy scales Q, as shown in Fig. 9.3, and quotes a com-
bined result of –s(M2

Z
) = 0.1198±0.0032. A more recent study of

multijet production [373], based on improved reconstruction and
data calibration, confirms the general picture, albeit with a some-
what smaller value of –s(M2

Z
) = 0.1165 ± 0.0039, still at NLO.

An evaluation of inclusive jet production, including approximate

NNLO contributions [502], reduces the theoretical prediction for
jet production in DIS, improves the description of the final HERA
data in particular at high photon virtuality Q

2 and increases the
central fit value of the strong coupling constant.

Another class of studies, analyzing structure functions at NNLO
QCD (and partly beyond), provide results that serve as relevant
inputs for the world average of –s. Most of these studies do not,
however, explicitly include estimates of theoretical uncertainties
when quoting fit results of –s. In such cases we add, in quadra-
ture, half of the di�erence between the results obtained in NNLO
and NLO to the quoted errors: a combined analysis of non-singlet
structure functions from DIS [503], based on QCD predictions up
to N3LO in some of its parts, results in –s(M2

Z
) = 0.1141±0.0022

(BBG). Studies of singlet and non-singlet structure functions,
based on NNLO predictions, result in –s(M2

Z
) = 0.1162 ± 0.0017

[504] (JR14). The AMBP group [505, 506] determined a set of
parton distribution functions using data from HERA, NOMAD,
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2) = 0.1179 ± 0.0010
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Figure 9.3: Summary of measurements of –s as a function of
the energy scale Q. The respective degree of QCD perturba-
tion theory used in the extraction of –s is indicated in brack-
ets (NLO: next-to-leading order; NNLO: next-to-next-to-leading
order; NNLO+res.: NNLO matched to a resummed calculation;
N3LO: next-to-NNLO).

CHORUS, from Tevatron and the LHC for the Drell-Yan process
and the hadro-production of single-top and top-quark pairs and
determined –s(M2

Z
) = 0.1147 ± 0.0024 [505]. The MMHT group

[507], also including hadron collider data, determined a new set of
parton density functions (MMHT2014) together with –s(M2

Z
) =

0.1172 ± 0.0013. Similarly, the CT group [508] determined the
CT14 parton density set together with –s(M2

Z
) = 0.1150+0.0036

≠0.0024.
The NNPDF group [509] presented NNPDF3.1 parton distribu-
tion functions together with –s(M2

Z
) = 0.1185 ± 0.0012.

We note that criticism has been expressed on some of the above
extractions. Among the issues raised, we mention the neglect of
singlet contributions at x Ø 0.3 in pure non-singlet fits [510],
the impact and detailed treatment of particular classes of data
in the fits [510, 511], possible biases due to insu�ciently flexible
parametrizations of the PDFs [512] and the use of a fixed-flavor
number scheme [513,514].

Summarizing the results from world data on structure functions,
taking the unweighted average of the central values and errors of
all selected results, leads to a pre-average value of –s(M2

Z
) =

0.1161 ± 0.0018, see Fig. 9.2.

9.4.4 Hadronic final states of e+e≠
annihilations:

Re-analyses of event shapes in e
+

e
≠ annihilation (j&s), mea-

sured around the Z peak and at LEP2 center-of-mass energies
up to 209 GeV, using NNLO predictions matched to NLL re-
summation and Monte Carlo models to correct for hadroniza-
tion e�ects, resulted in –s(M2

Z
) = 0.1224 ± 0.0039 (ALEPH)

[515], with a dominant theoretical uncertainty of 0.0035, and in
–s(M2

Z
) = 0.1189 ± 0.0043 (OPAL) [516]. Similarly, an anal-

ysis of JADE data [517] at center-of-mass energies between 14
and 46 GeV gives –s(M2

Z
) = 0.1172 ± 0.0051, with contributions

from the hadronization model and from perturbative QCD un-
certainties of 0.0035 and 0.0030, respectively. Precise determi-
nations of –s from 3-jet production alone (3j), at NNLO, re-
sulted in –s(M2

Z
) = 0.1175 ± 0.0025 [518] from ALEPH data

and in –s(M2
Z

) = 0.1199 ± 0.0059 [519] from JADE. A recent
determination is based on an NNLO+NNLL accurate calcula-
tion that allows to fit the region of lower 3-jet rate (2j) using
data collected at LEP and PETRA at di�erent energies. This
fit gives –s(M2

Z
) = 0.1188 ± 0.0013 [520], where the dominant

uncertainty is the hadronization uncertainty, which is estimated
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Here the weights associated with the shift and boundary corrections d�1,2/dx are shown in
Fig. ??.

4 Sensitivity of matched jet mass cross section to ↵s

{sec:analysis}
In this section, we compare the sensitivity to ↵s with that of other parameters. We will state
results for two ways of normalizing the cross section:

Normalize to inclusive x-sec in the pT -⌘ bin:
d3
�

dpTd⌘d⇠

�
d2
�

dpTd⌘
, (4.1)

Normalize to the fit range:
d3
�

dpTd⌘d⇠

�Z ⇠0
0

⇠SDOE

d⇠
d3
�

dpTd⌘d⇠
, (4.2)

where the fit range was defined in Eq. (3.3).

4.1 Quark- and gluon-jet dependence on ↵s {sec:aSdep}
Before analyzing the theoretical uncertainty on ↵s measurement using soft-drop jet mass, let us
pause to discuss how the jet mass spectrum varies with ↵s. A leading logarithm approximation
gives, cf. Eq. (C.18),

d�

sd

d log(⇠)
/ exp

h
� ↵s(µ)C

⇡
a log ⇠

i
= ⇠

�↵s(µ)C
⇡ a (4.3) {eq:aSestimate}{eq:aSestimate}

where a is a ⇠-independent constant. This estimate shows that the LL formula predicts the
slope of the jet mass spectrum to be proportional to ↵s. One can wonder whether this estimate
carries over to NLL and NNLL predictions.

To analyze how the slope of the jet mass spectrum changes, we vary ↵s(mZ) by ±10%,
and compare with an estimate of a similar variation of the slope, see Fig. 5. For quark jets
with � = 0, we notice a striking feature: while the estimate from Eq. (4.3) can be argued to
roughly hold for the LL curves (varying the slope of the spectrum in the resummation region
by ±10% gives a similar change as varying ↵s(mZ)), the approximation is not useful at NLL
and beyond, since the jet mass spectrum flattens out. Thus, only the overall normalization
retains sensitivity to changes in ↵s. For quark jets with � > 0 and gluon jets, on the other
hand, a linear dependence on ↵s persists at higher logarithmic orders.

4.2 Statistical analysis

In order to determine the sensitivity to ↵s, we must first quantify the deviation of different
variations from a central curve. Our central curve is calculated using the default profiles
in Sec. 2.8.3, and when including non-perturbative corrections, we will determine central
parameters using Monte-Carlo simulations. To imitate a potential comparison with collider
data, we split the range ⇠SDNP to ⇠0 into a number of bins nbins, with

nbins = 5, 10, 20 . (4.4)
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Here the weights associated with the shift and boundary corrections d�1,2/dx are shown in
Fig. ??.

4 Sensitivity of matched jet mass cross section to ↵s

{sec:analysis}
In this section, we compare the sensitivity to ↵s with that of other parameters. We will state
results for two ways of normalizing the cross section:

Normalize to inclusive x-sec in the pT -⌘ bin:
d3
�

dpTd⌘d⇠

�
d2
�

dpTd⌘
, (4.1)

Normalize to the fit range:
d3
�

dpTd⌘d⇠

�Z ⇠0
0

⇠SDOE

d⇠
d3
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dpTd⌘d⇠
, (4.2)

where the fit range was defined in Eq. (3.3).

4.1 Quark- and gluon-jet dependence on ↵s {sec:aSdep}
Before analyzing the theoretical uncertainty on ↵s measurement using soft-drop jet mass, let us
pause to discuss how the jet mass spectrum varies with ↵s. A leading logarithm approximation
gives, cf. Eq. (C.18),
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d log(⇠)
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⇡
a log ⇠

i
= ⇠

�↵s(µ)C
⇡ a (4.3) {eq:aSestimate}{eq:aSestimate}

where a is a ⇠-independent constant. This estimate shows that the LL formula predicts the
slope of the jet mass spectrum to be proportional to ↵s. One can wonder whether this estimate
carries over to NLL and NNLL predictions.

To analyze how the slope of the jet mass spectrum changes, we vary ↵s(mZ) by ±10%,
and compare with an estimate of a similar variation of the slope, see Fig. 5. For quark jets
with � = 0, we notice a striking feature: while the estimate from Eq. (4.3) can be argued to
roughly hold for the LL curves (varying the slope of the spectrum in the resummation region
by ±10% gives a similar change as varying ↵s(mZ)), the approximation is not useful at NLL
and beyond, since the jet mass spectrum flattens out. Thus, only the overall normalization
retains sensitivity to changes in ↵s. For quark jets with � > 0 and gluon jets, on the other
hand, a linear dependence on ↵s persists at higher logarithmic orders.

4.2 Statistical analysis

In order to determine the sensitivity to ↵s, we must first quantify the deviation of different
variations from a central curve. Our central curve is calculated using the default profiles
in Sec. 2.8.3, and when including non-perturbative corrections, we will determine central
parameters using Monte-Carlo simulations. To imitate a potential comparison with collider
data, we split the range ⇠SDNP to ⇠0 into a number of bins nbins, with

nbins = 5, 10, 20 . (4.4)
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Here the weights associated with the shift and boundary corrections d�1,2/dx are shown in
Fig. ??.

4 Sensitivity of matched jet mass cross section to ↵s

{sec:analysis}
In this section, we compare the sensitivity to ↵s with that of other parameters. We will state
results for two ways of normalizing the cross section:

Normalize to inclusive x-sec in the pT -⌘ bin:
d3
�

dpTd⌘d⇠

�
d2
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dpTd⌘
, (4.1)

Normalize to the fit range:
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dpTd⌘d⇠
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⇠SDOE
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dpTd⌘d⇠
, (4.2)

where the fit range was defined in Eq. (3.3).

4.1 Quark- and gluon-jet dependence on ↵s {sec:aSdep}
Before analyzing the theoretical uncertainty on ↵s measurement using soft-drop jet mass, let us
pause to discuss how the jet mass spectrum varies with ↵s. A leading logarithm approximation
gives, cf. Eq. (C.18),
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a log ⇠
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�↵s(µ)C
⇡ a (4.3) {eq:aSestimate}{eq:aSestimate}

where a is a ⇠-independent constant. This estimate shows that the LL formula predicts the
slope of the jet mass spectrum to be proportional to ↵s. One can wonder whether this estimate
carries over to NLL and NNLL predictions.

To analyze how the slope of the jet mass spectrum changes, we vary ↵s(mZ) by ±10%,
and compare with an estimate of a similar variation of the slope, see Fig. 5. For quark jets
with � = 0, we notice a striking feature: while the estimate from Eq. (4.3) can be argued to
roughly hold for the LL curves (varying the slope of the spectrum in the resummation region
by ±10% gives a similar change as varying ↵s(mZ)), the approximation is not useful at NLL
and beyond, since the jet mass spectrum flattens out. Thus, only the overall normalization
retains sensitivity to changes in ↵s. For quark jets with � > 0 and gluon jets, on the other
hand, a linear dependence on ↵s persists at higher logarithmic orders.

4.2 Statistical analysis

In order to determine the sensitivity to ↵s, we must first quantify the deviation of different
variations from a central curve. Our central curve is calculated using the default profiles
in Sec. 2.8.3, and when including non-perturbative corrections, we will determine central
parameters using Monte-Carlo simulations. To imitate a potential comparison with collider
data, we split the range ⇠SDNP to ⇠0 into a number of bins nbins, with

nbins = 5, 10, 20 . (4.4)
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Here the weights associated with the shift and boundary corrections d�1,2/dx are shown in
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4 Sensitivity of matched jet mass cross section to ↵s

{sec:analysis}
In this section, we compare the sensitivity to ↵s with that of other parameters. We will state
results for two ways of normalizing the cross section:

Normalize to inclusive x-sec in the pT -⌘ bin:
d3
�

dpTd⌘d⇠

�
d2
�

dpTd⌘
, (4.1)

Normalize to the fit range:
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�Z ⇠0
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⇠SDOE
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, (4.2)

where the fit range was defined in Eq. (3.3).

4.1 Quark- and gluon-jet dependence on ↵s {sec:aSdep}
Before analyzing the theoretical uncertainty on ↵s measurement using soft-drop jet mass, let us
pause to discuss how the jet mass spectrum varies with ↵s. A leading logarithm approximation
gives, cf. Eq. (C.18),
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d log(⇠)
/ exp
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� ↵s(µ)C

⇡
a log ⇠

i
= ⇠

�↵s(µ)C
⇡ a (4.3) {eq:aSestimate}{eq:aSestimate}

where a is a ⇠-independent constant. This estimate shows that the LL formula predicts the
slope of the jet mass spectrum to be proportional to ↵s. One can wonder whether this estimate
carries over to NLL and NNLL predictions.

To analyze how the slope of the jet mass spectrum changes, we vary ↵s(mZ) by ±10%,
and compare with an estimate of a similar variation of the slope, see Fig. 5. For quark jets
with � = 0, we notice a striking feature: while the estimate from Eq. (4.3) can be argued to
roughly hold for the LL curves (varying the slope of the spectrum in the resummation region
by ±10% gives a similar change as varying ↵s(mZ)), the approximation is not useful at NLL
and beyond, since the jet mass spectrum flattens out. Thus, only the overall normalization
retains sensitivity to changes in ↵s. For quark jets with � > 0 and gluon jets, on the other
hand, a linear dependence on ↵s persists at higher logarithmic orders.

4.2 Statistical analysis

In order to determine the sensitivity to ↵s, we must first quantify the deviation of different
variations from a central curve. Our central curve is calculated using the default profiles
in Sec. 2.8.3, and when including non-perturbative corrections, we will determine central
parameters using Monte-Carlo simulations. To imitate a potential comparison with collider
data, we split the range ⇠SDNP to ⇠0 into a number of bins nbins, with

nbins = 5, 10, 20 . (4.4)

– 32 –

Gluon jets:



COMPARISON WITH ATLAS DATA

32

[Data from Atlas collaboration; Aaboud, Morad et al., 1711.08341] 
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CONCLUSION AND OUTLOOK

Prospects for using soft-drop jet mass to measure αs at the LHC: 

• q/g fraction well defined in theoretical calculations 

• Gluon jets most sensitive to αs variations 

• Estimate hadronization corrections (7 free parameters?) 

• N3LL calculations would reduce perturbative uncertainty 

• Measure different samples, at different energies would improve fit 

• Normalizing to the inclusive cross section retains sensitivity to αs
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THANKS!
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