Electromagnetic Design of Accelerator Magnets
and ROXIE User’s Course

Theory 2

Stephan Russenschuck, CERN, 2022
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Mathematical Foundations of Magnet Design

Maxwell Equations

Local Form Global Form

Laplace’ s Equation

/

Harmonic Fields Green’

Integral Form

The Curl-Curl
Equation

Functions Weak-
‘ Forms

Kichhoff’ s

he Field of Theorem
ine-currents
Coil-Dominated
Magnets

1D Calculation of Field Quality in
NC Magnets Accelerator Magnets

FEM BEM DEM
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Set

Sequence {1,2,3}
Connections (Cell Complexes)

Greenhoe, D. J.: Structure and Analysis of Mathematical Spaces, E-book, 2017
Tonti, E.: The Mathematical Structure of Classical and Relativistic Physics, Birkhauser, 2013
Russenschuck, S.: Chapters 2 and 3
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Vector space

For any vectorsa,b,cc€ V:(a+b)+c=a+ (b+c).

There is a zero vector 0 for which a + 0 = a for any vector a.

For each vector a € V there is a vector —a in V for whicha + (—a) = 0.
For any vectorsa,b € V:a+b =Db +a.

For any scalar A € F and any vectors a,b € V: A(a+ b) = Aa+ Ab.
For any scalars A, i € F and any vectora € V: (A + py)a = Aa+ pa.
For any scalars A, € F and any vectora € V: (Au)a = A(ua).

For the unit scalar 1 € F and any vectora € V: la = a.

(C; ERN%? Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




° Set Vector space
°®
Affine space
°
®

l. Z4+xe At cAandxe V.
2. (Z24+x)+y=2+ (x+y)forZc Aandx,y € V.
3. There is a unique x € V such that &y = &2, + x for %1, &, € A.
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Set Vector space

A

Affine space

Affine transformations (preserve barycenters)
but the translation is nonlinear!
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o Set Vector space
o, o l 1—' isomorph
o
g Affine space Origin + Basis
° ®
®
Origin Basis , 1

PeA, S reV, — (x,...,x") eR".
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Euclidean space

a-b:= a1b1—|—a2b2+a3b3 ” a ”: (a,a),
Functional space Set Vector space
1
(f,8) = /_1f(x)g(X)dx- l 1—I
Affine space
Length Inner product

(normed) space

1. (a+b,c) =(a,c)+(b,c) and (a,Ab+ uc) =A(a,b)+ u(a,c).
2. (a,b) = (b, a).
3. (a,a) > 0and (a,a) = 0if and only ifa = 0.
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d(t@lr '@2) = ” l'gal o rg”z ”

Set Vector space
b Affine space
Distance 7 Inner product
—
(normed)space
Metric space
(a,b)
cosx(a,b) := 0<a<rm
e YTy K s s

[ (ab) [<|la][b]],

Cauchy Schwarz inequality
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Set

A 4

00 Topology

1

Metric space

Closed, simply connected

The boundary 9C) of () is the set of all points for

which the distances d(£2,()) =0and d(£2, A\ Q) = 0.
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Vector space ——

1_l

Affine space

A 4

\ 4

Inner product
space




Set Vector space ——

N> —

Affine space + Origin + Basis

\ 4
A 4

Inner product

Topology space

t

Metric space

Embedded
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Set Vector space ——

1_l

Affine space
’ Inner product
Topology space

Metric space

Multiply connected,
noncontractable
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Set Vector space ——

1_l

Affine space
Inner product
Topology space

Metric space

Not star shaped,
but simply connected
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Set Vector space ——

1_l

Affine space
Inner product
\ Topology space

Metric space

Inner oriented
Outer oriented
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Set Vector space ——

1_l

Affine space + Origin + Basis

\ 4
A 4

Inner product

Topology space

t

Metric space

Embedded,
consistently inner
and outer oriented
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| a||= v/(aa) = \/aidg,
23
g1

\
2

Set Vector space ——

A 4

Topology

A 4

Metric space

3 3 .. -
(a,b> — Z Z alb] (gi, g]) = a'b] (g;,g}) = alb]gij,
i=1j=1

(a,b) a'b'gi

lal[o] ~ \/aPaigy,/bbgss
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COS X =

Affine space + Origin + Basis

A\ 4

Inner product
space




23

o Set Vector space ——
\%
1 cosa  cosf g, I
[G]=] cosa 1 cosy
cosp cosy 1 Affine space + Origin + Basis
u Inner product
Topology space
i Metric space

Orthonormal
basis

Applications: Calibration of Helmholtz coils, Calibration
of 3-axis displacement stages and robots

(C; ERN%? Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




The Fourier Polynomial Pn is the best Approximation in

/ VARE Projection of the square wave
AN/ L N onto the “shape” of the

o R g trigonometric functions
Honat AL

4 N ] w A N I f;-z is the shortest distance to
B S the projective plane
@@é i ST A

-1—f””|”;-1—f”l\/‘\7\|/#03 |

et ]

d(P1, ) = \/ Y. (x(21) — ().
i=1
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Set Vector space ——

1_l

Affine space + Origin + Basis

V'

Coordinates

}

A\ 4

Differentiability <«
Inner product

: Topology space

Tangent space t !
—  Metric space

Orthonormal
basis

A 4
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Set

V'

Coordinates

}

Differentiability <«

A 4

A 4

Tangent space

Topology

Vector fields

x: Q= |J TeQ: 2 - x(2)
P e
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Vector space ——

1_l

Affine space + Origin + Basis

v —  Metric space—

A\ 4

Inner product
space

A\ 4

Orthonormal
basis




E,

Oriented
Euclidean
Affine Space

Coordinates

}

Differentiability

A 4

Tangent space

Vector fields

A 4

Basis field

a: Q) — RS

(CERN r 2‘

Affine space + Origin + Basis

A

Metric space —

Vector space ——

1_l

A\ 4

Inner product

Topology space

A 4

A\ 4

Orthonormal
basis

a

. r — a(r):a(r)
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2-Dimensional Trace Space

. P, — U ngpz : X(i‘) > V(X(t))
xeP,

dxq(t) dxa(t)

x(t) := (x1(b), %2(1)) " = (fP“)f dt

dt ~ dt?

2R == (2

dt

(xz(t), —axy(t)

A
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7
/o
/

b, s & F i
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Find flow maps:
g‘b(t,x) P = P

(CERN r 2‘

x(0) — x(t)

dt

g sinxl(t))T.

)T _ (dcp(t) dch(t))”f

=R \\\\\“;
'““‘:“‘:‘1 \\\\hﬁi—
. \\\ﬁi“in

N \\ i

\\\\mw-,-”-.ﬂm
R S P S S \\
NNNSN=rrr s prr e~ N \ W\ g
\\\«~»///////z—~\\ \ N\ ~
o IR \ 5
& L
/ f/

- s

\

1

Ll

T T

~ - / /s - vy

x—f//x////f—~\\\

N e e A L WA
N T a a a a—

-

A\ N

———— \ \
~w TN
““!‘:\g\x

d*¢  do g
dt2 +a’dt Zsmqo

///J—-m

Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




(CERN r 2‘

Structure Euclidean Ez Hilbert L% (Q))

Vector X,y f(t),g(t)

Basis {e1,ep,e3} {gn(t)}

Scalar product Y2 i Xnln = [ f(t)g(t)dt
Norm I xl= 3023 | I ll=/fo () Pat

Orthonormality
Expansion

Coefficients

e, - € = Ouk

X = Zn 1 Xne€p

Xn — X+ €y

(gn;gk> = Onk
f(t) = =1 Xngn(t)
Xn = (gn, f)

Hilbert spaces are those in which notation and concepts of ordinary

Euclidean geometry hold without any restrictions on the dimension.
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Space Curves (as Mappings)

r(t) = x(t)ex +y(t)e, +z(t)e; S 1 — E3z:tr(t)
Az

dr(f) dx dy dz 5

at Tt @ e

4 t b, /
X y

dv(t) ~ d%x d2y d?z

ar )= gpet gpe t e

T(t) := % = Tx(t)ex + Ty(t)ey + T:(t)e;
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Directional Derivative and the Gradient

Space curve with r(t) = (z(t),y(t), 2(t))
parametrized such that r(0) =

1-smooth scalar field ¢ : E3 — R : r+— ¢(r)
expressed as ¢(z,y,z), then ¢(r(t)) at
parameter (time) t.

99 d _ i O+ tv) — (1)
Ovgp = 90 a[ﬁb(r + tv)]li=0 = t“_r% ;
anQb — 8¢($7y7 Z) = |im ¢(CE + ACB,y, Z) - Qb(ZL', Y, Z)

ox Az—0 Ax

_d _ 9¢dx | dpdy | dpdz _ |

o = dt(b(r(t)) Az dt T oydt = dzdt grad¢-v
gradg = 8—¢e:c + —¢ey + 3—er
(

Best linear approximation of ¢ over displacement distance dr n
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Grad, Curl and Div in Cartesian Coordinates
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The First Lemma of Poincare

B 1 d¢ 1 d¢ 1 d¢
curl grad ¢ = curl [Eﬁ e+ Ity 92 e+ I 93 eugl
1 o’ ¢ .
" ks \ouZoud  oudouz ) W
1 9 d?
o (-5

hahy \ oudoul  oulowd

1 9%¢ 9%¢
T hihs (81118112 ; auzaul> ew =0,

Ugly and not even a universal proof (orthogonality assumed)
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Coordinate Free Definition of Grad, Curl, and Div

Py Py Py
/ a-dr = /5’1 grad ¢ - dr = », d¢ = ¢p(H) — p(F1),

—_— e fa.ﬁf{ g . dr Y ) 4
F 9 A}/

g+ Jrldy O |
d X
div g = lim fa"// 5 494 , e, /z/

V—0 74 g W

H"
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Kelvin-Stokes Theorem

Smooth vector fields, smooth surfaces with simply connected,
closed, piecewise-smooth and consistently oriented boundaries, and
volumes with piecewise-smooth, closed and consistently oriented

surfaces.
No jump discontinuities (for example,
co-moving shielding devices)
-dr = ~dr + -dr = ~dr + -dr,
0/ 5 A 5 % 5 11 5 ) 5
I 1
/ gdr—hm /azfg dr—Ih_nolol_lAaA—al/adg.dr
I
= Ili_};r.}o ,'=1( curlg); -nAa; = /.d curlg -da.
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Gauss’ Theorem

Smooth vector fields, smooth surfaces with simply connected,

'dZZ closed, piecewise-smooth and consistently oriented boundaries, and
volumes with piecewise-smooth, closed and consistently oriented
surfaces.

1
g-da—hm g d g-da

— lim (dlvg),AV /dlvng

(C; ERN%? Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




The Boundary Operator |

2(0¥) =@, 9(0s/) = D,

di ldV:/ 1-d=/ dr=0,
/1/ iv curlg |, curlg-da a(M/)g r

| erad - d :/ de-dr = —0
/ﬁ,cur grad¢-da= | grad¢-dr= ¢[ypy)

Reversal of arguments yields two important statements (next slides):
Much nicer than writing it in coordinates
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The second Lemma of Poincare (Contractible Domains)

divb =0 - b = curla.

curlh=0 —  h = grad¢.

Point Line Surface Volume
grad curl div
> » —Pp
Image Image
) of grad of curl
2
8 Kemel Keq:el
of curl of div
0
Scalar Vector Vector Scalar
field field field field
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Lemmata of Poincare (Non-Contractible Domains)

Point Line Surface Volume
grad curl div
. > . > ker(div)
1 _ ker(curl) itr H2(Q)) =
R im( grad ) o 2 im( curl )
closed
10 2(0)
H(Q) ) () P e
2
S
0 null
Scalar Vector Vector Scalar
field field field field

Toroidal domain €2 in a cylindrical coordinate
system (r, ¢, 2):

10
curlfH=——(rHy) =0
r@r(r 2
But ¢ H-ds =1 and €2, with ¢, grad¢-ds =0

(C; ERN%? Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23

Domain 2 between two nested spheres cen-
tered at the origin.

Q
Dp =
R 47 R2 °R

1 0
divD = —-—(R?Dp) =0
r28R( R)
But §,D-da=Q and §, curlA.-da=0




Maxwell’ s Equations in Differential Form

H-dr:/ ]'da—l—di/ D - da,
/ curlg - da—/ g -dr, s dd bt

E-dr:——/ B - da,
dt Jao

s < v
oY
Dd_/ qv.
a= | p

%)
/dcurlH-da—/ (]—I—at )-da, 3

curlH=]+ —D,

/ curlE-da:—/ ;B da, aat
od od curlE:—a—B,
/dideV=O, t
v : div B =0,
L/dedV=/1/pdV. div D = p.
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Maxwell’s House

Faraday complex Ampere-Maxwell complex curl B is ugly !
Inner oriented Outer oriented
0 7
¢ o g i
' 1V ;
A J

1 -
curl . curlA =]

Oy | #m
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Maxwell’s Facade

curl lcurlA =J le ;Lgl“ad qu = ()

1 podivgrad ¢, = 0
—curlcurlA =J § g

i A | 1 ,
---------------------‘---‘---------‘ V nl — O

72A — graddivA =0 ol leolh=]
: \/’
o [ ’/\ A
div u grad ¢m = 0
i A | om

.................................
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Solving of Boundary Value Problems

1. Governing equation in the air domain t

VZ2A, = 0,

2. Chose a suitable coordinate system

, 07 A, N A, 0?A,

"o or | d@?

—0,

3. Make a guess, look it up in a book, use the method of separation:
That is: find eigenfunctions. Coefficients are not know yet

(0]

Az(r, @) = Z (Ent™ + Fur ") (Gpsinng + Hy cosng).

n=1
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n

Az(r, @) = Z " (Apsinng + B, cosneg).

4. Incorporate a bit of knowledge and rename

5. Calculate a field component

1

= Z n-r""'l(An cosng — Bn sin H(P),

n

10A;

;8(;7

B, (r,¢) =

uuvuuuunnv“en‘*
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222000 AN
P e 3
i - - b
=== e
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Solving of Boundary Value Problems

B/ (r, ) = %aaszz Z nr’ .An cosng — By sinng),
n=1

6. Measure or calculate the field on a reference radius and perform Fourier
analysis (develop into the eigenfunctions). Coefficients known here.

(o)

By (ro, @) = (Bn(rg) sinng + Ay (rg) cosne),

n=1
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Solving the Boundary Value Problem

7. Compare the known and unknown coefficients

1 0A; >
¥ 90 = Y n" "} ( Ay cosng — By, sinng),

n=1

Br(r, ¢) =

By (1o, @) = Z (By(rg) sinng + Ayn(rg) cosne),
n=1

1 —1
nrg_l An(rO) ’ Bn —_ WB;«I(TO) .

An:

8. Put this into the original solution for the entire air domain

2 ;O (L>n (Bu(ro) cos ng — Ay (ro) sinng).
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Solving the Boundary Value Problem

9: Calculate fields and potential in the entire air domain

(Bu(ro)sin(n —1)¢ + A, (ro) cos(n —1)¢)

vy

=
S
=

I
gk

-
|
[y

Bn (ro)cos(n —1)p — Ay (rg) sin(n — 1) @)
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Conclusion

By solving these boundary-value problems we are able to

* conveniently describe the field quality in accelerator magnets,

* reconstitute the vector field B in the entire magnet aperture from mea-
surements of one component on its circular boundary,

* limit the field computation or measurement to the boundary of the prob-
lem domain, and

e calculate the field distribution from the magnetic vector potential or
magnetic scalar potential without the need for numerical differentiation.

—nD —nugC

B, = Ch D, Cn-1 Dy _r;g(]_ll —},-00—”
C —npgD

Ap = Dy, —Cy Dy —Cn-i ”r—ou %

(CERN r 2‘
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The Riemann Lebesque Lemma

The Fourier coefficients tend to zero as n goes to infinity

Limits: 10° T, 108 Vs

10l 10
103 . :
A , A
10° A 4,4 b
10—7 f— “A [}1
A -
9 o 1
107 [~ & o
. . A v )
. Simulations . . ¥
10~ - st 8 Measurements
10-13 - g 0.001
45 L of
10 al) * "‘.‘ o
t * X ox A . i 0.0001
10_]7 :*:iz****t‘k*i*‘*‘* ‘*x**t**xit JH* * K
- Ax
10—19 l]IlJIl]ll]IlilllI|III]|IIII!IIIJ|[J|! U(MUUI
5 10 15 20 25 30 35 40 304 5 6 1 8 9 10 10 R B oMK
n —p

Always plot your results in logarithmic scale
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Maclaurin Series

]. d” B[)(

1
n! dxn &

x=y=0

00 n—1
Br9) = 2 () (Balro)cos(—1)g — An(r0)sin(i — 1))

?‘0”_1 1 drn—-1 By
bu(ro) = ~
n(ro) By (n—1)! dxn-1

x=y=0

300
-1
200
o
100 23
£ =R
: i
= x
N 0 &l
-3 3
©
~100
-4
-200
-300
-5

-300 -200 -100 0 100 200 300
X in mm
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Ideal Pole Shape of Conventional Magnets

Remember the Cauchy Schwarz inequality | (a,b) [<[la|[b],

Thus for the directional derivative ovp| < | grad ¢||v]

The directional derivative takes its maximum when v points in the
direction of the gradient. Therefore the gradient points in the direction of
the steepest ascent of @ and is thus normal to the surface of
equipotential.

The flux density B exits a highly permeable surface in normal direction.
Therefore the pole shape of normal conducting magnets can be seen as
an equipotential of the magnetic scalar potential.
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Ideal Pole Shape of Conventional Magnets

Pm(r, @) = — ) ;—O(An cosng — By, sinng).
n=1
4n(r,0) == L 7%= () (An(ro) cosrg +Bu(ro)sinng).
n=1 nHo \To

y = const.
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Ideal Pole Shape of Conventional Magnets

——
—
-

(C; ERN%? Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -



Complex Representation of the Field in Accelerator Magn

By = By cos ¢ — By sin ¢, By = By sin ¢ + By cos ¢,

00 n—1
By +iBx = ) _ (Ba(ro) +iAn(ro)) (i) (1

n=1

,,é(B" (r0) +i An(r0)) (QH

ro

(C; ERN%? Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23

B é (ba(r0) + i au(r0)) (—)H,




o~
N
d_ o
N =
N—
<t
Q
cn
L
e N ™
d_ o o\
N =~ ©
N—— B
o™ o
Q O]
o =
+ S
o -
S =
[ o
~ M
O "
T
Z
'
w
o
N
(&)
>
{=
(&)
2]
C
o)
3 ¢
= 3
o} n'd
-~ C
> 2
= 5
+ &
~
x -~
|- :x Px
B
L |
o =
o n
(W =
m =
o ™
S oy
g
Q
Q
Li.

|CERN§?



y [ vy {177
b a - 11.//.1.’.” “\\. \\\\\\\\\\\\
- B N Y _.\\.\.\\\\u -~
e | - . ////.’.. fiprr-= -~
e~ ) - vf./r//" F 7 s 2idre s
O C P L R N T R R s
o Q Q __\-.\\.-,/._,.w Vi 1 o 1
* — h ,,,,, LAY RN B I AZN3N b 0 5 0 0
d ) O ,,,,,, 1;,,.,.\,..‘._.*w VOV AR A VAV 8 s e
. R AT Y Y VN NN r v
nm e IV: ,,,,,, NN - SO YN NINAS SR .
* — O e n T TR T T T e A / \ ’ f A S YN~ s s s s s
7)) p |m O R T T T T T e o A | R R N
—_— L2 0O i e A A N IR
- A e e I B R e N o e o - -
A-Xq m w n | D e -
© T AR T
8) 8] S - s
=~ o O S Il oIl
- = + e e e o —————————
U5 o o o - = -~ o~~~
* o— Lo | T T i i S i e S
@wo 2 cm ot i’ NN AR~ i S
\\\\\\\\\\\ ANNNNN Y D e
© (V] - W m A ette s s dy NN TR A A e N
m a \\\\\ \.\.\\\0...4'.1,/,.14/,‘ \\.\\..\l.\.~l,,,.//l. //////
e” wo \\\\\ \\\\“\Jflti.‘.l.’ s.x.\\_\\s».il,//./ /////
_ OO '~A SO s LA YA PO AN, L s
fo bo Br” .... 1 VAR Y ,___w [ Y A RN R R
@) . ‘ .
O c O foern VY Kby b AL
i) - gn ,,,,,, //\\‘...‘ PR R R R e A A BT IR
cC an cC VAN SIS ) YN S = s
(@) * o— ls\.\.\\“ NN NN - p
5¢ 25 53
o—_ Ry R
mM o]0)] mW Mm mmAU R A A B B TR WANANENENE
()] C O (O] o — ! R B T R ]
= — c ©
S TS5 =0
v o L S @
T 3 O aa
v Vo
@) ]
=a g |

™
N
®©
>
®
=
[}
O
N
.
M
O
n
=
LLl
T
Z
o
LL
®)
N
3)
=)
{5
3]
%)
c
o)
(2]
(72]
=)
o
=
©
<
ol
2
)

N N e v S
IV N S - —— g

N N e

- et e

- - -

] I T e i - W W —— N N

} /S

o
c
@

=

Ll

o
c
©
>
=
)
c

Ll

0.3 mm radially

aligned with respect to the closed orbit
random (r.m.s)

— = 0.1 mm systematic, == 0.5 mm

correctors w.r.t. MB

=» Dipole magnetic axis has to be well

Feed-down

|CERN§?



r — I(d
2D2$’ + 2Ds x4

Displacement: 0.33 m
7!

Gradient: 5 T/m
Dipole field: 1.5 T

By(lj)

NI

——

DO R R R R RN NN S Loy R

N S

v 7 A
S P
S e S O

e 7

T o e

e P

O e

N

A

RN

¥

B ER R R R R RN EY I 7~ NN\ e

LA
2ACS

\;kj

(7))
)
Q
C
(eT0]
©
=
o
2
)
(S ]
o=
-
Ll
O
Q
k=
o]
€
@)
O

™
N
©
>
(0}
c
[y
O
N
=
n
)
n
=
LLl
T
Z
0
LLl
®)
N
@)
=)
=
@)
®
c
o)
%)
%)
S5
o
c
©
<
o
L
w

|CERN§?



Zonal Harmonics (Solenoids)

2 — L 9 (p29Pm 1 0 (0 0Pm) _
Viom = 2258 \R 3R ) T Resmey o9 ") 5g ) =0

x = cos(%) &2 & .

dx = — sin(®) dd. VX A | / //

¢m (R, x) = i AnR"Py(x) o /b : Ms

n=0

-1 0.5 0 05 10

oo a o0
Br = —Ho ) 5 (AuR"Pu(cos(8))) = —po Y AunR" ' Py(cos(8)).
n=0 n=1
=1 9 n - n—-1 pl
By = —po E R 30 (AuR"Py(cos(9))) = po E AnR""" P, (cos(8)),
n=>0 n=1
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Zonal Harmonics

B, (r,z9) = Mo (rAz — §r3A4 — - )

N = d2By(#=10)
16 dz3

Z=2Z

06 —

J]]i..ll!ll ll- L1

-60 -40 -20 0 20 40 mm 60
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Cartesian Coordinates (Eigensolutions for the Ideal Dipol

1 d?X(x) 1 d?Y(y)

¢m = X(x)Y (y) X(x) a2 Y@ dap
— T
Xp(x) = Cpcospx+ Dpsinpx, 2w _
Yy(y) = &, cosh py + Fp sinh py, A

By (x,y) = Mo il./-’ln sinh (%x) sin (% ) :

By(x,y) = Bo + po ni A, cosh (%x) cos (%y) ;

Y el 1y Pole

Magnet
¢ |center
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Determining the Coefficients

N ~a_ A i g

il

AR

B

T

inh HTCM
(1) B (1) ( xz—xl) . ( X —x)
Ay (x,y) = E :An sin | nrr
(9) n sinh (1’17‘( M)

X2 —X1
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3D Field Harmonics
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Integrated Harmonics

0% : Local transverse
= — 0.004 .
-y . harmonics calculated at
012 | i different reference radii
01 |- [ 4% and scaled with the 2D
T 0.08 T laws
B, 0.06 |- ° B,
0.04 i
: — +0.002
0.02 |- h n—N
- : "
0 ‘ — -0.004 bn (7’1) =\ bn (7’0),
-0.02 3 70
' J i
300 200 400 0 100 200 mm 300
wrong
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Integrated Harmonics

P pm(x,y,2) | PPm(x,y,2) | FPm(x,y,2)
2 . m\As Y, m\As Yy m\As Y, _
Vipm(x,y,2) = ox2 M Y2 u 0z2 0.

¢ (x,y):= /_:0 ¢m(x,y,z)dz.

2= 27 20 /22 2
Phale) , Falnn) _ [ (Pn , Fom) o,

dx? Jy? dx? oy?
= [* (-2 ) gz = - A"
0z2 2

= Hy(—z0) — Hz(zo) = 0.

The 2D scaling laws hold for the integrated harmonics
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Pseudo-Multipoles (Fourier Bessel Series)

cos n COS pz
<Pm(r,<P,Z)={ . ¥ }In(w){ . i }
sin 1n¢ sin pz

h(pr) = L AT+ n 4D

(Pm — Z Z rn+2k (Cn+2k,n (Z) sin ne + Dn—l—Zk,n (Z) COS ngo)
k=07n=1

(C; ERN%? Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -



(1 + 2k)r" 2 (Cp 21 (2) Sin 19 + Dypagin(z) cos 1) |

~ | -
2o

—
gk
12

T
o
=
Il
—

Z o i (Cn—I—Zk,n (z) sin ne + Dy ok n (z) cos nq))

n=1

|
T\)l p—
72

=

pht2k (Cﬁzk’n( ) sin n¢ + Dﬁz—&Zk (z) cos ne)

_I_
gk
e &

I
o
=
|
—

2k)? "t 2=2 (Cpyokn(2) sin 1@ 4 Dyyyok 1 (2) cos 1)

I
I1-7e
e
=
+

=
I

|
e ~
e

prit2k—2 (Cotokn(z) sin 1@ + Dy ok, (z) cos ne)
k=0n=1
+ L 1" (o (2)sin 19+ Dyl (2) o5 g)
=1 n=
=iy, (
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Recursion for Cn,n

Criakn(2) ((n+26)2 —n?) +C 2y, (2) =0,

Dusain(z) (1 +26)2 —n?) + D)y 5, (2) =0.

1 k
Cutakn(2) = — ci29 (),
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Gl c$)(z)

- 6 n_.:
32(n+1)(n+2)r 384(n+1)(n+2)(n_|_3)” +...}r sin ng

S 2)
+ ) { Dua(2) - ;?;'1(21)) 3

n=1
) (6)
Dya(z) i Dya(2) ) )
TR+ D(m+2)  BEm+Dn+2)(n+3) +... 1" cos ng,
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2 1 2
+ x2 (3(:3,3,(:) - gc;,l’(:))

3(, 2 (2
+ 2 (40 - 503 )

3 (2 1

+ x* (56'5,5(2) ECQ(-) @C:J‘l](:))
+ X (666,6(..) 55 Cia (2) + @c;‘;(-))

6 A D a@yy 3 @y 1 6),.
+ 28 (7012(2) - 57 €@ + g5.C8(2) - 75 @)
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Field Components from Pseudo-Multipoles

dm (7, @) = i r”(@n(r,z) sinng + D, (z) cosng).

n=1

B/(r,9,2) = —po Y _ r"Y(Cy(r,2) sinng + Dy (r,z) cos ne),

ey |

By(r,9,2) = —uo Z nr"1(Cu(r,z) cosng — Dy(r,z) sinng),

B.(r, ¢,z) = —1o n;:lr” ( ”a;’z) sinne + aD%(Zr'Z) COS nq)) ,

_ B (n+2)C3) (2) (n+4)Ci(2)
Cn(r,2) =1 Cun(2) 4(n+1) r 32(n+1)(n +z)”4 -
o 3 (2) Cya(2)

Calr2) = Cun(2) = g1 1)”2 HEICEICES) Sty
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The Leading Term is NOT the Measured One
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Fourier Transform for the Extractions of Cn,n

B —]:{Bn (7’0,2)}
.F{Cn,n (Z)} - . _ (n+2)(iw)? 2 (n+4)(iw)* 4
HoTg (" $n+1) 0T R (ne2) 0 T )
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