Electromagnetic Design of Accelerator Magnets
and ROXIE User’s Course

Theory 3

Stephan Russenschuck, CERN, 2022

(C; ERN%? Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -



Mathematical Foundations of Magnet Design

Integral Form

1D Calculation of Field Quality in

NC Magnets

(CERN r 2‘

Maxwell Equations

Local Form

Harmonic Fields Green’ s Functions

The Field of
Accelerator Magnets Line-currents

Coil-Dominated
Magnets

Equation

|
Weak-
Forms

FEM

Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23

Global Form

The Curl-Curl

Kichhoff’ s
Theorem

BEM

DEM



More Integral Theorems

Green's First |, (radg- grady+¢V2p) aV = [ 9anpda
Green’s Second /Q (chztp — ¢v2¢) dV = / (¢pOnyp — Pon¢) da
r
Vector Form of Green’s Second
/ a-curlde=/ b- curladV — a-(bxmn)da.
¥ 4 V4

Generalization of the Integration by Parts Rule

— | a-oradpdv = / divadlV — / o) i
/“l/a grad ¢ 7/9{) iva ayqﬁ(a n)da
Stratton #1 and #2

f div(a x curlb)dV :/ (a X curlb) -nda
1 4 oYV

/ (acurl curlb — bcurl curla)dV = / (b x curla—a x curlb) -nda.
¥ oY
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Properties of Harmonic Functions

Theorem 4.4 (Maximum principle) If ¢ is harmonic in a closed, contractible vol-
ume ¥ C Q), ¢ cannot take a maximum or a minimum at any interior point of V.

/,., InpdV = gradc;)-da:/r V2pdV = 0

975

Theorem 4.5 (Liouville) If ¢ is a harmonic scalar field in E,, with an upper (or
lower) bound, ¢ is constant.
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Maxwell’s House

Faraday complex Ampere-Maxwell complex
Inner oriented Outer oriented
t@ ¢’-"," i p ""'-" div

1 -
curl . curlA =]
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Potential Formulations

Formulation I'y(H; =0) I'g(B, =0)

Red. magnetic div(u grad ¢pred) = grad ¢'*d x n = Hg x n Uop¢red = uHg - n
scalar potential div(uHs)

Total magnetic div(p grad ¢p,) =0 n X (grad ¢, xn) =0 HOnPm = 0

scalar potential

Vector potential curl (;; curl A) ;curlA xn =0 curlA - n =0
(curl—curl) — grad (}7 divA) =]

Vector potential V2A = 1o(J + curlM) n x (% curl A xn) =0 curlA-n =0
(Vector Poisson)

Red. vector curl ( % curl (A; + Ay)) ﬁ curl A, xn=—-H; x n curlA; ‘n = —poHg - n
potential — grad ( ;l‘ div(Ar + As)) =]
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Lemmata of Poincare (Non-Contractible Domains)

(CERN r 2‘

Point Line Surface Volume
grad curl div
—> » e
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= Q
ng 2nr / D= 47TR2eR y, e
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Coulomb Gauge |

A—-A A=A+ grad ¢ .
divA' =g

g = divA + V2 g =0 p= [ WA 4y

Ja 4r|r —r'|

1
—divA =0
1

A-n=0 only

curl (% curlA) — grad (:—‘ div A) =5
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The Elementary Model Problem and the Curl-Curl Equatio

1
o [ =0 il curl (’—‘ curlA) =]
1
Hxn-=ua on 'y, ’—lcurlen:O only,
B.n:g’m on I‘B' CurlA-nZO Oan.
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Rutherford (Roebel) Kabel, Strand, Nb-Ti Filament
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The Field of Line Currents

grad¢(|r—r'|) = —grady ¢p([r —7/|),
diva(|r—r|) = —divpa(jr—71'|),

r s ¢(lr—r|)
¥ s (|t —r|)

curla(|r —1'|) = —curlpy a(|r —r'|),

VZp(Jr—r'|) = Vi g(lr—1']).

Why bother?
Reciprocity; except for
sign it does not matter if
we exchange the
source and field points
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Greens Functions of Free Space

Lop(¥) = —f(¥)
L.G(r,Y)=—-6(r—-71),
/,Cr/Grr)f /(5r—r = —f(r').
L.p(r / L,G(r,t')f(r)dV = £IJ/ G(r, ') f(r)dV,

= [i/ G(r,¥')f(r)dV.

I 1
G(rr)—iln(Ir r|), Ga(r,1') = — 7|

47t|r
27T I'ref
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Green’s Functions of Free Space

:Lqmwmw:

$(r) = L/G(r,r’)f(r’)dV’.

But what if boundaries are present?

#(6) = [ G(e)f()aV’
+ (—¢(r') 9,G(r,t') + G(r,¥) an,¢(r’))da'

oV

r) / Fm
Pm( 471';.'{; |r —r|

/ 1 (r—r)-n’ /
+ ‘E [), (an'q)m(r)‘r ‘ (Pm rf|3 )da

|r —
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Biot-Savart’s Law

V2A = —ug], Gs(r, 1) = !

~ Am|r— v
o Ho Ji(x') /
Ailr) = 47t /1/ |r—r’|dv '

[ r/

This works only in Cartesian Coordinates

B(r) = curl A(r) = f—g /W curl ( ](r’zll) dv’

|+ —

{ 3 /
A =20 [ Y ) i) e AV

v [t —1| £
_ ‘LlU J\l}/\\l—lldvl.
drt Jy =13
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Biot Savart’ s Law

But wait a minute: Are we finished? Are we sure that the
divergence of the vector potential is zero as it was required for
the Laplace equation?

div A(r) = i‘g/ div (|rl(—r,3'|> av’
-~ :—7‘1/7/ (](r’) . grad (|r—1r'|> + lr_lr,|divj(r’)> av’
“iil, ’“”'grad(u )4
AR =) B
R o () o
=12 [ divy (|IJ(_’f2,|>dv’ = |rJ(—r,1)~'| dd'.

Current loops must always be closed and must not leave the problem domain
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Biot-Savart’s Law for Line Currents

[ I
A(r) = Axex + Ayey + A,e, = i—;; /1/ |3(_ 1)"| dv’.

_;tOI/ dr’
A(r) 4t Jg |r—1'|

;tOI/ dr’ x (r—1')
B
(r) = i Je  |r—r]P 7
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Vector Potential of a Line Current

10l dz 10l
Az(X,y,Z)—;O / |r C }O

— ol 2 4 2 2
P ln((z—zc)+\/x +vy +(z—zc))

;tollnz—a—l—\/xz—l—yz—l—(z—a)z
AT z—b+ /2Pty 4 (z—b)?

/ \/’C2+1/2+ (z —zc)?

b

a
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Field of a Line Current (Infinitely Long)

—a+|a|\/1+x+y

z—a+ V2 +y P+ (z—a)? _

Iim In = lim In
ab—too z —b+ \/x2 +y?2+ (z—b)? ab—too b+ |b|\/1 N x2+y2
2
—a—a(l+ =+ +~'/2 - >
— lim In ( ) — lim In 2a o
= lim In —4ab

ap—+oo X2+ Y2

_ | 2, .2
Az(x,y) = lim MII'l ﬂ —Mln YTy .
a,b—+oco 47T x% 4+ }/‘8‘ 47t x% — y%

Arbitrarily large but constant
ol . [ x*+y? I
A(x,y) = —Ziln % e, = — L0 ln( ' ) ez,
T X5+ g 270 \Tref
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Field of a Line Current Segment

yOI/ cosa ., ol /“2 ~ pol . e
B(2) = 1 gr?@.@dr = 1 r" . cosada = 1R (sinap —sinaq) n

ol cosay +cosay sinay — sinwq

47 R COS iy + COS (q n
_mol (1 1 sin(ap — o)
a (lrll |r2|> 1+ cos(ag —aq)
_pol (1 1 sin(ap — o) I X Iy
An (|I‘1| |r2|) 1+ |rr11| |r3 | |r1| |r2| sin(ap — “1)
ol nl+ | X

AT |||+ || (n]’
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The Linking Number

[rH-dr = f%}-da: NI

K K
NI=1) link(oe, %) =1)_int(, %)
= o

, 1 dr’ x (r—1r)
link (37, %) = E/M[gk o
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Field of a Ring Current

AZ
' = cos Pcl'c€x + SN @ctec ey R
dr’ = — sin gcrc dpcey + cos @cre dgcey 2
r 7
|r—r’|=\/(x—xc)2—|—(y—yc)2+zz e

= \/(rcosqo—rccos @c)? + (rsin g — resin @¢)? + z2 % “ 5

= \/rz—i—rg—l—ZZ—erccosq)c,

Ay(r i yOIrC / cos @cd .
V12 + 12 422 — 217 cos @
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Field of a Ring Current

Ay yOIrC / cos @cd @
y(r V12 412+ 22 — 2rrc cos @

AZ

= 4r7.

= (7T+40C)/2 et (r+rc)? + 22

mol /2 2sin® 1 — 1
r—|—r 2 +22J0 \/1—k28inzi,b

T /2
_k) ::fé \/1_](25]'1121;)’

E(Zk) = ‘/;/2 VJ1—Rsin? pdy,
a2 = B forrr v 2 | (1- 5 ) K (F.6) £ (F0)]
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Why Elliptic Integrals

r(t) = acostey + bsinte, v| = Va?sin? t + b2 cos? t,

t tb\/l a2 — b2
s(t) = [ woldr = [ by/1+ 5
t
:/ bV1 — e2sin? TdT,
0

3 () e ) o
E(Z k) =T [1_(;)zkz_(g)zg_..._(2;3&)!!)2)2 zﬁl““]
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Field in the Return Yoke of CMS
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Field of a Ring Current

AZ

In the center:

1ol
Bz(z=0):%.
C
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Magnetic Dipole Moment

Far field approximation

uolr2m sin® ~ Homsin®
4t  R2  4m RZ '

Ap(R,8) ~

R=+vr2+z2andsin® = r/R,

[771] — 1Am2 Definition = IT%T(
m = Ja,
— %/{gr X dr,
dm 1
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Torque on a Magnetic Moment

T=mXxB

T={ (r-B)dr
0.9/

~ 1/ grad(r-B)xd
 gra (r-B) x da

__I/ Bxda:l/ daxB:mszmBSin(q?)
of 4
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Magnetic Levitation

T=mxB

F=(m- grad)B = grad (m - B)
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Microgravity
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Solid Angle and Magnetic Scalar Potential

— 1 / _ (r"—r’) /
dO = /argfh'—w—rflz(ledr) €R = Aﬂm (ledr)

dr’ x (r—1r)

= —dl
oo/ |r—1']3

E;:pressing d® as grad © - dl

dr’ x (r—1')
grad® = — | Emee

I dr/ x (r—1r
B =0 [ |r_(r,|3 ) — joH = —po grad g

I
Pm (1) = =

Solid angle (easy to compute) yields the magnetic scalar potential of a current loop
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Solid Angle and Magnetic Scalar Potential

COS 7y (r—r')-n
@ = i :/ da.
A RZ a 7 ‘r_rf|3 a

an () - f (12 x )

rirars + (v - 1p)r3 + (11 - 13)rp + (12 - 13)77
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Expanding the Green Function

yn

1ol r—r
= 2o (=)

I'ref

A/

1ol re ol &1 "
A _ _ros e [t e (R
9) =5 (7S ) + 50 Y 1 () cosmlo— 0
I 1 I 1
B, = P21(7)T o cos(nq)c), An = ;2121, nrn Sln(n(PC)
By (rg) = — pol (10" cos n An(ro) pol (10\ ™ sin 1
0T e \ e Per "0 D \ e Pe
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Notes on the Imaging Method

(CERN f 2‘

=» Domain 1: Domain with current sources

=» Domain 2: Highly permeable material

All imaging currents must be in domain 2

The sources and the images must create a field that satisfies the continuity
conditions at the interface between domains 1 and 2

The image of the image must be the original source

The field generated in domain 1 is identical to the source field plus the
field from the (iron) magnetization.

The field generated in domain 2 has no physical significance
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The Imaging Current Method

(CERN r 2‘

A)G(xr, TY) = A(r)G(Tr, 1Y)

7 A
P ()
I
r n r12 X
" >
r \
I*
2 @)

T:E3—E3:Y—=T=r—-2n(n-r),

Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




O
@)
N -
L
v
=
ofd
c
)
t
S
-
o
[oT)
=
o0
©
E
v
N -
-

/
’

3
2"

r — TY =

E2—>E2

T e e T S e .

B

rrr o B

¢ e e e e m % % %% %N

o N e O
Ay
’,,
"',

———

\

AL U B |

-
-y
- v
v ord
AL N B B

™
N
®©
>
®
=
[}
O
N
-
M
O
n
=
LLl
T
Z
o
LL
®)
o
3)
=)
{5
3]
%)
c
o)
(2]
(72]
=)
o
=
©
<
ol
2
)

CERN



- f— )
=< _
&)
S >
- o~
7)) . N
m - TY_ ~
i | v N—
= . ||+ +
(g | ~ —
- N~
——

™
N
®©
>
®
=
[}
O
N
.
M
O
n
=
LLl
T
Z
o
LL
®)
N
3)
=)
{5
3]
%)
c
o)
(2]
(72]
=)
o
=
©
<
ol
2
)

©
(@)
<=
)
Q
=
eT0]
.m
o0
M
E




Ideal Current Distributions
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Generation of Multipole Field Errors

= Holy 1 Fek
B,(ro) = — Z 1+A, | —— COS NPc k ,

B3 (10E4T) B5 (10E-5T)
1022 36.30
= 0.135 % z .
8.051 o 2 - 28.61 = oy
= 6.967 ‘ l = u7 ) &
- . . - O a $P /
— » « — R y b
3714 13.24
B 260 %y > Y
1,546 i i 5561
0.461 f 4 E%; 1719 53 E-:_
0.62 = 212 - —
1.70 - g . 596 : o
- 27 ) =5 - :
495 ’ 3 74 . 5
- » &, - 7 @ ., \Q;’
e , e TR
- @ ! k &4 - Y & ®
-, : & A -
B7(10E-5T) B9 (10E-6 T)
s e
= =
—B= S — % o
7.497 (" “‘» 2421 ‘ v v ‘
= 6.139 = 19.60 » <€
4782 P 15.00
B e ‘? ? B o : %
2.067 5803
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¥ 1
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Expanding the Green Function

cos(@c) dec

yOIrc/
V12 + 12+ (z — z¢)2 — 2rrc cos(g@c)

cos(@c) dgc

VOIrc
/ \/]r\z |r’\2 2|r||¥|(cos(8) cos(B.) + sin(¥) sin(d¢) cos(¢c))

_ Folre 1 Z n ”_1):p;(cos(ﬁ))p;(cos(ﬁc)).
2 || = |r (n+1)!

t Ap(R,0) = i 10 Ay R" P (cos(8)) .
Coil =
R An = 5 et gy Pa (0s(60)
% Te Rg‘1 1 i
________________________ . An(Ro) = —pol 5 R () Fn (cos(Pe))
w/2 4
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Magnetic Field in the CMS Return Yoke

S — Ky, R
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25.00 ¥ s e
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1540 -~ T T T x 1041
1220 _ _ _ R d
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g 5.812 80 cm = 16.99
YW = 15.45
- -0.58 - 13.92
g -3.78 =i 12.39
-6.98 ' 10.85
= i wr NG % % R ” =
=i -10.1 BTN el RC N @ W K F ) @ GE s N @M W oW om0 W 9.325
. . 2 - = 7 P - : N o - = y 5
33 . 0 (T . - pden
. AR I 6.259
0 [ e e il S W | 1 l 4.726
v ko el i R vy . 3.193
v ohe N |1 -
YA NN ’ﬂ:\ ; A ™~ Lot !
CONON W - - VA A !0.127
NN T A TR - s S s = 1.40
~ = \mmﬂ-———b—?ﬁ:z-?——»»—r_’// - - 2.93
R . e —— e - L.
e e ,r “\i— - - -4.47
bt S e et —R
g R A \ e .7.53
S e L ! A b » || 9.07
40 80 cm ’

CERN Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Magnetic Energy

W=1/ H-BdV
2 Jv
div(AxH)=H:- curlA —-—A.(curlH)

W o= E/H-CurIAdV
> Jv

1 1
—/ div(AxH)dV+—/A-curlHdV
2 Jv 2 Jv

1 1
[ (A xH)-d —/A-curIHdV
2/59\/( )-da+o

W o= 1/ A-curlﬂdvzlf A.Jdv
> Jv > Jv
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Inner Energy

H -ds = /J da

Jda
H2nmr = 2 o
Ty
I
H = —
27Tro
1 IE
dW = —BH 2nridr = ,uoH2 aridr = £O 7 r3dr
2 4777"0

Therefore the total energy in the wire is

W _ pol? /ro 3, — Mol?
[ 471'7"0 167

For one aperture of the LHC main dipole the
stored energy at 8.33 T is 237 kJ/m. The
energy stored in the strands is 4.3 J/m.
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o [, vy

v —r’

dv'dv

n n n n

w=>3 > Wj; = g
1

=15=1

/ Ji(x) - J;(r")

v —r]

|
5
]
111
—

1o < & / / Ji(r) - J;(c’)
— E E I;1; dV'dV
8T /=4 =1 V! IZ-Ij|r—r’|

() - J. (¢
Li; = // Ji(r) - J,(x )dV’dV
471']] v |r—r1/|
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Combined Dipole Sextupole Corrector
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Mutual Inductance Matrix

Coil 1 2 3 4 5 6 4 3
1 12.601 6.517 | -0.245 0.252 0.478 -0.478 -0.252 0.245
2 6.517 12.601 | -0.478 -0.252 0.245 -0.245 0.252 0.478
3 | -0.245 -0.47r8 | 0.136 0.027 -0.010 0.009 -0.010 0.027
4 0.252 -0.252 | 0.027 0.136 0.027 -0.010 0.009 -0.010
5 0.478 0.245 | -0.010 0.027 0.136 0.027 -0.010 0.009
6 -0.478 -0.245 | 0.009 -0.010 0.027r 0.136 0.027 -0.010
7 | -0.252 0.252 | -0.010 0O.009 -0.010 0.027r 0.136 0.027
3 0.245 0.4r78 | 0.027 -0.010 0.009 -0.010 0.027r 0.136

(CERN f 2‘

A coil of multipole order N does not couple into one of order K
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Nonlinear Circuits (Differential Inductance)

_ — = — L]
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U(t) = (§I+L> IS
Ld = [ [aL — d;{) For example,
ol dl machine rotor motion
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Differential Inductance for the MQXY
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Nonlinear Circuits
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No hyseresis !
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