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Mathematical Foundations of Magnet Design

Maxwell Equations

Integral Form

1D Calculation of 
NC Magnets

Local Form

Laplace�s Equation

Field Quality in 
Accelerator Magnets

Harmonic Fields Green�s Functions

The Field of 
Line-currents
Coil-Dominated
Magnets

The Curl-Curl
Equation

Weak-
Forms

FEM

Kichhoff�s
Theorem

BEM

Global Form

DEM



Stephan Russenschuck, CERN  TE-MSC-TM, 1211 Geneva 23

More Integral Theorems

Green’s First

Green’s Second

Vector Form of Green’s Second

Generalization of the Integration by Parts Rule

Stratton #1 and #2
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Properties of Harmonic Functions
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Maxwell’s House

Faraday complex
Inner oriented

Ampere-Maxwell complex
Outer oriented



Stephan Russenschuck, CERN  TE-MSC-TM, 1211 Geneva 23

Potential Formulations
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Lemmata of Poincare (Non-Contractible Domains)
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Coulomb Gauge
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The Elementary Model Problem and the Curl-Curl Equation



Stephan Russenschuck, CERN  TE-MSC-TM, 1211 Geneva 23 1
0

Rutherford (Roebel) Kabel, Strand, Nb-Ti Filament
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The Field of Line Currents

Why bother?
Reciprocity; except for 
sign it does not matter if 
we exchange the 
source and field points 



Stephan Russenschuck, CERN  TE-MSC-TM, 1211 Geneva 23

Greens Functions of Free Space
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Green’s Functions of Free Space

But what if boundaries are present? 
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Biot-Savart’s Law

This works only in Cartesian Coordinates
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Biot Savart�s Law

Current loops must always be closed and must not leave the problem domain

But wait a minute: Are we finished? Are we sure that the 
divergence of the vector potential is zero as it was required for 
the Laplace equation?
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Biot-Savart’s Law for Line Currents

1
6
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Vector Potential of a Line Current
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Field of a Line Current (Infinitely Long)

Arbitrarily large but constant
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Field of a Line Current Segment
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The Linking Number
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Field of a Ring Current
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Field of a Ring Current



Stephan Russenschuck, CERN  TE-MSC-TM, 1211 Geneva 23

Why Elliptic Integrals
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Field in the Return Yoke of CMS
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Field of a Ring Current

On axis:

In the center:
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Magnetic Dipole Moment

Far field approximation

Definition
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Torque on a Magnetic Moment
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Magnetic Levitation
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Microgravity
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Solid Angle and Magnetic Scalar Potential

Solid angle (easy to compute) yields the magnetic scalar potential of a current loop
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Solid Angle and Magnetic Scalar Potential



Stephan Russenschuck, CERN  TE-MSC-TM, 1211 Geneva 23

Expanding the Green Function
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The Imaging Current Method
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Notes on the Imaging Method

è Domain 1: Domain with current sources
è Domain 2: Highly permeable material

– All imaging currents must be in domain 2
– The sources and the images must create a field that satisfies the continuity 

conditions at the interface between domains 1 and 2
– The image of the image must be the original source
– The field generated in domain 1 is identical to the source field plus the 

field from the (iron) magnetization.
– The field generated in domain 2 has no physical significance
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The Imaging Current Method

n
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The Imaging Current Method
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Imaging Method
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Ideal Current Distributions
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Coil-Block Approximations
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Generation of Multipole Field Errors
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Expanding the Green Function
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Magnetic Field in the CMS Return Yoke
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Magnetic Energy
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Inner Energy
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Inductance
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Combined Dipole Sextupole Corrector



Stephan Russenschuck, CERN  TE-MSC-TM, 1211 Geneva 23

Mutual Inductance Matrix

A coil of multipole order N does not couple into one of order K
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Nonlinear Circuits (Differential Inductance)

For example, 
machine rotor motion
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Differential Inductance for the MQXY
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Nonlinear Circuits 

No hyseresis !


