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m Considering a volume sized [1 m, 1 m, 0.8 m] in x,y,z.
m |t is subdivided in cubes of sides [0.1 m, 0.1 m, 0.1 m].

Data:
Given a batch of muons, for each of them assume knowledge of:

m Measured entry and exit points in x,y,z coordinates (Xin, Yins Zin), (Xout, Youts Zout)-
m Measured entry and exit angles 6, , 6y, , 0x,., Oy,,.-
m Momentum.

Problem:
Determining the material composition of each cube:

m Inferring the value of X0, radiation length of the material.
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Assumption:
m the muon scattering occurs in a single point;

m POCA point: Point Of Closest Approach, which minimizes the distance between the two
reconstructed tracks.
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Two possible cases: incident lines (left) and skew lines (right).
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DATASET:

m 10000 muons (the number of muons used is 9981);

m 100pm single hit resolution;
m Incoming and outgoing measured point coordinates;

m Incoming and outgoing measured angles.
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Based on:

m A sample of observed data: measured scattering and displacement in x and y:

A0y = Ox,,, — Ox,; DO, =0, — 0y AX=Xout — Xin; LAY = Yout — Yin-

m A sample of hidden data: scattering angles and displacements inside material.

= An initial assumption on value of X0 for each cube.

It iteratively alternates between an Expectation step and a Maximization step:

m To obtain the value which maximizes the log-likelihood associated to the sample of
complete data (including both observed and hidden data).




UNIVERSITA

DI PADOVA

EM algorithm i f DEGLI STUDI

m The distribution of scattering angles may be approximated as a zero-mean Gaussian:
2
A0 ~ N(0,04hy)-
m The width of distribution may be expressed in terms of material properties:

opp % Xﬂu with p muon momentum and H depth of the material.

m Defining the scattering density of a material in terms of XO0:

2
A(Xo) = (%) X%, with py nominal muon momentum = o3, = /\H(’i;)z.

m The distribution of displacement may be approximated as a zero-mean Gaussian:
Ax ~ N(0,04,).

m The width of distribution may be expressed in terms of opg:
OAx — %UAQ-

m Scattering angles and displacement in a plane are correlated:

m Correlation: paxag = ?

_ A 2022
B Oaxng = paxae oa, oa, = 3 HI(2)

m The probability density function of scattering angles and displacement may be
approximated as a jointly Gaussian: f(Ax, A0,|Xo, p) ~ N(0, X), with
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For each muon i =1,..., M, given j =1, ..., N voxels:
m Observed data : D; = (D,,, D,,), where D, = (A0, Ax;), D, = (A6, Ay;)
m Hidden data : Hj = (quv Hyl/), where Hy, = (A9x,/-, Axj), Dyu = (AF)yv, Ayy)

m Considering scattering occurring in xy plane

—D’s 7D,
m P(D.|\) = L exp < — )

27 (det 3,)t/
m Likelihood: L(A|Dy) = [TV, P(Ds|\) = logL(A|Dyx) = 31, log(P(Dx|\))
—HT ¥ 'H,
= PRy ) = a7 o ( N U)
m Likelihood: L(A[Hx) = [T; I'l; P(Hx,|))
= logL(A|H) = 321, 32 < y log (P(Hy; |\))

E step
Determining the auxiliary function ~ Q(X; A(") = Eyip, xin [log (P(H|))]

M step
Maximizing the auxiliary function A1) = argmaxy Q(A; A(")
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For each muon, needs to know:
m which voxels it hits;

m 3d path length inside each voxel.

Initially, considering a straight line connecting entry to exit points.
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DATASET:
m 10000 muons (the number of muons used is 9981);
m 100pm single hit resolution;
m Incoming and outgoing measured point coordinates;
m Incoming and outgoing measured angles;
m X0 initial guess: 0.005 m in each voxel (similar to beryllium);

m 55 iterations.
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Test Statistic

Mteration

(a) Test Statistic:

E[XOperytiium] — E[X0jeaq]

2 2
V) T Xspsian T X0

Iteration 1

z o Berylium
Z o Lead
&
° T T T T T T T
12 10 8 K 4 2 0
10g(X0)
Iteration 55
= Berylium
2 24 Leac
3 _1
S T T T T T
4 2 0 2 4
10g(X0)

(b) Densities of estimated log(X0) for voxels known as
being of beryllium and lead.




DATASET:
m 10000 muons (the number of muons used is 9981);
m 100pm single hit resolution;
m Incoming and outgoing measured point coordinates;
m Incoming and outgoing measured angles;
m X0 initial guess: 0.5 m in each voxel (similar to beryllium);

m 12 iterations.
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Test Statistic

fteration

(a) Test Statistic:

E[XOperytiium] — E[X0jeaq]
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(b) Densities of estimated log(X0) for known voxels of
beryllium and lead.




Improvement

Improving the model considering muon path length as a straight line connecting entry to exit
points, passing for the POCA location.
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DATASET:

10000 muons (the number of muons used is 9981);
100pm single hit resolution;

POCA point coordinates;

Incoming and outgoing measured point coordinates;
Incoming and outgoing measured angles;

XO0 initial guess: 0.5 m in each voxel (similar to beryllium);

60 iterations.
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Test Statistic
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(a) Test Statistic:
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(b) Densities of estimated log(X0) for known voxels of
beryllium and lead.
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(a) TRUE. (b) EM without POCA coordinates.
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(c) POCA method. (d) EM with POCA coordinates.
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