Electromagnetic Design of Accelerator Magnets
and ROXIE User’s Course

Numerical Field Simulation
FEM / BEM
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Corrector Magnets

Octupole

Sextupole-spool pieces
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Magnet Extremities
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CERN
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Excitation Cycle
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Saturation Effects in the Dipole Iron Yoke
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The Problem Domain

I's ; SR, Qa = QBEM

FEM B-n=0

Qa=BEM  Tppren G

I'ai = I'BEMFEM

o
B.i=0
B,=0
A =0
BEM-FEM
Dirichlet
Neumann
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The Model Problem (1-D)

u(x)|y=0 = uy, u(x)|x=1 = ua,
or
@ B du B
dx|,_o 9or dr|,_, n-

Constant heat source C and
> u(x) = 0 at x=0 and x=1

u(x) = % (2% — )
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Shape Functions
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Shape Functions
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Shape Functions
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Nji(z) = —— Njo(z) =
tn = In-1 Ip — Tp-1

What have we won? We can express the field in the element as a
function of the node potentials using known polynomials in the
spatial coordinates
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The Weighted Residual

d?u(x)
R(:I?) = d:l‘.z o f(T) Integration by parts
d?u(z
/ w(r)R(x)dQ = / w(x) u(;:‘) dQ — / w(x)f(x)dQ =0
Q Q dx Q
b b duls
/ o dx = [py]) — / ¢t dx w(z) = ¢ E(: ) =y
wl(x T )71
_/ dw(zx) du(x) 10 + u.r(:r.)du(l) B / () f(x) A = 0
q dr dx de |, O

What have we won? Removal of the second derivative, a way to incorporate
Neumann boundary conditions
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Galerkin’ s Method
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Numerical Example

4 finite elements €2;, 7 = 1, ..., 4 of equidistant length L

dN;1 dN;1 dNj; dNjo

Ln
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Numerical Example

4 finite elements €2, 7 = 1, ..., 4 of equidistant length L

A
0 I > S (Stiffness matrix)
T /1 -1 n oo N/ \ [ =\
{LL TV [T !UJL/J_/\
17z 00 || uw CL
q = 2 =10 —_| L
FEM L L L us s
qo £ 2 4 " CL
Analytic 0—0 _T1 7 s 05CL
Essential boundary
S conditions (Dirichlet)
us 3L L L CL —0.375
s = — % L % CYL — —05
Uy L L 2L CL —0.375
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Higher order elements

ul) = +aj2x1+ocj3x% 3
| _ | k
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Two Quadratic Elements
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Shape Functions

Aj(x) = a1 + x4+ azy,

_ag +bx + oy
Ak + bXp + CrYx

’

k=1,2,3.
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1
AN = oy + agzy + azyy
= (1 + QT2 + Q3Y2
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AW 1 210 o
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Finite Element Shape Functions and Barycentric Coordinat

A NG n

r

X = A1X1 + Arxo + Azxs,

y = Ay1 + A2yz + Azys,
1=A14+Ar+ As.

S S S
A= 228 Ay = 2L Ay = 2212
5123 5123 5123
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Higher Order Elements
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but also better modeling
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Parent Elements
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Pascal Triangle

Ni234 = 31(1 + ¢8k) (1 + 1) (ECk +11ic — 1),

i |
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Mapped Elements

r=x(&,n,(), y=y(&n,C), z=z(&,n,()
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Use of the same shape functions for the transformation of the elements
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Transformation of Differential Operators
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Collinear Sides yield Singular Jacobi Matrices
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Note: Bad meshing is not a trivial offence
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The Problem Domain

B-Ai=0
A-=0
Dirichlet
Neumann
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Curl-Curl Equation

B = curlA in 2

curl 1 curlA =1J in Problem in 3-D: Gauging
o

1
H; =0 — —
¢ — ’u(curIA)xn 0 only A— A" A=A+ grade

Bh=0 — B-n=curlA-n = 0 onlgp
divA'=g¢q
1
[;(curlA)xnai = 0 onl g = divA + V2
[Alsi = 0 onTly,

1divA:O in €2
7

A-n=0 onI‘H

1 1
curl — curlA — grad —divA=J inQ

p p
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Weak Form in the FEM Problem

4[3111‘1l curl A — grad 1 div A=J inf
p j

A-n=0 only,

ldivA =0 onlpg,
[

nx(Axn)=0 onlpg,

1
n x (—(curlA) X 1:1) =0 only,
0

{ ]
[ divA| =0 onT4,
H Jdai

1
[— (curl A) x n| =0 on Iy,
H Jai

[A]
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Weak Form in the FEM Problem

curl l curl A — grad l div A=J inf
T j
1 1 .

curl — curl A — grad — div A—J =R
M M

1 1
fwa* (curlcurlA graddivA) dQ:[Wa*JdQ, a=1,23.
Q H f Q

Vector form of Greens theorem and integration by parts rule

1 1 1
/ —curl A - curl w,df? — / —(curl A x n) - w,dl'y + / —div A divw,df2 —
QM rg M 0 M

1 1 1
/ —divA(n-w,)dI'g — / (— div Aij(n; - w,) + —div A, (n, - wa)) dl,; —
g M Ta \H HO

1 1
/ (—(curl A xnj)+ —(curl A, x nd)) cw,dl,; = / w, - JJde,
Tai WM Ho 0

/ l curl w, - curl Adf2 + / 1 divw, div A dQ2 = / w, - Jdf)
oM 0o H 0
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Meshing the Coil
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Reduced Vector Potential Formulation

A=A,+A,; B = poHg + curl A,
1 I .
curl — curl (A; + Ag) — grad — div (A, + Ag) = J
p p
1 | 1
curl — curl A, — grad — div A, = J — curl — curl Ag
p p p
— curl Hy — curl @HS

1L

— curl (HS _Ho 5)
[

/ curl w,, - 1 curl A, dQ + / divwy, - 1 div A, dQ) = / curl w, - (Hg — aat s)dQ
Q Q Q

Iz Iz 7
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FEM Mesh for Reduced Vector Potential Formulatio

0 20 40 60 80 100 120 140 160 180 200 220 240 260
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Source, Reduced, Total Field
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Source, Reduced, Total Field

(C ERN%% Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23



Topology Decomposition

(CERN r 2‘

e s ° b B A A & & o s o
p ' E b J { 4
b oo P L 3 oo P -
b 1 i L
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4 P 1 9 7 < L ]
{ > L y r_..a—.—.-@ [ .
s (] E : 9 ¢ ¢
3
4 7 L ) 4 L E L ]
r e ‘Pl “ r P L
A r - L ]
+ o o2& B2 - e B P
'Y E F

5

min{ f(I')} = min {1141 (T) + 2242(T) + A343(T)}

g1(l) :=4m — ¢1(2) — 92(2) — 91(2) — 92(2),

2
@(0) = Ymin{ ¢(#) - 7 0:(#) — 7 0i(2) - T}

i=1

-2 T 37
+ 3 min{0/(2) - 7, 0(2) -7 0(2) - 7 }
=1
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P+tH(2—P)

Max inner angle

Right angles between cutting edge
and boundary

Minimum length
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Topology Decomposition

*—r—r—r—r—

P T W U W

-
(S

2
-+ 2::rnjrl{}pi(£?)
i=1
L2
g3(r) - min{al,ag} '
£
84(T) min{Cy, C2}

(CERN r 2‘

R DR T !
i '-,-y" 1 ‘ !
prttand) 1 1 1
S0 T I
(T) + A383(T) + A484(T) }
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P+tH(2—P)

Max inner angle

Right angles between cutting edge
and boundary

Short edge / large surfaces

Short edge / large surface boundary




Paving and Mesh Closing in Simple Domains

=» The number of nodes is less than 6

= The domian does not contain “bottlenecks” , i.e., C%/a approaches 4n
=> The biggest inner angle is less then it

Hm \m\ﬁimu
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Examples for FEM Meshes

(Yoke)

(Insert)

(Collar)
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Point-Based Morphing

Source: steven,codes / Face Morphing

25-35 yrs 3545 yrs 45-55 yrs 55-65 yrs 65-75 yrs
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Point Based Morphing

=20 a=27
TH
b r_'
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¢ T
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a 4
\ \
o | T a |
a=20 a=27
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Point Based Morphing

n
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Magnet Extremities
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Total Scalar Potential

curlH=20
H=—-grad¢om in€2,J =0
div(pgrad¢om) =0 inQ,J=0

0 inQa,J:O
0 inQa,J:O

wo div grad ¢om
V2ém

Hi=0 — nx (grad¢m X n) 0 only

Bh=0 — pn - grad ¢om O onlp

O onl i
0 on I‘ai

[un - grad ¢m] 5
[grad ¢m X nj;
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Solid Angle and Magnetic Scalar Potential

Solid angle (easy to compute) gives the magnetic scalar potential of a current
loop

an () - f (12 x 1)

rirars + (v - 1p)r3 + (11 - 13)rp + (12 - 13)77
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Total Magnetic Scalar Potential
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Vector Potential and Total Scalar Potential

& (Tm)

Phi (4]

N N

— oo — Py

B o2 oz B 2w

W o2 o — P

- — P

EE EE

= R
Number of finite elements 60 178 449 787 | 2799 | 6233
Total scalar potential 635.8 72.1 13.0 | 5.0 3.8 15.7
Vector potential -40.5 | 274 | 74 | 48 | -3.8 25.0

(CERN r 2‘
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BEM-FEM Coupling (Elementary Model Problem)
ARE

I/‘/ \\~ 3 BEM-domain
S
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Green’ s First and Second Identities in FEM and BEM

/Q(gradcp- gradlercPVzi,l))dV:/rcp grady -nda,

Weighted Residual Method

Green's first theorem Green's second theorem
(Removal of second derivatives) (Removal of all volume integrals)
Weighting function = Weighting function =
Element shape function Fundamental solution of the Laplace operator
1 J
Weak integral form Fredholm integral equation
| |
FEM BEM

/Q (<PV21/J — IPVZ(P) AV = /I“ (pOntp — POn) da,
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The FEM Part (Vector Laplace Equation)

1 _.
— —V?A =J+ curlM in €2;,
o
A-n=20 on 'y,
1
—divA =0 onl'pg.
Ho
nx(Axn)=0 onI'p,
1
,L—l(curlA) xn =20 on Iy,
.
[— div Aa_] =0 on I'y;,
Ho ai
1 1
— (curl Ay — poM)x nj +—(curl Ay)x ny, = 0 on I, .
10 10
Al =0 on [y .
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(CERN r 2‘

1 1 OA
— grad (A - e,) - grad w, dQ; —|— (— — (oM x ni)) W, dl ;=
1o Jo, to Jr,, \ Oni
/ M - curlw, d€;
92

o A FEM

diln — (oM x ny) + on I',;
1 1
— grad (A - e,) - grad w, d€); — — Qr,, -wedl'y = M - curl w, d€;
HO Joy HO JTy Q4

K]{A} - [T]{Q} = {F(M)}

Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




BEM Part

Weighted Residual (x 3 in Cartesian coordinates)

1n Q& f va-u; an = — f L0 Jw an
Q, 2

Vector Laplace
VQA — —,ug.] .

Kirchhoff theorem: From Green’ s second theorem and setting the using the free-space
Green function of the Laplace operator as weighting function

CA(r) —|—/—8naA(r’)u*(r,r’)da’—|—/A(r’)anau*(r,r’) da’
I I

= /yoju*(r,r’)dV’,
Qa

u*(r,r') g*(r,t') := O, u*(r, )
2D | — % In|r—r| = —gr_l:_)rfllg

(r—r')n,
1|3

Viw = —§(|r — 1'|)

§|® N (O

3D I _
4rt|r—r'| 47|r—r
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Representation Formula (Fredholm Integral Equation)

CA(r) + / —an A(Y) u*(r,¥') dd’ + / A(K) dn u* (1,1 da’
I I

= /],lofu*(r,r’) dv’,
Single-layer potential O,
a(t) = —lanaA(r’) Double-layer potential
i () i= SA®Y)
@] =1 Am™! Z
[T]=1A

ﬁCZI‘IX(H1—H2)
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Point-Collocation (Compute One from the Other)

(CERN r 2‘

(>

S 7
0,

90°Corner 90° Cone inner Half-space 90° Cone outer
C) in 2—V2)n 27 2+vV2)m
e 1 2-2 1 2+4/2
i 8 4 2 4
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BEM-FEM Coupling

BEM
Coil
% {Q} = -G [H{A} + [G] T {As)
] FEM | /~4—4
ABEM i l/!-\FE;" = FEM
S [K]{A} - [T]{Q} = {F(M)}
| Zross B
Aperture

(K] + [TI[G]"[H]) {A} = {F(M)} + [T][G] *{As}

[KI{A} = {F(As, M)}
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Open Boundary Problems (1)

LHC Beam Screen
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Open Boundary Problem (2)

Collared Caoll
Field Problem

Collared Caoll
Measurements in
Industry
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Transfer Function of CTF
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CERN

Source Field
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CERN

Reduced Field
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Total Field

— Bx Bz . . - \

6 |- By

-200 -160 -120 -80 -40 0 40 80 120 160 200
mm

CERH Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




(CERN If 2}

Forces (N) in the Connection Ends of the LHC Main O

I Fx Fy Fz
1 [-39.7 |-440 |-454
2 |[-6.5 |37 -41.7
3 |-6.1 |88.3 -38.2
4 (125 |39 -28.5
5 |48.1 |-46.7 |-48.5
Sum | -2.95 | 5.2 -202.3

Stephan Russenschuck, CERN TE-MSC-TM

, 1211 Geneva 23

w O




