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From Bethe-Salpeter WFs to Light-Front WFs: Formalism

LF-LFWFs of light and heavy pseudoscalar mesons.

Diffractive vector meson electroproduction.

Vector meson TMDs.

LF-LFWFs of light and heavy vector mesons.

2



3

"...’t Hooft did not use the light–cone formalism and which nowadays might be 
called standard. Instead, he started from covariant equations... The light–cone 
Schrodinger equation was then obtained by projecting the Bethe–Salpeter 
equation onto hyper-surfaces of equal light–cone time." 

                                                                                            (T. Heinzl arXiv:hep-th/0008096)

An alternative way to calculate the LFWFs.
BSE approach

All equivalent.

h0|d̄+(0)�+�5u+(⇠
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6P+ 0(⇠
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h0|d̄+(0)�+i�5u+(⇠
�, ⇠?)|⇡+(P )i = �i

p
6P+@i 1(⇠

�, ⇠?). (M. Burkardt, X. Ji, F. Yuan, PLB 2002)

(G. Lepage and S. Brodsky, PRD 1980)

(H. Liu and D. Soper, PRD1993)

(C. Mezrag, H. Moutarde and J. Rodríguez-
Quintero, Few-Body Syst 2016) 


(W. de Paula, E. Ydrefors, J.H. Alvarenga Nogueira, T. Frederico, and G. Salme, PRD2021)



BSE approach
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spin configurations

Covariant Bethe-Salpeter wave function in the instant form

Project onto the light front null plane 
<latexit sha1_base64="tn4d+OwUTaRCtZ3/wyWj7nJewsw="></latexit>

⇠+ = 0

set 
<latexit sha1_base64="cGoGMWX/DpqUD3wPjWGS1ldYCd0="></latexit>

k+ = xP+

LFWF

(C. Mezrag, H. Moutarde, and J. Rodriguez-Quintero, Few Body Syst. 2016)

From BS WF to LF WF

<latexit sha1_base64="foflE9wt1YbVBqKdoStCJ1/m+u8="></latexit>

�i(x,~kT ) ⇠
Z

dk�dk+�(xP+ � k+)Tr[�i�(k, P )]
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Bethe-Salpeter WFs
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The BS wave function can be solved by aligning the quark DSE and meson BSE.

= γµλaΓa
µ AND =K

γµλa

γνλb

Dab
µν

The simplest (and widely used) truncation is the Rainbow-Ladder (RL) truncation

= iγ5 + iγ5 − i(mf +mg)Pµ Γ5µ Γ5

-1 -1

The RL truncation preserves QCD's explicit chiral symmetry by respecting the axial 
vector WTI, and thereby place a firm ground for its dynamical breaking.

Pion and kaon:  (P. Maris and C. D. Roberts, PRC1997)

ρ and ϕ:             (P. Maris and P. C. Tandy, PRC1999)

Heavy mesons (M. Black, A Krassnigg, et al)
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Pseudo-scalar LF-LFWFs

(X. Ji, J.-P. Ma, F. Yuan, EPJC2004)

LF-LFWFs

2 independent scalar functions 
<latexit sha1_base64="foflE9wt1YbVBqKdoStCJ1/m+u8="></latexit>

�i(x,~kT ) ⇠
Z

dk�dk+�(xP+ � k+)Tr[�i�(k, P )]
<latexit sha1_base64="s3+TSLjqswDMNK5pdpVIMrsShUI="></latexit>

�i ⇠ �+�5,�
+i�5

4 Lorentz scalar functions

<latexit sha1_base64="mT+FzH5jee/IE6wQ1eJjMyWkQyI="></latexit>

F(k;P ) ⌘ F(k2, P 2
, k · P )

F = E,F,G,H

BS WFs
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Pion (at different masses)

  Lattice&LaMET formalism: X. Ji and Y. Liu, PRD2022

(M. Ding, et al, PLB2016)

(R. Zhang, et al, PRD2020)

• Prdiction: LF-LFWFs evolve slowly 
from pion mass of 130 MeV to 310 
MeV, but significantly different at 
690 MeV (ss pion)-

(C. S., M. Li, X. Chen, W. Jia, PRD2021)
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eta_c and eta_b LF-LFWFs

Narrowly distributed in x in heavy pseudoscalar mesons.

Evolution of LF-LFWF with current quark mass (EHM & Higgs mechanism).

(C. S., M. Li, X. Chen, W. Jia, PRD2021)

<latexit sha1_base64="bIQXJ5IgxdWmpzRR9jddaDpX97k=">AAACFHicbVA9SwNBEN3z2/gVtVTkMAhW8U5BLUUbywgmCrkjzO1NzOru3rG7p4TjSnsrQX9JCjuxtfc3+Avs3CQWfj0YeLw3w8y8KOVMG897c0ZGx8YnJqemSzOzc/ML5cWlhk4yRbFOE56o8wg0ciaxbpjheJ4qBBFxPIuujvr+2TUqzRJ5arophgIuJGszCsZKjQANtGirXPGq3gDuX+J/kcrBau/k/XatV2uVP4I4oZlAaSgHrZu+l5owB2U Y5ViUgkxjCvQKLrBpqQSBOswH1xbuhlVit50oW9K4A/X7RA5C666IbKcA09G/vb74n9fMTHs/zJlMM4OSDhe1M+6axO2/7sZMITW8awlQxeytLu2AAmpsQKVA4g1NhAAZ54G2X3UwLpp+mAeKQ5pvFXnFL4qSzcr/ncxf0tiu+rvVnRMb2iEZYoqskHWySXyyRw7IMamROqHkktyRB/Lo3DtPzrPzMmwdcb5mlskPOK+fK+CizQ==</latexit>⌘c

<latexit sha1_base64="HiuZgDLICzvHje/D0kxWsfnW8Vs=">AAACFHicbVA9SwNBEN3z2/gVtVTkMAhW8U5BLUUbywgmCrkjzO1NzOru3rG7p4TjSnsrQX9JCjuxtfc3+Avs3CQWfj0YeLw3w8y8KOVMG897c0ZGx8YnJqemSzOzc/ML5cWlhk4yRbFOE56o8wg0ciaxbpjheJ4qBBFxPIuujvr+2TUqzRJ5arophgIuJGszCsZKjQANtKJWueJVvQHcv8T/IpWD1d7J++1ar9YqfwRxQjOB0lAOWjd9LzVhDsowyrEoBZnGFOgVXGDTUgkCdZgPri3cDavEbjtRtqRxB+r3iRyE1l0R2U4BpqN/e33xP6+ZmfZ+mDOZZgYlHS5qZ9w1idt/3Y2ZQmp41xKgitlbXdoBBdTYgEqBxBuaCAEyzgNtv+pgXDT9MA8UhzTfKvKKXxQlm5X/O5m/pLFd9XerOyc2tEMyxBRZIetkk/hkjxyQY1IjdULJJbkjD+TRuXeenGfnZdg64nzNLJMfcF4/ASo1osw=</latexit>⌘b

<latexit sha1_base64="HiuZgDLICzvHje/D0kxWsfnW8Vs=">AAACFHicbVA9SwNBEN3z2/gVtVTkMAhW8U5BLUUbywgmCrkjzO1NzOru3rG7p4TjSnsrQX9JCjuxtfc3+Avs3CQWfj0YeLw3w8y8KOVMG897c0ZGx8YnJqemSzOzc/ML5cWlhk4yRbFOE56o8wg0ciaxbpjheJ4qBBFxPIuujvr+2TUqzRJ5arophgIuJGszCsZKjQANtKJWueJVvQHcv8T/IpWD1d7J++1ar9YqfwRxQjOB0lAOWjd9LzVhDsowyrEoBZnGFOgVXGDTUgkCdZgPri3cDavEbjtRtqRxB+r3iRyE1l0R2U4BpqN/e33xP6+ZmfZ+mDOZZgYlHS5qZ9w1idt/3Y2ZQmp41xKgitlbXdoBBdTYgEqBxBuaCAEyzgNtv+pgXDT9MA8UhzTfKvKKXxQlm5X/O5m/pLFd9XerOyc2tEMyxBRZIetkk/hkjxyQY1IjdULJJbkjD+TRuXeenGfnZdg64nzNLJMfcF4/ASo1osw=</latexit>⌘b
<latexit sha1_base64="bIQXJ5IgxdWmpzRR9jddaDpX97k=">AAACFHicbVA9SwNBEN3z2/gVtVTkMAhW8U5BLUUbywgmCrkjzO1NzOru3rG7p4TjSnsrQX9JCjuxtfc3+Avs3CQWfj0YeLw3w8y8KOVMG897c0ZGx8YnJqemSzOzc/ML5cWlhk4yRbFOE56o8wg0ciaxbpjheJ4qBBFxPIuujvr+2TUqzRJ5arophgIuJGszCsZKjQANtGirXPGq3gDuX+J/kcrBau/k/XatV2uVP4I4oZlAaSgHrZu+l5owB2UY5ViUgkxjCvQKLrBpqQSBOswH1xbuhlVit50oW9K4A/X7RA5C666IbKcA09G/vb74n9fMTHs/zJlMM4OSDhe1M+6axO2/7sZMITW8awlQxeytLu2AAmpsQKVA4g1NhAAZ54G2X3UwLpp+mAeKQ5pvFXnFL4qSzcr/ncxf0tiu+rvVnRMb2iEZYoqskHWySXyyRw7IMamROqHkktyRB/Lo3DtPzrPzMmwdcb5mlskPOK+fK+CizQ==</latexit>⌘c



Normalization of LFWFs.
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Normalization

"While Condition 1' enforces a constituent picture, Condition 2 is  exact and holds beyond a constituent 
picture."                                                                                                          (T. Heinzl arXiv:hep-th/0008096)

Canonical normalization of BS wave functions

<latexit sha1_base64="C71PgnHXYhYeDCQFMkzHMZtQjYo="></latexit>

f⇡Pµ =

Z ⇤

q
Tr[�5�µ�(q;P )] Condition 2

Condition 1

Condition 1:

In general, all LFWFs (including higher Fock states) should normalize to 1.

Condition 1':

Condition 2:

In practice, two normalization conditions were usually employed.
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HF

↓↓(P)
↑↑(P)

↓↑(S)

↑↓(S)

HF=Higher Fock states

Leading Fock state contribution to total normalization

69% 6%
6%

10%10%

pion

7%
6%

6%

40%

40%

<latexit sha1_base64="bIQXJ5IgxdWmpzRR9jddaDpX97k=">AAACFHicbVA9SwNBEN3z2/gVtVTkMAhW8U5BLUUbywgmCrkjzO1NzOru3rG7p4TjSnsrQX9JCjuxtfc3+Avs3CQWfj0YeLw3w8y8KOVMG897c0ZGx8YnJqemSzOzc/ML5cWlhk4yRbFOE56o8wg0ciaxbpjheJ4qBBFxPIuujvr+2TUqzRJ5arophgIuJGszCsZKjQANtGirXPGq3gDuX+J/kcrBau/k/XatV2uVP4I4oZlAaSgHrZu+l5owB2UY5ViUgkxjCvQKLrBpqQSBOswH1xbuhlVit50oW9K4A/X7RA5C666IbKcA09G/vb74n9fMTHs/zJlMM4OSDhe1M+6axO2/7sZMITW8awlQxeytLu2AAmpsQKVA4g1NhAAZ54G2X3UwLpp+mAeKQ5pvFXnFL4qSzcr/ncxf0tiu+rvVnRMb2iEZYoqskHWySXyyRw7IMamROqHkktyRB/Lo3DtPzrPzMmwdcb5mlskPOK+fK+CizQ==</latexit>⌘c
2%
2%

48% 48%

<latexit sha1_base64="HiuZgDLICzvHje/D0kxWsfnW8Vs=">AAACFHicbVA9SwNBEN3z2/gVtVTkMAhW8U5BLUUbywgmCrkjzO1NzOru3rG7p4TjSnsrQX9JCjuxtfc3+Avs3CQWfj0YeLw3w8y8KOVMG897c0ZGx8YnJqemSzOzc/ML5cWlhk4yRbFOE56o8wg0ciaxbpjheJ4qBBFxPIuujvr+2TUqzRJ5arophgIuJGszCsZKjQANtKJWueJVvQHcv8T/IpWD1d7J++1ar9YqfwRxQjOB0lAOWjd9LzVhDsowyrEoBZnGFOgVXGDTUgkCdZgPri3cDavEbjtRtqRxB+r3iRyE1l0R2U4BpqN/e33xP6+ZmfZ+mDOZZgYlHS5qZ9w1idt/3Y2ZQmp41xKgitlbXdoBBdTYgEqBxBuaCAEyzgNtv+pgXDT9MA8UhzTfKvKKXxQlm5X/O5m/pLFd9XerOyc2tEMyxBRZIetkk/hkjxyQY1IjdULJJbkjD+TRuXeenGfnZdg64nzNLJMfcF4/ASo1osw=</latexit>⌘b

(C. S., M. Li, X. Chen, W. Jia, PRD2021)

Higher Fock-states are significantly suppressed 
in heavy mesons. 

(W. de Paula, E. Ydrefors, J. H. Alvarenga Nogueira, T. Frederico, and G. Salme, PRD2021)

Indication of higher Fock-states contribution in pion.
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Vector meson LF-LFWFs

<latexit sha1_base64="SstMqb+FynEEapPMqWcr3t9SHmQ="></latexit>

�⇤
�,�0(x,~kT ) = � 1

2
p
3

Z
dk�dk+

2⇡
�(xP+ � k+)Tr

⇥
��,�0�+�M (k, P ) · ✏⇤(P )

⇤
.

<latexit sha1_base64="1Z4FIh+q8/cYUNMyVsu51PrwNQU="></latexit>

� = I ± �5,⌥(�1 ± i�2)

BS WFs

8 Lorentz scalar functions

LF-LFWFs

6 independent scalar functions, 
reduce to 5 for Charge parity eigenstate
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Vector meson LF-LFWFs
Rho J/psi Upsilon

|Lz|=0

|Lz|=1

|Λ|=1

|Lz|=2

<latexit sha1_base64="Hd5oNU/2SW2R/qb/JWp9qgV31CQ="></latexit>

⇤ = �+ �0 + Lz
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Vector meson LF-LFWFs
Rho J/psi Upsilon

|Lz|=0

|Lz|=1

Λ=0

All LF-LFWFs are nonvanishing.

Evolution of LF-LFWF with current quark mass (EHM & Higgs).




14

54%

4%
4%

19%

19%

66% 2%

24%

4%
4%

<latexit sha1_base64="Xoh6CnEjgSWuUfCnmQmloYzvp+U="></latexit>

⇢⇤=0
<latexit sha1_base64="n5orxQ6IzaOBoq9+hW0U4cZl51M="></latexit>

⇢⇤=1

16%

78%

3%
3%

10%
1%

1%

44%
44%

<latexit sha1_base64="0BgTl66HxKZXKBjeHn55caB6PHg="></latexit>

J/ ⇤=1
<latexit sha1_base64="4yAskYySN/g7FCxVRm0Qwj1aicw="></latexit>

J/ ⇤=0

HF

↓↓
↑↑

↓↑

↑↓

HF=Higher Fock states

s-wave component 
generally dominates.


H e a v y m e s o n s 
dominated by LF-
LFWFs.


Leading Fock state contribution to total normalization



15

Application I: Diffractive vector meson production

Diffraction

Eur. Phys. J. A (2016) 52: 268 
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Diffractive vector mesons production

<latexit sha1_base64="Ru38JHaV4udK+HLqvxObFBwa8eU="></latexit>

�qq̄
�⇤ light-cone perturbation

<latexit sha1_base64="PlEhrHwfZQ8N5wjb7f+c453MSJI="></latexit>�qq̄,N b-dependent CGC model (saturation). 


(A. H. Rezaeian and I. Schmidt, PRD2013)
<latexit sha1_base64="QdXV3vfrboDG8zM5Ngu8e1nhLYo="></latexit>

�qq̄
V DS-BSEs LF-LFWFs


<latexit sha1_base64="PMuitsFitAZChHZ1eWAbsjI4xxE="></latexit>

� ⇠ �qq̄
�⇤ ⌦ �qq̄,N ⌦ �qq̄

V

<latexit sha1_base64="Qm1Axm3xoPHIWPbbEMr2bgJrbKg="></latexit>

�qq̄,N ⇠ g2(x)

Sensitive to small x gluons!


Color Dipole Picture of diffractive VM production

10% of DIS

Colorless exchange
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• No new parameters introduced.

• Rho and J/psi production agrees well with HERA data in a  reasonable kinematical range.


Calculation & HERA data

(C.S., Ya-Ping Xie, Ming Li,  Xurong Chen  and Hong-Shi Zong, PRD(L)2021) 
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Application II: vector meson TMDs
<latexit sha1_base64="Zip478V4/p9HhmcbUFcGJZtP8jQ="></latexit>

⇥
(⇤)~S
�↵ (x,~kT ) =

Z
dz� d2~zT
(2⇡)3

ei(xP
+ z��~kT · ~zT )

~ShP,⇤| ↵(0) �(z
�, ~zT )|P,⇤i~S .

<latexit sha1_base64="/jcwsSHNUwdNjBpgd0MgTBU0FN8="></latexit>

M (⇤)~S(x,~kT ) = [⇥
(⇤)~S
�↵ (x,~kT )�

+]T

TMD overlap representation (Helicity basis)

(S. Kaur, et al, JHEP2021)
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Rho & Upsilon TMDs 7

FIG. 5. The � TMDs from the full BSE-based LF-LFWFs.

FIG. 6. The � TMDs obtained by setting ��=0|lz |=1 = ��=1|lz |=2 = 0 in the full BSE-based LF-LFWFs.

certain TMDs, defined through

hkT i =
Ø
dx d2kT |kT |F (x ,k2

T )Ø
dx d2kTF (x ,k2

T )
, (30)

where the F stands for various TMDs. In Table. II
we list the hkT i of concerned TMDs, and compare with
other model studies. Our result is listed in the last three
columns. We notice that our results on � are generally
larger than other model predictions, but close to NJL
model for most TMDs.
The collinear PDFs of vector mesons can be obtained

by integrating over the kT in TMDs, i.e.,

F (x) =
π

dk2

TF (x ,k2

T ), (31)

with F = f1,�1L,h1 and f1LL. The f1(x) has the prob-
abilistic interpretation of finding an unpolarized quark
in an unpolarized meson. The helicity PDF �1L is the
number density of quarks with helicity 1 over quarks with
helicity �1 in a meson with helicity 1, and the transversity
PDF h1 is the analogue when both quark and meson are
transversely polarized along the same axis. The f1LL char-
acterizes the di↵erence of unpolarized quark distribution
between � = 0 and � = ±1 states. We note that the heavy
meson PDFs have been studied by the BLFQ approach
and light front models [62–64].

TABLE II. The kT -moment of TMDs defined in Eq. (30). Lines
in the blank indicate the corresponding TMDs are vanishing.
All units are given in GeV. The first three columns are taken
from [27, 28]

hkT i�NJL
hkT i�LFHM

hkT i�LFQM
hkT i�BSE

hkT i � /�BSE
hkT i�BSE

f1 0.32 0.238 0.328 0.399 0.623 1.020
�1L 0.08 0.204 0.269 0.318 0.589 1.003
�1T 0.34 0.229 0.269 0.358 0.615 1.020
h1 0.34 0.229 0.307 0.367 0.608 1.012
h1L 0.33 0.204 0.269 0.368 0.608 1.017
h1T 0.237 0.365 0.602 1.017
f1TT 0.32 0.211 0.338 0.764 1.063

We plot the PDFs f1, �1L and h1 of �, �/� and � in
Fig. 7. The PDFs of heavy mesons are generally narrow
in x and centered around x = 1/2. Meanwhile, PDFs
of the same heavy meson are quite close to each other.
Looking into the quark spin sum hx0i�1L =

Ø
dx�1L(x) and

tensor charge hx0ih1
=
Ø
dxh1(x), we find hx0i � /��1L = 0.92,

hx0i � /�h1
= 0.96 and hx0i��1L = 0.98, hx0i�h = 0.99. They

are less than unity due to non-zero OAM of quarks, and

5

PDF f1(x), �1L(x) and h1(x) respectively 3. They describe
the momentum distribution of unpolarized, longitudinally
polarized and transversely polarized quarks in mesons
with same polarization. These TMDs are similar in pro-
file and magnitude within the same meson. They are
mostly centered at x = 1/2 and low k2

T and decrease
monotonically, indicating the heavy quark and antiquark
tend to have low relative momentum. Meanwhile, f1 is
symmetric with respect to x = 1/2, while the �1L and h1
are slightly asymmetric. The asymmetry originates from
the p- and d-wave LF-LFWFs: In Eqs. (17,18,20) the
overlapping LF-LFWFs are diagonal in lz for f , �1L and
h1, so the p- and d-wave contributions to these TMDs can
be separated from the s-wave contribution. Given that
the p- and d-wave LF-LFWFs are suppressed in heavy
mesons, the asymmetry is thus slight. From �/� to �,
the TMDs get narrower in x but broader in k2

T . There-
fore the quark and anti-quark in a heavier meson tend to
carry larger transverse momentum but smaller relative
longitudinal momentum.
We then show the worm-gear TMDs �1T , h?1L and the

pretzelosity TMD h?
1T in Fig. 3. The �1T describes the

momentum distribution of the longitudinally polarized
quark in transversely polarized meson, while h?

1L and
h?
1T are for transversely polarized quark in longitudinally
and transversely (perpendicular to quark polarization)
polarized mesons respectively. These TMDs are similar
in magnitude, with h?

1L and h?
1T being negative. They are

generally not symmetric in x ! 1 � x . From Eqs. (19,21),
one observes that the �1T and h?

1L only include overlaps
between LF-LFWFs that di↵er by one unit in OAM, i.e.,
|�lz | = 1, while for h?

1T the overlapping LF-LFWFs di↵er
by |�lz | = 2. Since our LF-LFWFs are non-vanishing for
all possible lz components, the TMDs are non-vanishing
as well.
Finally, the tensor polarized TMDs f1LT and f1TT are

shown in Fig. 4. They are significantly smaller in mag-
nitude as compared to other TMDs. We find f1LT is
antisymmetric with respect to x = 1/2 while f1TT is sym-
metric. Based on Eqs.(24,25), the f1LT is the overlap
between LF-LFWFs of � = 0 and � = ±1 with one unit
of OAM (�lz | = 1) transfer while f1TT is the overlap be-
tween � = +1 and � = �1 LF-LFWFs with two units of
OAM transfer, i.e., |�lz | = 2. The f1LT and f1TT are quite
di↵erent in profile between �/� and �, which was not
observed for previously shown TMDs. This indicates that
they are sensitive to the current mass of valence quarks
in the vector mesons.

B. TMDs of �.

We show the calculated � TMDs in Fig. 5. As compared
to the TMDs of heavy vector mesons, they are significantly
broader in x and narrower in k2

T , following the trend from

3
We use the same notation for TMD and collinear PDF for conve-

nience. They can be easily distinguished based on the context.

FIG. 2. 3-d plot of the f1(x ,k2

T ) (top row), �1L(x ,k2

T ) (middle

row) and h1(x ,k2

T ) (bottom row) for �/� (left column) and
� (right column).

� to �/� . We remind such e↵ect is also observed in the
TMDs of light and heavy pseudoscalar mesons [53]. On
the other hand, the � meson is a highly relativistic system,
so the p- and d-wave LF-LFWFs are more pronounced.
They bring prominent e↵ect, as the �1L, h1, �1T , h1L and
h1T become more asymmetric 4. Meanwhile, the f1LT and
f1TT are strongly enhanced as compared to those in �/�
and �. Note that f1LT and f1TT undergo a flip in sign
from � to �.

It is interesting to compare our � TMDs with those
from the NJL model [27], the light front (LF) holographic
model and the light front (LF) quark model [28]. In
particular, it is found that the LF holographic model
agree well with NJL model on the profile of all the �
TMDs, i.e., the TMDs share exactly same behavior such
as being vanishing or non-vanishing, positive or negative,
as well as the way they are skewed [28]. Here we want to
point out that, such nice agreement could be due to the
fact that the two models actually have LF-LFWFs with
the same non-vanishing spin configurations. To see that,
we first recapitulate the light front holographic LFWFs

4
The �1L and h1 are asymmetric at k2

T , 0, which would be more

obvious by plotting |kT |�1L and |kT |h1 instead.
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T ) (bottom row) for �/� (left column) and
� (right column).

FIG. 4. 3-d plot of the f1LT (x ,k2

T ) (top row) and f1TT (x ,k2
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(bottom row) for �/� (left column) and � (right column).

of �, which reads [28, 59]

��=0
�,�0 (x ,kT ) = NL��,��0(m2

�x(1 � x) +m2

q + k
2
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T )
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(27)

��=±1
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Here �ab,cd = �a,b�c,d , with �a,b the Kronecker delta. The
spin configurations are generated by the bare vertex �µ
with

ū�(k+,kT )p
x

�� · � ��
0(k 0+,k 0

T )p
1 � x

. (29)

The k and k 0 denotes the 4-momenta of the quark and
antiquark respectively. They satisfy k+ = xP+, k 0+ =
(1 � x)P+ and kT = �kT , where P is the meson four
momentum. Comparing with Eqs. (3,4), one finds that
��=0
±,± and ��=±1

⌥,⌥ vanish in Eqs.(27,28). Note that ��=0
±,± and

��=±1
⌥,⌥ correspond to |lz | = 1 and |lz | = 2 respectively, so

we will denote them as ��=0
|lz |=1 and ��=±1

|lz |=2 in the following.
On the other hand, the NJL model calculation takes the
covariant formalism rather than the light front overlap
formalism. But we can follow formula (29), or equivalently
Eq. (2), and project out the LF-LFWFs from �’s Bethe-
Salpeter amplitude in the NJL model. We remind that
the Dirac structure of �’s BS amplitude contains only the
�µ term (see Eq. (47) in [27]), so it generates exactly the
same spin configurations as LF holographic model does.
To make an analogous comparison with the LF holo-

graphic model, we set ��=0
|lz |=1 and ��=±1

|lz |=2 of the BSE-based
LF-LFWFs to zero, and re-calculate all the TMDs. While
some TMDs do not change much, significant deviations
are found in others, which we have picked out and plotted
in Fig. 6. One can see that from the second row of Fig. 5
to Fig. 6, the �1T gets from asymmetric in x to symmetric,
and the h?

1T gets from nonvanishing to vanishing. More-
over, the f1LT and f1TT both undergo a sign flip. The
LF-LFWFs with higher OAM thus have sizable e↵ect in
determining these TMDs. It is worth noting that the
TMDs in Fig. 6 plus the first row of Fig. 5 agree very well
with LF holographic model or NJL model regarding their
profiles.
Finally, we remark that the LF quark model incorpo-

rates nonvanishing ��=0
|lz |=1 and ��=±1

|lz |=2 [60, 61], and have

yield �1T and h?
1T that are similar to ours in Fig. 5 [28].

However, the tensor polarized TMDs f1LT and f1TT vanish
in the LF quark model, which is di↵erent from our result.
So at this stage, new possibilities regarding the profile of
f1LT and f1TT are presented in Fig. 5.

C. Integrated TMDs

To quantify the transverse momentum dependence in
TMDs, we calculate the mean transverse momentum of
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C. Integrated TMDs

To quantify the transverse momentum dependence in
TMDs, we calculate the mean transverse momentum of
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PDF f1(x), �1L(x) and h1(x) respectively 3. They describe
the momentum distribution of unpolarized, longitudinally
polarized and transversely polarized quarks in mesons
with same polarization. These TMDs are similar in pro-
file and magnitude within the same meson. They are
mostly centered at x = 1/2 and low k2

T and decrease
monotonically, indicating the heavy quark and antiquark
tend to have low relative momentum. Meanwhile, f1 is
symmetric with respect to x = 1/2, while the �1L and h1
are slightly asymmetric. The asymmetry originates from
the p- and d-wave LF-LFWFs: In Eqs. (17,18,20) the
overlapping LF-LFWFs are diagonal in lz for f , �1L and
h1, so the p- and d-wave contributions to these TMDs can
be separated from the s-wave contribution. Given that
the p- and d-wave LF-LFWFs are suppressed in heavy
mesons, the asymmetry is thus slight. From �/� to �,
the TMDs get narrower in x but broader in k2

T . There-
fore the quark and anti-quark in a heavier meson tend to
carry larger transverse momentum but smaller relative
longitudinal momentum.
We then show the worm-gear TMDs �1T , h?1L and the

pretzelosity TMD h?
1T in Fig. 3. The �1T describes the

momentum distribution of the longitudinally polarized
quark in transversely polarized meson, while h?

1L and
h?
1T are for transversely polarized quark in longitudinally
and transversely (perpendicular to quark polarization)
polarized mesons respectively. These TMDs are similar
in magnitude, with h?

1L and h?
1T being negative. They are

generally not symmetric in x ! 1 � x . From Eqs. (19,21),
one observes that the �1T and h?

1L only include overlaps
between LF-LFWFs that di↵er by one unit in OAM, i.e.,
|�lz | = 1, while for h?

1T the overlapping LF-LFWFs di↵er
by |�lz | = 2. Since our LF-LFWFs are non-vanishing for
all possible lz components, the TMDs are non-vanishing
as well.
Finally, the tensor polarized TMDs f1LT and f1TT are

shown in Fig. 4. They are significantly smaller in mag-
nitude as compared to other TMDs. We find f1LT is
antisymmetric with respect to x = 1/2 while f1TT is sym-
metric. Based on Eqs.(24,25), the f1LT is the overlap
between LF-LFWFs of � = 0 and � = ±1 with one unit
of OAM (�lz | = 1) transfer while f1TT is the overlap be-
tween � = +1 and � = �1 LF-LFWFs with two units of
OAM transfer, i.e., |�lz | = 2. The f1LT and f1TT are quite
di↵erent in profile between �/� and �, which was not
observed for previously shown TMDs. This indicates that
they are sensitive to the current mass of valence quarks
in the vector mesons.

B. TMDs of �.

We show the calculated � TMDs in Fig. 5. As compared
to the TMDs of heavy vector mesons, they are significantly
broader in x and narrower in k2

T , following the trend from

3
We use the same notation for TMD and collinear PDF for conve-

nience. They can be easily distinguished based on the context.

FIG. 2. 3-d plot of the f1(x ,k2

T ) (top row), �1L(x ,k2

T ) (middle

row) and h1(x ,k2

T ) (bottom row) for �/� (left column) and
� (right column).
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the same non-vanishing spin configurations. To see that,
we first recapitulate the light front holographic LFWFs

4
The �1L and h1 are asymmetric at k2

T , 0, which would be more

obvious by plotting |kT |�1L and |kT |h1 instead.

6

FIG. 3. 3-d plot of the �1T (x ,k2

T ) (top row), h1L(x ,k2

T ) (middle

row) and h1T (x ,k2

T ) (bottom row) for �/� (left column) and
� (right column).

FIG. 4. 3-d plot of the f1LT (x ,k2

T ) (top row) and f1TT (x ,k2

T )
(bottom row) for �/� (left column) and � (right column).

of �, which reads [28, 59]

��=0
�,�0 (x ,kT ) = NL��,��0(m2

�x(1 � x) +m2

q + k
2

T )
� (x ,k2

T )
x(1 � x) ,

(27)

��=±1
�,�0 (x ,kT ) = NT [|kT |e±i�kT (±x��±,�0⌥ ⌥ (1 � x)��⌥,�0±)

+mq��±,�0±]
� (x ,k2

T )
x(1 � x) . (28)

Here �ab,cd = �a,b�c,d , with �a,b the Kronecker delta. The
spin configurations are generated by the bare vertex �µ
with
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broader in x and narrower in k2

T , following the trend from

3
We use the same notation for TMD and collinear PDF for conve-

nience. They can be easily distinguished based on the context.

FIG. 2. 3-d plot of the f1(x ,k2

T ) (top row), �1L(x ,k2

T ) (middle

row) and h1(x ,k2

T ) (bottom row) for �/� (left column) and
� (right column).

� to �/� . We remind such e↵ect is also observed in the
TMDs of light and heavy pseudoscalar mesons [53]. On
the other hand, the � meson is a highly relativistic system,
so the p- and d-wave LF-LFWFs are more pronounced.
They bring prominent e↵ect, as the �1L, h1, �1T , h1L and
h1T become more asymmetric 4. Meanwhile, the f1LT and
f1TT are strongly enhanced as compared to those in �/�
and �. Note that f1LT and f1TT undergo a flip in sign
from � to �.

It is interesting to compare our � TMDs with those
from the NJL model [27], the light front (LF) holographic
model and the light front (LF) quark model [28]. In
particular, it is found that the LF holographic model
agree well with NJL model on the profile of all the �
TMDs, i.e., the TMDs share exactly same behavior such
as being vanishing or non-vanishing, positive or negative,
as well as the way they are skewed [28]. Here we want to
point out that, such nice agreement could be due to the
fact that the two models actually have LF-LFWFs with
the same non-vanishing spin configurations. To see that,
we first recapitulate the light front holographic LFWFs

4
The �1L and h1 are asymmetric at k2

T , 0, which would be more

obvious by plotting |kT |�1L and |kT |h1 instead.

Rho

Upsilon

• TMDs in relativistic and nonrelativistic limits.
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FIG. 5. The � TMDs from the full BSE-based LF-LFWFs.

FIG. 6. The � TMDs obtained by setting ��=0|lz |=1 = ��=1|lz |=2 = 0 in the full BSE-based LF-LFWFs.

certain TMDs, defined through

hkT i =
Ø
dx d2kT |kT |F (x ,k2

T )Ø
dx d2kTF (x ,k2

T )
, (30)

where the F stands for various TMDs. In Table. II
we list the hkT i of concerned TMDs, and compare with
other model studies. Our result is listed in the last three
columns. We notice that our results on � are generally
larger than other model predictions, but close to NJL
model for most TMDs.
The collinear PDFs of vector mesons can be obtained

by integrating over the kT in TMDs, i.e.,

F (x) =
π

dk2

TF (x ,k2

T ), (31)

with F = f1,�1L,h1 and f1LL. The f1(x) has the prob-
abilistic interpretation of finding an unpolarized quark
in an unpolarized meson. The helicity PDF �1L is the
number density of quarks with helicity 1 over quarks with
helicity �1 in a meson with helicity 1, and the transversity
PDF h1 is the analogue when both quark and meson are
transversely polarized along the same axis. The f1LL char-
acterizes the di↵erence of unpolarized quark distribution
between � = 0 and � = ±1 states. We note that the heavy
meson PDFs have been studied by the BLFQ approach
and light front models [62–64].

TABLE II. The kT -moment of TMDs defined in Eq. (30). Lines
in the blank indicate the corresponding TMDs are vanishing.
All units are given in GeV. The first three columns are taken
from [27, 28]

hkT i�NJL
hkT i�LFHM

hkT i�LFQM
hkT i�BSE

hkT i � /�BSE
hkT i�BSE

f1 0.32 0.238 0.328 0.399 0.623 1.020
�1L 0.08 0.204 0.269 0.318 0.589 1.003
�1T 0.34 0.229 0.269 0.358 0.615 1.020
h1 0.34 0.229 0.307 0.367 0.608 1.012
h1L 0.33 0.204 0.269 0.368 0.608 1.017
h1T 0.237 0.365 0.602 1.017
f1TT 0.32 0.211 0.338 0.764 1.063

We plot the PDFs f1, �1L and h1 of �, �/� and � in
Fig. 7. The PDFs of heavy mesons are generally narrow
in x and centered around x = 1/2. Meanwhile, PDFs
of the same heavy meson are quite close to each other.
Looking into the quark spin sum hx0i�1L =

Ø
dx�1L(x) and

tensor charge hx0ih1
=
Ø
dxh1(x), we find hx0i � /��1L = 0.92,

hx0i � /�h1
= 0.96 and hx0i��1L = 0.98, hx0i�h = 0.99. They

are less than unity due to non-zero OAM of quarks, and

(C.S. J. Li, M. Li, X. Chen and W. Jia, arXiv:2205.02757 )

• BSE-based TMDs agree with NJL and/or holographic model if higher OAM are set to zero.

• High OAM LF-LFWFs have sizable effect in determining certain polarized TMDs.

(Y. Ninomiya, et al, PRC2017) (S. Kaur, et al, JHEP2021)
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FIG. 7. The f1(x) (gray solid), �1L(x) (red dotted) and h1(x)
(blue dashed) of vector mesons at hadron scale. At x = 0.5,
from top to bottom, the three sets of curves correspond to
�, �/� and � respectively.

closer to unity in � than in �/� , as the relativistic e↵ect
reduces. On the other hand, the PDFs of � are much
broader and the deviation between the PDFs are more
significant. This indicates the quark and anti-quark in a
highly relativistic system as � are no longer constrained to
carry small relative longitudinal momentum as in heavy
mesons. Moreover, nonzero OAM configurations become
significant as we find hx0i��1L = 0.67 and hx0i�h1

= 0.79.
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FIG. 8. The x f
�
1,� (x) at hadronic scale (black solid) and evolved

scale of 2.4 GeV (blue dotted), and x�
�
1L,� (x) at hadronic scale

(purple dashed) and evolved scale of 2.4 GeV (red dot-dashed).

While the � PDFs are unavailable by experiment, lat-
tice QCD has made predictions on their moments [65, 66].
In [65], the first three moments of �’s valence (nonsin-
glet) unpolarized distribution an = hxn�1if1,� and helicity
distribution rn = hxn�1i�1L,� at a renormalization scale of
µ ⇡ 2.4 GeV are given

a2 = 0.334(21),a3 = 0.174(47), a4 = 0.066(39) (32)

r1 = 0.57(32), r2 = 0.212(17), r3 = 0.077(34) (33)

Note in [65], there are two sets of rn values extracted

from two di↵erent operators which should equal in the
continuum limit. Here we take their intersection. To
compare with the lattice prediction directly, we evolve
our PDFs to the scale of µ2 = 2.4 GeV using the NLO
DGLAP evolution with the help from QCDNUM package
[67]. The strong coupling constant is set to the optimal
value in NLO global PDF analysis �s (1GeV) = 0.491 [68]
and the variable flavor number scheme (VFNS) is taken.
However, the initial scale of our � PDFs model is unknown.
Here we choose it to be µ0 = 670 MeV5. In this case, the
valence � PDFs at scales µ0 and µ2 are shown in Fig. 8,
with the later yield

a2 = 0.316, a3 = 0.155, a4 = 0.091 (34)

r1 = 0.66, r2 = 0.227, r3 = 0.111. (35)

at the scale of 2.4 GeV. They agree with lattice predictions
in Eqs.(32,33) within uncertainties.

FIG. 9. The tensor polorized PDF f1LL(x) of � from LF con-
stituent quark model [69] (green dotted), LF quark model [28]
(blue dot-dashed), NJL model [27](purple dot-dash-dashed),
LF holographic model [28](black dashed), [70] (light blue
band) and un-rescaled BSE-based LF-LFWFs (red solid).
Note that only the large-x part of red solid curve is meaningful.

Ref. [65] also predicted the moments of valence tensor
polarized PDF f1LL,� (x). However, due to the instabil-
ity of f1LL(x) under rescaling procedure, we refrain from
making prediction on its moments, as the later rely on
f1LL(x)’s global behavior at all x . On the other hand,
model studies have given diverse predictions on f1LL(x)
so far, as displayed in Fig. 9. In this respect, our LF-
LFWFs can shed some light on the f1LL(x)’s behavior at
relatively large x , e.g., x & 0.8, since the large x behavior
of PDFs, i.e., x ! 1, is dominated by LF-LFWFs [71]. So
we plot f1LL(x) calculated with our original (un-rescaled)
� LF-LFWFs as the solid curve in Fig. 9. We emphasize
that only the large x region of the solid curve is mean-
ingful in such scheme. We find our f1LL(x) is positive
at large x , similar to results of [69, 70]. Meanwhile, the

5
The corresponding expansion parameter of perturbative NLO

DGLAP evolution is
�s (µ0)
2� = 0.126.
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polarized PDF f1LL,� (x). However, due to the instabil-
ity of f1LL(x) under rescaling procedure, we refrain from
making prediction on its moments, as the later rely on
f1LL(x)’s global behavior at all x . On the other hand,
model studies have given diverse predictions on f1LL(x)
so far, as displayed in Fig. 9. In this respect, our LF-
LFWFs can shed some light on the f1LL(x)’s behavior at
relatively large x , e.g., x & 0.8, since the large x behavior
of PDFs, i.e., x ! 1, is dominated by LF-LFWFs [71]. So
we plot f1LL(x) calculated with our original (un-rescaled)
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compare with the lattice prediction directly, we evolve
our PDFs to the scale of µ2 = 2.4 GeV using the NLO
DGLAP evolution with the help from QCDNUM package
[67]. The strong coupling constant is set to the optimal
value in NLO global PDF analysis �s (1GeV) = 0.491 [68]
and the variable flavor number scheme (VFNS) is taken.
However, the initial scale of our � PDFs model is unknown.
Here we choose it to be µ0 = 670 MeV5. In this case, the
valence � PDFs at scales µ0 and µ2 are shown in Fig. 8,
with the later yield

a2 = 0.316, a3 = 0.155, a4 = 0.091 (34)

r1 = 0.66, r2 = 0.227, r3 = 0.111. (35)

at the scale of 2.4 GeV. They agree with lattice predictions
in Eqs.(32,33) within uncertainties.

FIG. 9. The tensor polorized PDF f1LL(x) of � from LF con-
stituent quark model [69] (green dotted), LF quark model [28]
(blue dot-dashed), NJL model [27](purple dot-dash-dashed),
LF holographic model [28](black dashed), [70] (light blue
band) and un-rescaled BSE-based LF-LFWFs (red solid).
Note that only the large-x part of red solid curve is meaningful.

Ref. [65] also predicted the moments of valence tensor
polarized PDF f1LL,� (x). However, due to the instabil-
ity of f1LL(x) under rescaling procedure, we refrain from
making prediction on its moments, as the later rely on
f1LL(x)’s global behavior at all x . On the other hand,
model studies have given diverse predictions on f1LL(x)
so far, as displayed in Fig. 9. In this respect, our LF-
LFWFs can shed some light on the f1LL(x)’s behavior at
relatively large x , e.g., x & 0.8, since the large x behavior
of PDFs, i.e., x ! 1, is dominated by LF-LFWFs [71]. So
we plot f1LL(x) calculated with our original (un-rescaled)
� LF-LFWFs as the solid curve in Fig. 9. We emphasize
that only the large x region of the solid curve is mean-
ingful in such scheme. We find our f1LL(x) is positive
at large x , similar to results of [69, 70]. Meanwhile, the

5
The corresponding expansion parameter of perturbative NLO

DGLAP evolution is
�s (µ0)
2� = 0.126.

Moments:



Summary
LF-LFWFs are extracted from BS wave functions of light and heavy, 
pseudoscalar and vector mesons, based on rainbow-ladder & Maris-
Roberts-Tandy model.

Diffractive vector meson production data are well reproduced, in a 
combined study of DSEs, color dipole model and color glass 
condensate.

Thank you!

LF-LFWFs with higher OAM have sizable effect in determining polarized 
distributions.
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The LF-LFWFs contribution decrease from heavy to light mesons, 
indicating the presence of higher Fock-states and thereby revealing a 
complex parton picture.

The LF-LFWFs in light mesons are generally broad in x, in connection 
with EHM.


