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Introduction

Our Results: Universal ?

Summary

∗Work done with Yash V. Mandlecha, arXiv:2207.00889, Phys. Lett B835,137558 (2022).
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Introduction
♠ Zero point energy is subtracted in QFTs, citing choice of scale.

♥ It contributes to cosmological constant whose value itself has been a mystery
anyway.
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♠ Zero point energy is subtracted in QFTs, citing choice of scale.

♥ It contributes to cosmological constant whose value itself has been a mystery
anyway.

From Wikipedia

• Casimir Effect has been shown to arise
due to them (Casimir 1948): For parallel
perfect uncharged conductors kept at
distance d,
E = − π2~c

720d3
F = − π2~c

240d4
.
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Introduction
♠ Zero point energy is subtracted in QFTs, citing choice of scale.

♥ It contributes to cosmological constant whose value itself has been a mystery
anyway.

From Wikipedia

• Casimir Effect has been shown to arise
due to them (Casimir 1948): For parallel
perfect uncharged conductors kept at
distance d,
E = − π2~c

720d3
F = − π2~c

240d4
.

• It has now been measured experimentally
(Bressi et al PRL 2002; Lamoreaux PRL 1997). Both
the variation d4 and the magnitude
[Kth = 1.30× 10−27 N m2 and Kexp =
1.22(18) × 10−27 N m2] of the Casimir
force agrees with the theory.
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♠ As depicted in the figure, the zero point energy based computation proceeds
simply by taking the the difference in the its spectrum with and without the plates:

ED+1
cas = E(d)− E(d→∞) ,

Here D is space dimension and d is the distance between the plates.
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♠ As depicted in the figure, the zero point energy based computation proceeds
simply by taking the the difference in the its spectrum with and without the plates:

ED+1
cas = E(d)− E(d→∞) ,

Here D is space dimension and d is the distance between the plates.

♦ ED+1
cas depends on 1) boundary conditions at x = 0 and x = d, and 2) geometry

(parallel plates, cylinders, spheres . . . ).

♣ Interestingly for parallel plates, the Casimir force is attractive for vectors (i.e.,
photons considered originally), scalars, and fermions.
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♠ As depicted in the figure, the zero point energy based computation proceeds
simply by taking the the difference in the its spectrum with and without the plates:

ED+1
cas = E(d)− E(d→∞) ,

Here D is space dimension and d is the distance between the plates.

♦ ED+1
cas depends on 1) boundary conditions at x = 0 and x = d, and 2) geometry

(parallel plates, cylinders, spheres . . . ).

♣ Interestingly for parallel plates, the Casimir force is attractive for vectors (i.e.,
photons considered originally), scalars, and fermions.

♥ It is widely recognised that the QCD vacuum is rather nontrivial, and has
interesting properties of quark confinement and chiral symmetry breaking, related
to various condensates. This makes a study of Casimir effect interesting in QCD.

♣ Indeed, the MIT Bag Model boundary conditions prevent the fermion current
from crossing the boundary in order to ensure quark confinement.
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♦ QCD on space-time lattice has proved to be the most reliable and productive
tool to study its strong coupling domain of hadron spectrum, and the QCD
Vacuum.

♥ Ishikawa, Nakayama and Suzuki took the first step toward this goal by
investigating the Casimir energy for free lattice fermions.
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♦ QCD on space-time lattice has proved to be the most reliable and productive
tool to study its strong coupling domain of hadron spectrum, and the QCD
Vacuum.

♥ Ishikawa, Nakayama and Suzuki took the first step toward this goal by
investigating the Casimir energy for free lattice fermions.

♣ They defined the Casimir energy for lattice fermions by using the lattice
dispersion relations in the definition above: aE(ap) = a

√
D†D, where

d ≡ L = Na with lattice spacing a & lattice size N .
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♦ QCD on space-time lattice has proved to be the most reliable and productive
tool to study its strong coupling domain of hadron spectrum, and the QCD
Vacuum.

♥ Ishikawa, Nakayama and Suzuki took the first step toward this goal by
investigating the Casimir energy for free lattice fermions.

♣ They defined the Casimir energy for lattice fermions by using the lattice
dispersion relations in the definition above: aE(ap) = a

√
D†D, where

d ≡ L = Na with lattice spacing a & lattice size N .

♠ Employing both periodic and anti-periodic boundary conditions, when one has
apP1 (n) = 2πn/N and apAP1 (n) = (2n+ 1)π/N respectively, the Casimir energy is

aED+1
cas = aE0(N)− aE0(N →∞)

= cdeg

∫
dD−1ap⊥
(2π)2

[
−
∑
n

aE(ap⊥, ap1(n)) +N

∫
dap1
2π

aE(ap)

]
(1)

cdeg denotes degeneracy factor due to spin, fermion doubling etc.
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♠ Nielsen-Ninomiya theorem implies lattice fermions have
doubling(naıve,staggered) and/or broken chiral symmetry (Wilson) or non-locality
(overlap, domain wall fermions).

♥ The detailed form of D(p) in aE above is governed by this choice which for

naıve fermions (aE)2 =
∑D
k=1 sin

2 apk + (am)2.
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♠ Nielsen-Ninomiya theorem implies lattice fermions have
doubling(naıve,staggered) and/or broken chiral symmetry (Wilson) or non-locality
(overlap, domain wall fermions).

♥ The detailed form of D(p) in aE above is governed by this choice which for

naıve fermions (aE)2 =
∑D
k=1 sin

2 apk + (am)2.

♦ The case of D = 1 can be treated analytically using the Abel-Plana formulae.
For D = 2 and 3 results are obtained numerically.

DAE-BRNS HEP Symposium, IISER Mohali, Chandigarh, December 13, 2022 R. V. Gavai Top 5



♠ Nielsen-Ninomiya theorem implies lattice fermions have
doubling(naıve,staggered) and/or broken chiral symmetry (Wilson) or non-locality
(overlap, domain wall fermions).

♥ The detailed form of D(p) in aE above is governed by this choice which for

naıve fermions (aE)2 =
∑D
k=1 sin

2 apk + (am)2.

♦ The case of D = 1 can be treated analytically using the Abel-Plana formulae.
For D = 2 and 3 results are obtained numerically.

♥ For naıve fermions in 1+1 dimensions, Ishikawa et al obtained,

aEP =
2N

π
− cot

π

2N
(odd) aEP =

2N

π
− 2 cot

π

N
(even)

aEAP =
2N

π
− cot

π

2N
(odd) aEAP =

2N

π
− 2 csc

π

N
(even) (2)
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From Ishikawa et al PLB809 ’20.

• One sees oscillations as N
grows for both periodic(P)/anti-
periodic(AP) case.
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From Ishikawa et al PLB809 ’20.

• One sees oscillations as N
grows for both periodic(P)/anti-
periodic(AP) case.

• Analytically, the N → ∞ ≡
a/L → 0 limit leads to three
different answers, namely π/6L
for odd N for both P/AP, and
2π/3L(−π/3L) for P (AP) for
even N . Visible in the figures !
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• One sees oscillations as N
grows for both periodic(P)/anti-
periodic(AP) case.

• Analytically, the N → ∞ ≡
a/L → 0 limit leads to three
different answers, namely π/6L
for odd N for both P/AP, and
2π/3L(−π/3L) for P (AP) for
even N . Visible in the figures !

• The continuum result is known
to be π/3L (−π/6L) for P(AP).
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From Ishikawa et al PLB809 ’20.

• One sees oscillations as N
grows for both periodic(P)/anti-
periodic(AP) case.

• Analytically, the N → ∞ ≡
a/L → 0 limit leads to three
different answers, namely π/6L
for odd N for both P/AP, and
2π/3L(−π/3L) for P (AP) for
even N . Visible in the figures !

• The continuum result is known
to be π/3L (−π/6L) for P(AP).

• Violation of Universality !
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• For Wilson fermions, (aE)2 =∑D
k=1 sin

2 apk + [(1 − cos apk) +
am]2.
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• For Wilson fermions, (aE)2 =∑D
k=1 sin

2 apk + [(1 − cos apk) +
am]2.

• Again analytic results can be
obtained for D = 1 : aEWcas =
4N/π − 2 cotπ/2N [4N/π −
2 cscπ/2N ] for [anti]periodic b.c.

• In the N → ∞ limit, one gets
π/3L[−π/6L] for [anti]periodic b.c.
in complete agreement with the
continuum results.
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• For Wilson fermions, (aE)2 =∑D
k=1 sin

2 apk + [(1 − cos apk) +
am]2.

• Again analytic results can be
obtained for D = 1 : aEWcas =
4N/π − 2 cotπ/2N [4N/π −
2 cscπ/2N ] for [anti]periodic b.c.

• In the N → ∞ limit, one gets
π/3L[−π/6L] for [anti]periodic b.c.
in complete agreement with the
continuum results.

From Ishikawa et al PLB809 ’20.
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♦ The results for the nonlocal overlap or domain wall fermions can only be
obtained numerically. These too approach the continuum result in the a→ 0 limit.

♥ Similar results are obtained in 2+1 and 3+1 dimensions as well.
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♦ The results for the nonlocal overlap or domain wall fermions can only be
obtained numerically. These too approach the continuum result in the a→ 0 limit.

♥ Similar results are obtained in 2+1 and 3+1 dimensions as well. In particular,
the Wilson as well as overlap fermions approach to the same continuum results
smoothly. However, the naive fermions exhibit strong oscillations, and the
subsequent disagreement with the continuum result, as displayed above.
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♦ The results for the nonlocal overlap or domain wall fermions can only be
obtained numerically. These too approach the continuum result in the a→ 0 limit.

♥ Similar results are obtained in 2+1 and 3+1 dimensions as well. In particular,
the Wilson as well as overlap fermions approach to the same continuum results
smoothly. However, the naive fermions exhibit strong oscillations, and the
subsequent disagreement with the continuum result, as displayed above.

♠ Indeed, even Ishikawa et al. conclude, ”Therefore, the Casimir energy for naive
lattice fermions is completely different from that for the continuous Dirac fermion.
This disagreement remains even after the a→ 0 limit is taken.”
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♦ The results for the nonlocal overlap or domain wall fermions can only be
obtained numerically. These too approach the continuum result in the a→ 0 limit.

♥ Similar results are obtained in 2+1 and 3+1 dimensions as well. In particular,
the Wilson as well as overlap fermions approach to the same continuum results
smoothly. However, the naive fermions exhibit strong oscillations, and the
subsequent disagreement with the continuum result, as displayed above.

♠ Indeed, even Ishikawa et al. conclude, ”Therefore, the Casimir energy for naive
lattice fermions is completely different from that for the continuous Dirac fermion.
This disagreement remains even after the a→ 0 limit is taken.” Asserting later,
”we cannot derive the Casimir effect for the original Dirac fermion from the
continuum limit of the naive fermion formulation.” in their subsequent paper.
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♦ The results for the nonlocal overlap or domain wall fermions can only be
obtained numerically. These too approach the continuum result in the a→ 0 limit.

♥ Similar results are obtained in 2+1 and 3+1 dimensions as well. In particular,
the Wilson as well as overlap fermions approach to the same continuum results
smoothly. However, the naive fermions exhibit strong oscillations, and the
subsequent disagreement with the continuum result, as displayed above.

♠ Indeed, even Ishikawa et al. conclude, ”Therefore, the Casimir energy for naive
lattice fermions is completely different from that for the continuous Dirac fermion.
This disagreement remains even after the a→ 0 limit is taken.” Asserting later,
”we cannot derive the Casimir effect for the original Dirac fermion from the
continuum limit of the naive fermion formulation.” in their subsequent paper.

♣ Since MIT bag boundary conditions are physically more appropriate for eventual
QCD Casimir study, we proposed to check whether universality is restored by
employing them. In our case, these amount to,

(1 + iγ1)ψ|x1=0,d = 0 .
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Our Results

• The MIT bag boundary condition on lattice results in apB1 (n) = (2n+ 1)π/2N .
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Our Results

• The MIT bag boundary condition on lattice results in apB1 (n) = (2n+ 1)π/2N .

• One can employ the Able-Plana formulae in 1+1 dimensions to obtain

aEB,n =
N

π
− 1

2
csc

π

2N

for naıve fermions &

aEB,W =
4N

π
− csc

π

4N
for Wilson fermions
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Our Results

• The MIT bag boundary condition on lattice results in apB1 (n) = (2n+ 1)π/2N .

• One can employ the Able-Plana formulae in 1+1 dimensions to obtain

aEB,n =
N

π
− 1

2
csc

π

2N

for naıve fermions &

aEB,W =
4N

π
− csc

π

4N
for Wilson fermions

• In the a→ 0 limit both naıve and Wilson fermions lead to the Ecas = −π/24d
(modulo doubling for former) which in turn is the result for the continuum case
with MIT bag boundary conditions.
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♠ Overlap fermions can be dealt with
only numerically. These too lead to the
same answer in the continuum limit.
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♠ Overlap fermions can be dealt with
only numerically. These too lead to the
same answer in the continuum limit.
♥ MIT bag boundary conditions
lead to universal results !
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♠ Overlap fermions can be dealt with
only numerically. These too lead to the
same answer in the continuum limit.
♥ MIT bag boundary conditions
lead to universal results !
♦ Checked to be true for all fermion
types in three dimensions as well with
Ecas = −7π2/2880d3.
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Back to Periodic BC
♠ Reassuring that universality is respected by MIT bag bc, but one ought to
expect it to be so irrespective of any boundary conditions.
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Back to Periodic BC
♠ Reassuring that universality is respected by MIT bag bc, but one ought to
expect it to be so irrespective of any boundary conditions. So how can one
understand the (anti)periodic bc results ?

♥ We noticed that aEnfcas(odd N)− aEnf
cas(even N) = ∓4 tan[π/4N], for

(anti)periodic bc.
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expect it to be so irrespective of any boundary conditions. So how can one
understand the (anti)periodic bc results ?

♥ We noticed that aEnfcas(odd N)− aEnf
cas(even N) = ∓4 tan[π/4N], for

(anti)periodic bc. This is a rapidly oscillating yet converging function.
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expect it to be so irrespective of any boundary conditions. So how can one
understand the (anti)periodic bc results ?
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cas(even N) = ∓4 tan[π/4N], for
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From Mandlecha+RVG PLB835 ’22.
The oscillations average to expected continuum result (green line)!
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♣ =⇒ need a suitable method to understand the N →∞ limit of the naıve
fermions as a single series for both odd and even N.
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♣ =⇒ need a suitable method to understand the N →∞ limit of the naıve
fermions as a single series for both odd and even N.

♦ The Euler-MacLaurin formula is applied when last term of a rapidly oscillating
series tends to zero as n→∞, just as NF-difference above.
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♣ =⇒ need a suitable method to understand the N →∞ limit of the naıve
fermions as a single series for both odd and even N.

♦ The Euler-MacLaurin formula is applied when last term of a rapidly oscillating
series tends to zero as n→∞, just as NF-difference above. It is implemented in
Mathematica which we employed to obtain,
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From Mandlecha+RVG PLB835 ’22.
The full(open) circles are actual(extrapolated) result. Universal again!
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♠ We checked that this solution is not limited to 1+1 dimensions but works for
2+1 dimensions (shown below) and 3+1 dimensions although the details vary.
Indeed, it works even for other cases such as Wilson quarks with negative mass
where such oscillations are observed
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Summary

♠ Casimir effect, known to arise due to quantum fluctuations of vacuum, should
be investigated for theories with nontrivial vacuum such as QCD.

♥ Earlier studies of free lattice fermion Casimir effects claimed violation of
universality: naive fermions and other type of fermions differ in the continuum
limit.
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♥ Earlier studies of free lattice fermion Casimir effects claimed violation of
universality: naive fermions and other type of fermions differ in the continuum
limit.

♣ Employing the MIT bag boundary conditions, we showed that all types of
fermions lead to the same continuum result in the lattice spacing a→ 0 limit, as
expected from universality. This was demonstrated analytically for naıve and
Wilson fermions in 1+1 dimensions and numerically for other cases.
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Summary

♠ Casimir effect, known to arise due to quantum fluctuations of vacuum, should
be investigated for theories with nontrivial vacuum such as QCD.

♥ Earlier studies of free lattice fermion Casimir effects claimed violation of
universality: naive fermions and other type of fermions differ in the continuum
limit.

♣ Employing the MIT bag boundary conditions, we showed that all types of
fermions lead to the same continuum result in the lattice spacing a→ 0 limit, as
expected from universality. This was demonstrated analytically for naıve and
Wilson fermions in 1+1 dimensions and numerically for other cases.

♦ Observing the odd N and even N series to differ by vanishing terms in the
continuum limit but with rapid oscillations, we a) treated the two series as one and
b)employed a suitable extrapolation method. It was shown to restore universality,
leading to the same answer as with other fermion types in a→ 0 limit.
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