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Arch and Scaffold: Jordan’s statistical transformation 
theory and von Neumann’s Hilbert space formalism  

Michel Janssen*
School of Physics and Astronomy, University of Minnesota

In early 1927, Paul Dirac and Pascual Jordan, independently of one another, published their versions 
of a general formalism tying the various forms of the new quantum theory together and giving the 
theory’s statistical interpretation in full generality. This formalism has come to be known as the 
Dirac-Jordan (statistical) transformation theory.   A few months later, in response to these 
publications, John von Neumann published his Hilbert space formalism for quantum mechanics. The 
relation between these two formalisms can be captured in terms of a metaphor of arches and 
scaffolds that I have argued fits a number of instances of theory change in physics. What is unclear 
in this case is which formalism serves as the scaffold and which one as the arch. Did von Neumann 
build an arch on the scaffold built by Jordan? Or did von Neumann build a scaffold to prevent the 
arch built by Jordan from collapsing? Either way, a narrative for this episode in the history of 
quantum mechanics based on the arches-and-scaffolds metaphor illustrates the promise of 
borrowing ideas from the approach to evolutionary biology known as evodevo for reconstructing 
the evolution of theories rather than species. 

*Based on joint work with Anthony Duncan (University of Pittsburgh)
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–Thomas S. Kuhn (1953)

“Science does not progress by adding stones to an initially 
incomplete structure, but by tearing down one habitable 
structure and rebuilding to a new plan with the old 
materials and, perhaps, new ones besides.” 
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Are scientific revolutions really as disruptive as Kuhn’s building 
metaphor suggests?

Kuhn used at least three different metaphors 
to characterize paradigm shifts:

1. Regime change in political revolutions

2. Bend in the road

3. Gestalt switch

All three capture an element of discontinuity, 
but only (1) involves disruption (tearing down 
the old building).

Thomas S. Kuhn (1922–1996)
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YES
David J. Griffiths (textbook writer): “Quantum mechanics is not, in my view, 
something that flows smoothly and naturally from earlier theories. On the 
contrary, it represents an abrupt and revolutionary departure from classical ideas.” 

Helge Kragh (historian of physics): matrix mechanics “grew out of what little 
was left [of the old quantum theory]—its ruins.”

Hendrik Casimir (physicist): “Between 1924 and 1928, [the development of a  
new quantum mechanics] swept physics like an enormous wave, tearing down 
provisional structures, stripping classical edifices of illegitimate extensions, and 
clearing a most fertile soil.”

—Haphazard Reality. Half a Century of Science (1983)

—Introduction to Quantum Mechanics, 2nd ed. (2005)

—Niels Bohr and the Quantum Atom. The Bohr Model of Atomic Structure, 1913–1925 (2012)

Was the old quantum theory ‘torn down’ to get the new?
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NO
Max Jammer (historian of physics): “The primary objective of this book is the 
study of … how in the process of constructing the conceptual edifice of 
quantum mechanics each stage depended on those preceding it without 
necessarily following from them as a logical consequence.”

Paul Dirac (quantum architect in a lecture in 1927): “The new quantum theory 
requires very few changes from the classical theory, these changes being of a 
fundamental nature, so that many of the features of the classical theory to which 
it owes its attractiveness can be taken over unchanged into the quantum theory”

—The Conceptual Development of Quantum Mechanics (1966)

—Quoted in Olivier Darrigol, From c-Numbers to q-Numbers (1992)

Was the old quantum theory ‘torn down’ to get the new?
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What did Kuhn have to say about the 
quantum revolution?

He emphasized the “crisis of the old 
quantum theory” …

… but described the way out of the 
crisis as “a series of connected steps” 
and criticized another author (Imre 
Lakatos) for introducing the resolution 
of the crisis “like a magician pulling a 
rabbit from a hat.”

—“Reflections on my Critics” (1970)

Upshot: For Kuhn, the new quantum theory was not 
built on the burning embers of the old quantum theory!  

Was the old quantum theory ‘torn down’ to get the new?
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Construction of the Strand Bridge across the Thames, 1811–1814 
(renamed the Waterloo Bridge in 1817)

Different building metaphor: arches and scaffolds
Sometimes a new theory is built like an arch on a scaffold provided by the old 
theory, which is discarded (at least in part) once the arch can support itself.



Different uses of ‘arch and scaffold’ metaphor

1. Use a scaffold to construct a new arch
2. Use a scaffold to prevent an existing arch from collapsing 

Second usage appears to be popular among mathematicians

Hilbert (in a lecture in 1905):  “The buildings of
science are not erected the way a residential 
property is, where the retaining walls are put in 
place before one moves on to the construction 
and expansion of living quarters. Science prefers 
to get inhabitable spaces ready as quickly as 
possible to conduct its business.  Only afterwards, 
when it turns out that the loosely and unevenly 
laid foundations cannot carry the weight of some 
additions to the living quarters, does science get 
around to support and secure those foundations. 
This is not a deficiency but rather the correct and 
healthy development”

David Hilbert (1862–1943)
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A case study for my arch-and-scaffold metaphor: 
From Jordan’s statistical transformation theory to 

von Neumann’s Hilbert-space formalism (1927)

Pascual Jordan (1902–1980) John von Neumann (1903–1957)
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Four different versions of quantum theory by the middle of 1926

Already getting clear:

Different versions predict the 
same results (Schrödinger)

Formalism calls for probabilistic 
interpretation (Born)

Wave mechanics
Erwin Schrödinger 

(1887–1967)

Matrix mechanics
Pascual Jordan (1902–1908) 

Werner Heisenberg (1901–1976)
Max Born (1882–1970)

q-numbers
Paul Dirac 

(1902–1984)

Operator calculus
Born & Norbert Wiener 

(1894–1964)

Open questions:

What is the underlying 
structure tying the different 
versions together?

What is the general 
probabilistic interpretation 
of the unifying formalism?
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Jordan’s version (Neue Begründung … January 1927)

Basic ideas:

Quantum mechanics is a theory about 
conditional probabilities

that some quantity     has the value a given that 
another quantity     has value b.

Such conditional probabilities are given by the 
absolute square of a corresponding complex 
probability amplitudes φ(a,b)

Late 1926/early 1927: Unifying formalism with statistical 
interpretation: Dirac-Jordan statistical transformation theory

Pascual Jordan 
(1902–1980)

★ Sanitizing Jordan’s notation and suppressing some complications (e.g., Ergänzungsamplitude)
★ Jordan initially only considered quantities with continuous spectra. Generalization to cases 

with wholly or partly discrete spectra turned out to be highly problematic.

Pr(Â = a|B̂ = b)

Â
B̂

Pr(Â = a|B̂ = b) = |'(a, b)|2da
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Probabilistic interpretation of ψn(x)

Jordan’s generalization:

ψn(x) = φ(x, En) is the amplitude for the probability 
that the position     has the value x given that the 
energy     has the value En.

In general, φ(a,b) is the amplitude for the probability 
that the quantity     has the value a given that the 
quantity     has the value b.

Note: it had already become clear that one could 
have wave functions in configuration space, 
momentum space, and—more generally—in x-space 
with x = q, p, a, …

Example of a probability amplitude: energy eigenfunction ψn(x) 
[eigenvalue En]

Born/Pauli

Pr(Â = a|B̂ = b) = |'(a, b)|2da

X̂

Pr(X̂ = x |Ĥ = En) = | n(x)|2dx

Ĥ

Â
B̂

Time-independent Schrödinger equation in 1D:

Ĥ  n(x) = En  n(x)

Wolfgang Pauli (1900–1958)
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Jordan’s axiomatic construction of his theory

1. Introduce a set of postulates for probability amplitudes

2. Provide a realization of those postulates.

Hilbert, von Neumann, and Nordheim (1927):   
“One imposes certain physical requirements on these 
probabilities, which are suggested by earlier experience 
and developments, and the satisfaction of which calls for 
certain relations between the probabilities. Then, secondly, 
one searches for a simple analytical apparatus in which 
quantities occur that satisfy these relations exactly.”

Paul Ehrenfest told Jordan: “Since you wrote the paper 
axiomatically, that only means that one has to read it back 
to front” (Kuhn’s AHQP interview with Jordan, 1963)
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Probability amplitude for position     and momentum    :

Implies the usual commutation relation                    , if the usual identifications 
of     and    in q-space are made: 

Jordan ‘derived’ these identifications from his postulates. 

Jordan’s paper contains first hint of Heisenberg’s uncertainty principle (1927): 
“for a given value of     all possible values of     are equiprobable”

The amplitude φ(p,q) trivially satisfies a pair of simple differential equations

= multiplication by q,

'(p, q) = e�ipq/~

[P̂ , Q̂] = ~/i

P̂ = (~/i)@/@q

✓
p +

~
i

@

@q

◆
'(p, q) = 0

✓
q +

~
i

@

@p

◆
'(p, q) = 0

Q̂ P̂

Q̂ P̂

Q̂

Postulate I (my numbering)

Jordan’s postulates

5̂ 4̂



Michel Janssen • Dirac, Jordan, and von Neumann:  Hilbert Space and Transformation Theory

Symposium “100 Jahre Institut für Theoretische Physik” • Georg-August-Universität Göttingen • June 10–11, 2022

A: Consider quantities    and    related to    and    by a canonical transformation:

B̂ = TQ̂T�1

Postulate I (cont’d)

Q: What about differential equations for probability amplitudes for quantities
 other than    and   ?P̂Q̂

B̂Â Q̂P̂

Â = TP̂T�1

Jordan initially thought that he could recover the time-independent Schrödinger
equation in this way, but realized a few months later that he could not.

“Canonical transformations … were … our daily bread … so to tie in the 
new results with those as closely as possible—that was something very 
natural for us to try” (AHQP interview with Jordan)

new amplitude new amplitude

Differential equations for amplitudes involving    and    are obtained through
canonical transformations of the trivial differential equations for φ(p,q):

T

✓
p +

~
i

@

@q

◆
T�1T'(p, q) = 0 T

✓
q +

~
i

@

@p

◆
T�1T'(p, q) = 0

B̂Â

Jordan’s postulates
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Q: Why can’t you get from Jordan’s equations for φ(p,q) to the time-independent 
Schrödinger equation for φ(q,E)

A: canonical transformations always preserve the spectrum.

Hence, you can never get from the initial p’s and q’s (with purely continuous 
spectra) to, say, the Hamiltonian, with, typically, a partly discrete spectrum.

Theorem: x is an eigenvalue of    IFF x is an eigenvalue of p̂ Â = Tp̂T�1

⇒

⇒

p̂ |pi = p |pi

Â T |pi = Tp̂T�1T |pi = Tp̂|pi = Tp|pi = p T |pi

Â |ai = a |ai

p̂ T�1|ai = T�1T p̂ T�1|ai = T�1Â |ai = T�1a |ai = a T�1|piaT�1|ai

Jordan’s postulates
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Symmetry property

Implies

'(b, a) = '(a, b)⇤

Pr(B̂ = b|Â = a) = Pr(Â = a|B̂ = b)

Postulate II

Jordan’s postulates
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Usual multiplication and addition rules of probability theory apply to 
probability amplitudes rather than to probabilities themselves.

Let F1, F2 be outcomes with probability amplitudes φ1, φ2:

Multiplication rule

F1, F2 independent:     amplitude for outcome ‘F1 AND F2’:       φ1⨯φ2

Addition rule

F1, F2 mutually exclusive:   amplitude for outcome ‘F1 OR F2’:   φ1 + φ2

Pr(F1 OR F2) = |'1 + '2|2 = ('1 + '2)('1 + '2)
⇤

= '1'
⇤
1 + '2'

⇤
2 + '1'

⇤
2 + '2'

⇤
1

Postulate III: “interference of probability”

= Pr(F1) + Pr(F2)+ interference terms

Jordan’s postulates
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    Let φ(a,b) be the amplitude for

    Let φ(b,c) be the amplitude for

Then                                               is the amplitude for  

Pr(Â = a|B̂ = b)

Pr(B̂ = b|Ĉ = c)

Pr(Â = a|Ĉ = c)

Ĉ = Â

'(a, a0) =

Z
db '(a, b)'(b, a0) =

Z
db '(a, b)'(a0, b)⇤ = �(a� a0)

'(a, c) =

Z
db '(a, b)'(b, c)

Postulate III: “interference of probability” (cont’d)

Jordan’s postulates

Jordan claimed he could derive this expression for φ(a,c) from his addition 
and multiplication rules for probability amplitudes

Special case:
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Postulate III boils down to these last two requirements:

If you’re mystified by Jordan’s postulates, you are 
in good company …

Heisenberg to Pauli, February 5, 1927:  “I could 
not understand Jordan’s paper …  The 
“postulates” are so intangible and undefined,  
I cannot make heads or tails of them.”
Heisenberg nonetheless relied heavily on Jordan’s 
formalism in his March 1927 uncertainty paper.
The relations Jordan ‘derived’ from his postulates 
are easily recognized as completeness and 
orthogonality. 

Jordan’s postulates

�(E, E�) =

�
HF�(E, F)�(F, E�) = �(E � E�)

�(E, G) =

�
HF�(E, F)�(F, G) [completeness]

[orthogonality]
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Realization of Jordan’s postulates

Identify probability amplitudes φ(a,b) with transformation “matrices” (a/b)
[Dirac’s notation], transforming wave function from b-space to a-space:

With this identification, Jordan’s postulates are satisfied

Check:

Postulate I.                             ?

Fourier transform from q-space to p-space:

Hence:

Postulate II. Symmetry:                              ?

Calls for unitarity of transformation “matrix”:

 (a) =

Z
db (a/b) (b)

'(p, q) = e�ipq/~

 (p) =

Z
dq e�ipq/~ (q)

(p/q) = e�ipq/~

'(b, a) = '(a, b)⇤

(b/a) = (a/b)�1 = (a/b)⇤

Hence the name statistical 
transformation theory.

!

!
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Check (cont’d)

Postulate III. Do φ(a,b), φ(b,c), φ(a,c)  satisfy                                             ?

Realization of Jordan’s postulates

Identify probability amplitudes φ(a,b) with transformation “matrices” (a/b)
[Dirac’s notation], transforming wave function from b-space to a-space:

With this identification, Jordan’s postulates are satisfied

 (a) =

Z
db (a/b) (b)

'(a, c) =

Z
db '(a, b)'(b, c)

 (a) =

Z
db (a/b) (b)

=

Z
db (a/b)

Z
dc (b/c) (c)

�

 (a) =

Z
dc (a/c) (c)

(a/c) =

Z
db (a/b) (b/c) !
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Realization of Jordan’s postulates in modern Hilbert space 
formalism
Identify probability amplitudes φ(a,b) with inner products         of 
eigenvectors     ,      of Hermitian operators    ,     in Hilbert space.

With this identification, Jordan’s postulates are satisfied.

Use resolution of unity  

corresponding to the spectral decomposition

1̂ =

Z
db |bihb|

B̂ =

Z
db b |bihb|

Postulate I.                          

Postulate II.

Postulate III. 

hp|qi = e�ipq/~

hb|ai = ha|bi⇤

'(p, q) = e�ipq/~

'(b, a) = '(a, b)⇤

'(a, c) =

Z
db '(a, b)'(b, c)

|ai |bi
ha|bi

Â B̂

!

!

!

Normalization:                            , 

In 1939, Dirac finally broke up ‘bracket’ (a/b) into ‘bra‘      and ‘ket’ 

ha|a0i = �(a� a0) hb|b0i = �(b � b0)

ha| |bi

ha|ci = ha| 1̂ |ci

=
Z

db ha|bihb|ci

May 1927: Von Neumann introduces Hilbert space (Mathematische 
Begründung …)

Check
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–Mathematische Grundlagen der 
  Quantenmechanik (1932)

How von Neumann could have built his ‘arch’ on Jordan’s ‘scaffold’:
Set probability amplitudes φ(a,b) equal to inner products         of vectors in 
Hilbert space.

ha|bi

Why he didn’t … As he put it five years later:

“Dirac’s method [same goes for Jordan’s] does not 
meet the demands of mathematical rigor in any way—
not even when it is reduced in the natural and cheap 
way to the level that is common in theoretical physics 
… the correct formulation is not just a matter of 
making Dirac’s method mathematically precise and 
explicit but right from  the start calls for a different 
approach related to Hilbert’s spectral theory of 
operators.”

John von Neumann 
(1903–1957)

*In hindsight: Dirac’s method can be made mathematically 
precise but the necessary math (theory of distributions, 
rigged Hilbert space) was not developed until the 1950s.

*

May 1927: Von Neumann introduces Hilbert space (Mathematische 
Begründung …).
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Why he didn’t … Reasons given in 1927

Jordan’s basic amplitude                             is not a 
square integrable function and is thus not part of 
Hilbert space.

The Dirac delta function, unavoidable in the Dirac-
Jordan approach, is no function at all. 

'(p, q) = e�ipq/~

How von Neumann could have built his ‘arch’ on Jordan’s ‘scaffold’:
Set probability amplitudes φ(a,b) equal to inner products         of vectors in 
Hilbert space.

ha|bi

John von Neumann 
(1903–1957)

May 1927: Von Neumann introduces Hilbert space (Mathematische 
Begründung …).
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Instead von Neumann built a ‘scaffold’ to prevent Jordan’s 
mathematically unsound ‘arch’ from collapsing:

Use Hilbert space formalism (and spectral theorem 
for operators in Hilbert space) to construct a 
mathematically unobjectionable expression for the 
central notion of Jordan’s theory, the conditional 
probability 4V�%̂ = E|&̂ = F�

John von Neumann 
(1903–1957)

May 1927: Von Neumann introduces Hilbert space (Mathematische 
Begründung …).
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Example:

Jordan:

Introduce projection operators onto     and

Insert                       , with          a discrete onb of Hilbert space.

 From Jordan’s                    to von Neumann’s|'(a, b)|2da

Pr(X̂ = x |Ĥ = En) = | n(x)|2dx = |'(x ,En)|2dx = |hx |Eni|2dx

|xi |Eni

P̂En = |EnihEn|

1̂ =
X

↵

|↵ih↵| {|↵i}

Pr(X̂ = x |Ĥ = En) = hx |EnihEn|xi dx =
X

↵

hx |↵ih↵|EnihEn|xi dx

(Â, B̂) = (X̂ , Ĥ)

Tr(P̂aP̂b)da

P̂x = |x!"x |

=
!

!

!!|En"!En|x"!x |!"dx =
!

!

!!|
"
|En"!En| |x"!x |

#
|!"dx = Tr(P̂En P̂x)dx

Instead von Neumann built a ‘scaffold’ to prevent Jordan’s 
mathematically unsound ‘arch’ from collapsing:

May 1927: Von Neumann introduces Hilbert space (Mathematische 
Begründung …)
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Partly in response to criticism of Jordan’s approach in Heisenberg’s uncertainty 
paper (March 1927), von Neumann tried to put his version of quantum 
mechanics on more solid foundations than those provided by Jordan’s version.

Before he had read Heisenberg’s paper, von  
Neumann endorsed Jordan’s views on probability:

“This requirement [Jordan’s postulate III] is obviously 
analogous to the addition and multiplication 
theorems of ordinary probability calculus, except 
that in this case they hold for the amplitudes rather 
than for the probabilities themselves”  
(Hilbert, von Neumann, Nordheim 1928)

“The multiplication law of probabilities does not  
hold in general (what does hold is a weaker law 
corresponding to Jordan’s “combining of probability 
amplitudes”)” (Mathematische Begründung)

*

*Second installment of the 1927 trilogy that would form the backbone of von Neumann’s  1932 
book, Mathematische Grundlagen der Quantenmechanik.

November 1927: Wahrscheinlichkeitstheoretischer Aufbau.  
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After he had read Heisenberg’s paper, von  
Neumann rejected Jordan’s views on probability:

“[T]he relation to the ordinary probability calculus 
was not sufficiently clarified: the validity of its basic 
rules (addition and multiplication law of the 
probability calculus) was not sufficiently stressed” 
(Wahrscheinlichkeitstheoretischer Aufbau)

Partly in response to criticism of Jordan’s approach in Heisenberg’s uncertainty 
paper (March 1927), von Neumann tried to put his version of quantum 
mechanics on more solid foundations than those provided by Jordan’s version.

November 1927: Wahrscheinlichkeitstheoretischer Aufbau.  
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Instead of taking Jordan’s formula for conditional 
probabilities in terms of probability amplitudes and 
rewrite it as a trace of projection operators, von 
Neumann set out to derive his trace formula from 
his own Hilbert space formalism and some seemingly 
innocuous assumptions about expectation values in 
ensembles of systems characterized by a density 
operator.

Metaphorically speaking: he built another 
scaffold to prevent Jordan’s arch and his 
own earlier scaffold from collapsing …  

Partly in response to criticism of Jordan’s approach in Heisenberg’s uncertainty 
paper (March 1927), von Neumann tried to put his version of quantum 
mechanics on more solid foundations than those provided by Jordan’s version.

November 1927: Wahrscheinlichkeitstheoretischer Aufbau.  
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Von Neumann’s approach

Define the probability that some system has a certain 
property (following von Mises): pick many copies from a 
large ensemble of such systems and determine the fraction 
of copies picked with that property (frequentist notion of 
probability).

Assume the basic Hilbert space formalism of quantum 
mechanics (especially the notion that quantities are 
represented by self-adjoint operators in Hilbert space).

Introduce a function E(…) for the expectation value of 
properties of the system and assume that this function 
satisfies the following (seemingly innocuous) constraints:

1. Linearity: 

2. Positive definiteness: if the value of     is always greater 
than or equal to zero, then:

It turns out that (1) & (2) uniquely determines E(…).

E(↵ Â+ � B̂ + . . .) = ↵E(Â) + � E(B̂) + . . .

E(Â) � 0
Â

Richard von Mises 
(1883–1953)

November 1927: Wahrscheinlichkeitstheoretischer Aufbau.  
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Result: 

where    is what we now call the density matrix or density operator 
characterizing the ensemble under consideration.

For a uniform ensemble (i.e., all systems in the ensemble are prepared in the 
same state     ), the density operator is just the projection operator onto that 
state:                                . 

Familiar expression for expectation value in quantum mechanics.

E(Â) = Tr(⇢̂Â)

⇢̂

| i
E(Â) = Tr(| ih |Â)

=
X

i

hi | ih |Â|ii =
X

i

h |Â|iihi | i = h |Â| iE(Â) = Tr(| ih |Â)

November 1927: Wahrscheinlichkeitstheoretischer Aufbau.  
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Some final observations about von Neumann’s 1927 trilogy

Equivalence of matrix and wave mechanics (Mathematische 
Begründung)

Based on isomorphism between two incarnations of Hilbert space,  
l2 [square-summable sequences] and L2 [square-integrable functions]. 
Theorems of Parseval [l2→ L2] and Riesz-Fischer (1907) [L2→ l2].  
Von Neumann: “Long known mathematical facts.”
Anything that can be done in wave mechanics (L2) can also be done in 
matrix mechanics (l2): discrete spectra, continuous spectra, a mix of both. 

Never mind your p’s and q’s (Mathematische Begründung)*
Quantities no longer have to be sorted into pairs of conjugate variables. 

*Anthony Duncan and Michel Janssen, “(Never) Mind your p’s and q’s:  Von Neumann versus 
Jordan on the Foundations of Quantum Theory.” European Physical Journal H 38 (2013): 175–259.
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Zertrümmerung of the state vector (Wahrscheinlichkeitstheoretischer Aufbau)

“A system left to itself (not bothered by any measurements) has a completely 
causal time evolution. In the face of experiments, however, the statistical 
character is unavoidable: for every experiment there is a state adapted to it in 
which the result is uniquely determined (the experiment in fact produces such 
states if they were not there before); however, for every state there are “non-
adapted” measurements, the execution of which demolishes [zertrümmert] that 
state and produces adapted states according to stochastic laws.”

Welcome to state vector collapse and the measurement problem!

Some final observations about von Neumann’s 1927 trilogy
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Conclusions

How did we get from Jordan’s version of 
the Dirac-Jordan statistical transformation 
theory to von Neumann’s Hilbert-space 
formalism?

Did von Neumann build an arch 
[Hilbert space formalism] on scaffold 
provided by Jordan?

Did von Neumann build a scaffold to 
prevent Jordan’s arch [transformation 
theory] from collapsing?

Ambiguity points to limitations of the 
arches and scaffolds metaphor:

Useful expository device but no 
substitute for a general account  
of theory change.
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A promising approach to finding a replacement for Kuhn’s general account of 
theory change: borrow ideas from evolutionary biology.

Alan C. Love and William C. Wimsatt (Eds.), Beyond the Meme. Development and 
Structure in Cultural Evolution. Minneapolis: University of Minnesota Press, 2018

Bill Wimsatt

Conclusions


